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LEFT APP-PROPERTY OF FORMAL POWER SERIES RINGS

LIU ZHONGKUI AND YANG XIAOYAN

ABSTRACT. A ring R is called a left APP-ring if the left annihilator I (Ra)
is right s-unital as an ideal of R for any element a € R. We consider left
APP-property of the skew formal power series ring R[[z; ] where « is a ring
automorphism of R. It is shown that if R is a ring satisfying descending chain
condition on right annihilators then R[[z; «]] is left APP if and only if for any
sequence (bg, b1, ...) of elements of R the ideal g (Z;io Z:O:O Rak(bj))
is right s-unital. As an application we give a sufficient condition under which
the ring R[[z]] over a left APP-ring R is left APP.

Throughout this paper, R denotes a ring with unity. Recall that R is left
principally quasi-Baer if the left annihilator of every principal left ideal of R is
generated by an idempotent. Similarly, right principally quasi-Baer rings can be
defined. A ring is called principally quasi-Baer if it is both right and left principally
quasi-Baer. Observe that biregular rings and quasi-Baer rings (i.e. the rings over
which the left annihilator of every left ideal of R is generated by an idempotent
of R) are principally quasi-Baer. For more details and examples of left principally
quasi-Baer rings, see [3], [1], [2], [4], and [7]. A ring R is called a right (resp. left)
PP-ring if the right (resp. left) annihilator of every element of R is generated by an
idempotent. R is called a PP-ring if it is both right and left PP. As a generalization
of left principally quasi-Baer rings and right PP-rings, the concept of left APP-rings
was introduced in [9]. A ring R is called a left APP-ring if the left annihilator
Ir(Ra) is right s-unital as an ideal of R for any element a € R. For more details
and examples of left APP-rings, see [9] and [6].

There are a lot of results concerning left principal quasi-Baerness and right
PP-property of polynomial extensions of a ring. It was proved in ([2], Theorem
2.1) that a ring R is left principally quasi-Baer if and only if R[z] is left principally
quasi-Baer. If all right semicentral idempotents of R are central, then it was
shown in [7] that the ring R][[z]] is left principally quasi-Baer if and only if R is
left principally quasi-Baer and every countable family of idempotents in R has
a generalized join in I(R), the set of all idempotents of R. It was shown in [3]
that R is a reduced PP-ring if and only if R[[z]] is a reduced PP-ring. In [§]
the PP-property of the rings of generalized power series over a ring R has been
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considered. For left APP-rings, It was noted in [J] that there exists a commutative
von Neumann regular ring R (hence left APP), but the ring R[[z]] is not APP.
It was also shown in [9] that if R is a left APP-ring satisfying descending chain
condition on left and right annihilators then R[[z]] is left APP. In this note we
consider left APP-property of skew formal power series rings. We will show that if
R is a ring satisfying descending chain condition on right annihilators then R[[x; «]]
is left APP if and only if for any sequence (bg, by, ...) of elements of R the ideal
Ir( D20 Do Ra*(b;)) is right s-unital. As an application we give a sufficient
condition under which the ring R[[z]] over a left APP-ring R is left APP.

For a nonempty subset Y of R, Ig(Y) and rr(Y) denote the left and right
annihilator of Y in R, respectively.

An ideal I of R is said to be right s-unital if, for each a € I there exists an
element = € I such that axz = a. It follows from ([II, Theorem 1]) that I is right
s-unital if and only if for any finitely many elements ai, as,...,a, € I there exists
an element x € I such that a; = a;z, i = 1,2,...,n. A submodule N of a left
R-module M is called a pure submodule if L ®@g N — L ®p M is a monomorphism
for every right R-module L. By ([10], Proposition 11.3.13), an ideal I is right
s-unital if and only if R/I is flat as a left R-module if and only if I is pure as a
left ideal of R.

Lemma 1. Let R[[z; «]] be a left APP-ring and bg, b1, ... in R. Ifag,a1,...,an € R
are such that for any r € R and any s =0,1,...,

agra’®(by) =0

apra’®(by) + ala(r)a1+s(bo) =0

agra® (by_1) + ara(r)a ™5 (by_2) 4+ - 4 ap_1a" 7 (1r)a" " T (by) = 0
apra’®(by) + ala(r)a1+s(bn,1) + o apa™(r)a™ (b)) = 0,

then for any s,
(l().ROts(bj):O7 j=0,1,...n.

Proof. We prove this result by induction on n.

Suppose that n = 1. For any ¢(z) = co +c12 +cox® +- - - € R[[x;a]], agp(z)by =
agcobo + agcra(bo)r + agcaa®(bg)ax? + --- = 0 since agRa®(by) = 0 for any s.
Thus agR[[z;a]]bp = 0. Since R[[x;a]] is a left APP-ring, there exists h(z) =
ho+hiz+heaz®+- - - € lgj;a) (R[x; ]]bo) such that ag = agh(x). Clearly ag = aghg
and for any r € R and any s, h(z)(rz®)by = 0. Thus hora®(by) = 0 for any s. Take
r = hor' in agra®(by) + aja(r)atts(by) = 0. Then apr’a®(by) = aghor’a®(by) =
aphor’'a®(by) + ala(hor’as(bo)) = aghor’'a®(by) + aja(hor’)al™*(by) = 0. Thus
Cl,oROéS(bl) =0.

Now suppose that n > 2. From the first n equations and the induction hy-
pothesis, it follows that agRa’(b;) =0, j = 0,1,...n — 1. Thus for any r € R
and any s, ag(rz®)(bo + b1z + -+ + by_12" 1) = agra®(by)x® + agra’(by)x* T +
<+ agrad (b,_1)z¥t" "t = 0. Hence agR[[z; a]](bo + b1z + -+ + b,_12"71) = 0.
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Since R[[z;a]] is a left APP-ring, there exists h(z) = hg + hix + haa? + -+ €
LR((z:0)) (Rl[@; ] (bo+ b1z ++ - -+ by 12"~ 1)) such that ag = aph(z). Thus ag = aghg
and h(x)(rz®)(bo + biz + -+ + by—12""1) = 0 for any r € R and any s. Now we
have

hoTas(bo) =0

hora®(by) + hloz(r)ozprs(bo) =0

hora® (by—1) + hia(r)a T8 (b, o) + -+ + hy_ 1™ H(r)a" " 4 (by) = 0.
By the induction hypothesis, it follows that hoRa®(b;) =0, j =0,1,...n—1. Thus,
for any ' € R, taking r = hor’ in the last equation yields
0 = aghor’a®(by) + ara(hor ) a5 (by_1) + - - - + ana™ (hor’)a™ 4 (bg)
= aor'a®(by) + ara(hor’a®(bn—1)) + - - - + ana” (hor'a® (b))
= agr'a’®(by) .
Hence agRa®(by,) = 0. Now the result follows. O
Theorem 2. Let R be a ring satisfying descending chain condition on right

annihilators and « a ring automorphism of R. Then the following conditions are
equivalent:

(1) R[[z;«a]] is a left APP-ring.

(2) For any sequence (bo, b1, ...) of elements of R, Ip(32720 Y52y Rk (b)) is
right s-unital.

Proof. (1)=(2). Suppose that (by,b1,...) is a sequence of elements of R. Set
g(z) = by + biz + boz® + -+ € R[z;a]]. Let a € lR(Z;io > neo Ra*(b;)). Then
aR[[:E a]]g( ) = 0. Since R[[z;«]] is a left APP-ring, there exists h(x) = ho + hijx +
haa?® +- - - € l[z;a) (R[[2: a]]g(x)) such that a = ah(z). Thus we have a = aho and
h(z)(rz®)g(z) = 0. Hence

> hidd(r)atH(b;) =0, Vn.
1+j=n

By Lemma hoRa?(b;) = 0 for any j. Thus ho € Ir( 2520 Y52y Ra*(b))).

(2)=(1). Suppose that f(x) = agp+a1z+azx®+..., g(x) = bo+biz+bex®+--- €
R][[x; ] are such that f(z)R[[z; a]lg(x) = 0. Then for any r € R, f(x)(rz®)g(x) = 0.
It follows that
(1) Z a;a'(r)a’*s(b;) =0, k=0,1,2,...,

i+j=k

where r is an arbitrary element of R. Thus, since agra®(by) = 0 for any s, one
has ag € lR(Z:io Ras(bo)). By the hypothesis for the sequence (by,0,0,...) of
elements of R, there exists pg € lR( ZZOZO Raok (bo)) such that ag = agpo.

Suppose that ¢y, ¢y, -+ € R are such that a; = ai(ci). Let v’ € R and take r =
por’ in aja(r)atts(by)+agra®(by) = 0. Then aja(por’)at™*(bg)+agpor’a®(by) = 0.
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Since py € Lr( X peo Ra®(by)), we have aja(por’)a'™(by) = ara(por’a’ (b)) = 0.
Thus agr’a®(by) = agpor’a®(by) =0 for any s =0, 1,..., which implies that ay €
lr( > pey Ra(b1)). Also aja(r)a’™(by) = 0 for any r € R. Thus a(cira’(bg)) = 0.
Since « is an automorphism, it follows that ¢;ra®(by) = 0 for any s = 0,1,....
This means that c1 € lr( Yo R (bg)).

Inductively, assume that g > 1 is such that

e ezR(iRak(bj)), i+i=01,2,....q—1.

Note that ¢y = ag.

Since co,c1,...,¢q-1 € (DX peyRak (b)) and Ir(>pe, Rak(by)) is right
s-unital, there exists rqg € lR( ZZOZO Ro/“(bo)) such that ¢; = ¢;r9,i=0,1,...,q—1.
Let v’ € R and take r = ror’. Then by the equation of for the case when k = g,
we have

agror’a®(by) + - -+ + ag—107 (ror")a? 1 (by) + aqaq(ror’)aq+5(b0) =0.

For any i with 0 < i < ¢ — 1, we have a;a’ (ror’)a’ ™ (bg—;) = o' (c;ror’a®(bg—;))

o (eir' o (bg—;)) = aia (1) ”‘S(bq ;). Also agad(ror’)ad™4(by) = aga? (7"07‘ as(b

= 0 since 79 € lg( > pey Ra¥(bo)). Thus

(2)  agr’a’(by) + ara(r)at T (by_1) + -+ g1 (1)t (by) = 0.

By (1)) it follows that aqa(r)a?™*(by) = 0. Thus ad(cqra®(by)) = 0, which implies

that cqra®(bg) = 0 for any s and any r € R. Hence ¢q € lg( Y peo Ra(bo)).
Since co,c1,...,cq-2 € lr( D peg Ra*(by) + Y pey Rak(by)), there exists ry €

Lr( > pe o Ra*(bo) + Y5 Rak(by)) such that ¢; = ¢;ry for any @ with 0 < i <

q — 2. Thus a;a’(rir7")a’*5(by;) = o' (cirir’a®(bg—;)) = a‘(czr a®(bg—;)) =

a;ia (r") a4 (bg—;) for any i with 0 < i < ¢ — 2. Now setting r’ = ryr” in (2)) yields

aor”’a®(by) + ara(r”")al T8 (by—1) + - + ag_209 2 (1)t F 5 (by) = 0

:)

for any r” € R since a,—1a7 1 (rir")ad 15 (b)) = ag—1097(r1r"a®(b1)) = 0
Thus, by , ag—10971(r")a?=15(by) = 0. This means that c,—17'a®(b;) = 0
since « is an automorphism. Hence ¢,—1 € lR(ZZO:O Ra’“(bl)). Continuing this
procedure yields cq—2 € Ir( > peg Ra*(b2)) ..., c1 € lr( Y peg RaF(bg-1)),co €
Ir( 22520 Ra™(by)).

Hence we have shown that for any ¢ and j, ¢; € lg( X pey Ra¥(b;)). Thus
¢ €lr(> 2 120 2 k0 Ra*(b;)). Consider the descending chain as following:

TR(C()) :_> TR(CQ,Cl) 2 TR<CO7C17CQ) 2 ey
there exists n such that rg(co,ci1,...,¢n) = rr(co,c1,-.-,CnyCny1) = .... By
the hypothesis, [ R( Z;io Z;’;O RaF (bj)) is right s-unital by considering sequence
(bo,b1,-..). Thus there exists e € lR(Z;io > ope o Rak (b)) such that ¢; = ce,
i1=0,1,...,n. Clearly 1 — e € rg(cg,c1,...,¢cn). Thus ¢ = cxe for all k =0,1,....
Now f(z) = ap + a(cr)x + a?(cz)z? + -+ = age + a(cie)x + a?(cze)z? + -+ =
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ape+arafe)r+aza?(e)z®+- - = f(z)e and e € Iz (R[[x; o]]g(2)). This means
that R[[x;a]] is a left APP-ring. O

It was shown in [9] that if R is a left APP-ring satisfying descending chain
condition on left and right annihilators then R[[x]] is left APP. By Theorem [2| we
have the following result.

Corollary 3. Let R be a ring satisfying descending chain condition on right
annihilators. Then the following conditions are equivalent:

il

2

ESRENS)

=

(10]
(11]

(1) R[[z]] is a left APP-ring.

(2) For any sequence (bg,b1,...) of elements of R, ZR(Z;';O Rb;) is right
s-unital.
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