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1966 —ACTA UNIVERSITATIS PALACKIANAE OLOMUCENSIS. 
FACULTAS RERUM NATURALIUM. TOM 21. 

Katcdra teorotuki J'l-ticij a astro}iouvie 
9 • ' i >>i > , ' - ' >. / • i '< Havelka 

F L U C T U A T I O N IN T H E SYSTEM 
W I T H N E G A T I V E ABSOLUTE T E M P E R A T U R E S 

V R A T I S L A V V Y S l N AND V L A D I M I R J A N K U 

(Received 1. 6. 1965} 

In a recent paj)er one of us [ i ] described the conditions for stable equilibrium 
in the systems with negative absolute temperatures (NAT). These conditions 
are at NAT 

6E(8, xt) -= 0 d2E(S, Xi) < 0 (1) 

that is the second variation of internal energy E(S, x.;), as function of entropy 
and generalized coordinates must be negative. 

We get the condition (1) directly from the theory of fluctuations. We assume 
a closed system which is separated in the sub-systems but each of these sub-
systems may betaken for a thermodynamic systems and the other sub-systems 
form surrounding. In the thermodynamical equilibrium the total interna 
energy is E = 2 E; and the total entropy S = >̂ S;, where E; and S; are the 

mean energy of *—th system and Sf its maximal value of entropy. For the 
description of the state of the whole termodynamical system let us choose 
this characteristic parameters 

S, xx, x2, . . ., x.j} (2) 

where x{ are generalized coordinates of the equilibrium state. Further let us 
choose the deviation of the characteristic parameters from their equilibrium 
state 

dS = S' — 8 dxt = x{ — x±, . . ., dxn = x'n — xn (3) 

where 8' and x\ are entropy and generalized coordinates of nonequilibrium 
state. It may be easily shown that 88 and dx{ are zero in the thermodynamical 
equilibrium. 

The probability of fluctuation of entropy in an adiabatically isolated 
system is given by Einstein's relation 

^ e x p ( ^ ) (4, 

where lc is Boltzmann's constant. This deviation may be caused by fluctuation 
of entropy in one sub-system. As 8' — 8 < 0 the probability of small fluctua­
tion is much grester than it is in the case of a large fluctuation. 
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But the non-equilibrium state with entropy S' may be attained by perform­
ing work on i-th sub-system at constant entropy S'. In this case S' is the 
initial equilibrium state. This processes occurs at S' = const, and therefore 
the performed work has the minimal value. Also we have for this work Am „ 

Anin = AE — TAS — y XiAxi (5) 

where AE, AS and Ax{ is the deviation of mean energy, entropy and mean 
generalized coordinates of the assumed sub-s3^stcm. As we have pointed out 
that smaller fluctuations are more probable we may use the expansion theorem 
for AE(S, x{) 

AM \ dE «o i V dE x , l id"E , Q 2 I AE(S, Xi) = -^ 6S 4- ^ -^ ^ + ^ {-dW ^ + 

v2E a2E v2E \ 
+ ™ - 6SSx1 + . . . + — fixM + ... 4- -r-o- <3x>; I (6) 

It should bo noted that expression in brackets is the second variation of 
internal energy. Substituting (6) in (5) wo get 

Anin = \ *»(£> **)• (?) 
It may be easily shown that [2] 

and thus p ^ c o n g t ^ ^ (—fiAmin) = const, exp / ---* /5^2LT) , (9) 

From the relation 0 ^ P < 1 it may be concluded that 

lib2E ^ 0 (10) 

also /3 and b2E must have the same sign. At NAT (/? < 0) the second variation 
62E(S, Xi) is negative. 

We consider now the special case for which j] = 0, that is T = ± oo. 
In this case the probability is zero because for [i = 0 the denominator in (13) 
goes to infinity. Also for /? = 0 it is only one state of the considered system, that 
is the state with maximal entropy. This is in good agreement with the results 
of Coleman and Noll [3]. 

Thus, form the theory of fluctuations it follows that the equilibrium state 
at NAT may be attained at the maximum of internal energy. This relation has 
validity also in the system with negative energy in which the equilibrium may 
be attained at NAT and at maximum of negative internal energy [4J, [5]. 

In the system under consideration, the probability of the system state, 
described by generalized coordinates the value of which lies between 3S and 
SS 4- d(6S), bxr and d(Sxx), etc., may be taken with the aif of (8) and (9) 

Pd(Sxx) . . . d(3xn) = const, exp /— ~ ^62E\ d(Sx1).. .d(6xn). (11) 
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The value of c o n s t a n t m u s t be determined from t h e condition 

/ . . . / Pd(6xx) . . . d(dxn) = 1 

. . . = const. / . . . / exp J — - (3d2E) d(dxx) . . . d(dxn) (12) 

also 
Pd(öxx) . . . d(dxn) == 

exp / — i [3d*E\ d(Óxx) . . . d(dxn) 

J ... I exp (— i |»d- )̂ d ^ ) . . . <ř(ftrn)' 
( 1 3 j 

<5 : 

F r o m t h u s 

Now we introduce t h e following relation 

We shall show t h a t L are t h e var ia t ions of generalized forces. The second 
var ia t ion of E(S, x{) m a y be w r i t t e n in t h e form 

--'(•S^-S'lf)*^- [15] 

S H ( § 1 ^ ISH*< ' <16> 
where X,. are t h e generalized forces. I t m a y be calculate t h e following average 
by t h e well known m e t h o d [6] 

dxj7t = = / . . . / dx^Pdidxj) ... d(6xn). (17) 

With t h e aid of (13) a n d (14) we get 

L - 2 a l n P (18^ 

^-~7-a(^r (18)-
a n d after part ia l integrat ion with respect t o &e;- this integral is 

/ dxt 4^4- d( to,) = — f PdMxj). (19) 
J °(SXJ) ' J • 

F r o m t h u s we get 

dx~j:j =-j f . . . f d(dxx) . . . d(dxn) f PS.jdidxj) = | d{j. (20) 

Also 

^ - = - | v <21) 
Ißß 



This relation has no means for /5 — 0. 
With the aid of (16) 

^ X T = | ^ . (22) 

This is in good agreement with the methods described in [2] and [0], but in this 
method the average of variations of generalized coordinates and forces in 
directly expressed by means of /?, that is by means of temperatures. From the 
combined first and second laws of thermodynamics we may directly find the 
relations (22). 

We made now a specific application of the relation (22) to spin system for 
which the combined law must be formulated in the form [1] 

dE =•- T dS + II (IM. (23) 

With the aid of (22) and (23) we get immediatelly 

6fd8=~ 6HdM = % (24) 
P P 

also 

dxJX: ^ 0 for fl +) = _ L > 0 (25) 

л пd 

ôx'Җ<: 0 foг ß(-) =- y i - < 0 (26) 
Kl (-) 

R E F E R E N C E S 
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S H R N U T Í 

F L U K T U A C E V S Y S T É M U S E Z Á P O R N Ý M I 
A B S O L U T N Í M I T E P L O T A M I 

V R A T I S L A V V Y Š Í N A V L A D I M Í R J A N K Ů 

V předložené práci je ukázáno, že negativní definitnost druhé variace vnitřní 
energie systému se zápornými absolutními teplotami je zdůvodněna pomocí 
teorie fluktuací. Dále je ukázán výpočet korelací variací zobecněných sil 
a souřadnic spinového systému. 
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