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Majorization of Cj-semigroups in ordered Banach spaces

GERD HERzOG, PEER CHRISTIAN KUNSTMANN

Abstract. We give criteria for domination of strongly continuous semigroups in ordered
Banach spaces that are not necessarily lattices, and thus obtain generalizations of certain
results known in the lattice case. We give applications to semigroups generated by
differential operators in function spaces which are not lattices.
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1. Introduction

Let E be a real Banach space, ordered by a cone K. A cone K is a closed
convex subset of E with AK C K (A > 0), and K N (—K) = {0}. As usual
r<y:<= y—x € K. Let A: D(A) — F and B : D(B) — E be generators of
Cy-semigroups T'(t) and S(t) (t > 0), respectively.

In this paper we will give conditions on A and B such that S is a majorant
of T, that is

=Sy <Tt)z<St)y (t=0,—y<z<y).

If F'is a Banach lattice then this is equivalent to the following domination property

of the semigroups
T <SWHIfI (E=0,f € E).

Domination of semigroups in Banach lattices has been studied and characterized
in [5, C-II 4.]. For operators A and B given by forms in a Hilbert space we refer
to characterizations in terms of forms in [6].

The main point in this paper is that we do not assume F to be a Banach lattice.
The results thus apply in more general situations, on the other hand they cannot
involve any of the additional structural features a Banach lattice provides. For
lattices, the idea to obtain domination via a certain cone invariance property in
the product space (cf. Theorem 1) has been used in [6].

2. Quasimonotone increasing operators

For a cone K C FE the subset

K*={peE": ¢(z)>0 (x> 0)},
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in the space of all continuous linear functionals E* is called the dual wedge.
Let D be a subspace of E. A linear operator C' : D — FE is quasimonotone
increasing, in the sense of Volkmann [8], if

reKND, pe K* p(x) =0 = ¢(Cx) > 0.

Let A: D(A) — E, and B : D(B) — FE be linear mappings (D(A), D(B) sub-
spaces of E), and let D := D(A) N D(B). We say that B is a majorant of A,
if

1. B— A: D — FE is increasing;

2. B+ A: D — FE is quasimonotone increasing.
Consider F x E ordered by the cone

Ko={(z,y) e EXE:—y <z <y},
and let H: D(A) x D(B) — E x E be defined as
H(z,y) = (Az, By).

Then we have

Theorem 1. Let B be a majorant of A. Then H : D x D — E x E is quasi-
monotone increasing (with respect to Kjy).

PRrRoOOF: Let ¢ € K| and set
1/1(—“7 u)
2
Then, obviously ¢1, p2 € K*, and

Y(x,y) =1y —2) +w2(y +2) ((v,y) € ExE).

P(v, v)
2

o1(u) = , pa(v) = (u,v € E).

Hence, from
z,yeD, —y<z<y, x,y) =0,
we get
pr(y—=) =0, @a(y+z)=0.
Since B is a majorant of A we have
(B-A)(y—z) >0, (B-A)(y+z)=0,
P1(B+A)(y—2) >0, @2((B+A)(y+x))>0.

In particular

Therefore
Y(H(x,y)) = ¢(Az, By) = ¢1(By — Az) + @2(By + Azx) > 0,

thus H : D x D — E x F is quasimonotone increasing. ([l
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3. Comparison results

Let A, B and D be as in Section 2. In the sequel we assume that K has
nonempty interior Int K, and that DN (Int K) # (. We fix p € DN (Int K). Note
that

(0,p) € (D x D) N (Int Kp).
Theorem 2. Let B be a majorant of A, and let z,y € C'([0,T), E) satisfy
#(t),y(t) € D (€ [0.7));
) = A(xz(t), y'(t) = B(y(t) (t €[0,T));
0) < z(0) < y(0).
Then —y(t) < z(t) < y(t) (t € [0,T)).
PRrOOF: According to Theorem 1 H : D x D — FE is quasimonotone increasing.

We have (D x D) N (Int Kg) # 0 and (2(0),y(0)) € (D x D) N Ky. Application of
Theorem 1 in [3] proves (z(t),y(t)) € Ko (t € [0,7T)). O

)
2 (t
—y(

Now, assume in addition that K is normal, i.e., that there exists v > 0 such
that 0 <z <y = ||z| <~|yll, and that A and B are generators of Cp-semigroups
T(t) and S(t) (t > 0), respectively.

Let E be equivalently normed by the Minkowski functional || - || of the order
interval [—p,p]. In particular, K¢ is normal since K is normal, and E x E can
be equivalently normed by the Minkowski functional ||| - ||| of the order interval

Under these assumptions we prove the following comparison results:

Theorem 3. Let B be a majorant of A, and let D be invariant under both
semigroups (T'(+)) and (S(-)). For any z,y € D with —y < x <y we have

=Sty <T@z <S(t)y (t>0).

Theorem 4. Let B be a majorant of A, let D(A) C D(B), and let S(t)p € D(A)
(t > 0). Then

—lzl[S®p < T()z < ||2[|SE)p (t=0)
forallz € E.

PROOF OF THEOREM 3: Let n € N. Since z,y € D we can choose 2y, 2, € D
such that

1
_ <
lan = ol < 5= llzn =yl < 5

and we set yp, = zp + (2/(3n))p € D. According to the properties of the chosen
norm we have

2 < 1 < 1 <
—_ = — _— _—— xr— — €T
Yn 3np -y 3n p= 3n P>Tn

1 1 2
e+ —p<y+-—p<zp+o—pP="Yn,
3n 3n 3n
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in particular (zn,yn) € (D x D) N Ky, and

2
g =yl < 120 =l + 5= <

S|

We set wy(t) = (T(t)zn, S(t)yn) (t > 0). Then wy(t) € D x D for t > 0 (by
the invariance assumption) and wy, € C*([0, 00), E x E). According to Theorem 2
wp(t) € Ky (t > 0). For n — oo we obtain

(T®)z,S(t)y) € Ko (t=0)

by closedness of Kj. O

PrROOF OF THEOREM 4: Fix x € E. Let n € N, and choose x,, € D(A) such that
|z — 2n|| < 1/n. Set wp(t) = (T(t)zn, ||2n]|S()p) (¢ > 0). Then,

wp(t) € D(A) x D(A) = D x D,
wy, € C1([0,00), E x E), w,(t) = H(wn(t)) (t >0), and w,(0) € K since
—llznllp < zn < |zallp,

according to the properties of the chosen norm. Again Theorem 2 gives wy(t) €
Ky (t > 0), and for n — 0o we obtain

(T(@)z, ||=]|S(t)p) € Ko (£ =0).

4. One-sided estimates

Let my : E X E — R denote the following directional derivative of || - ||,
compare [4]:

oz 4yl — =]
myfx,y] = lim —————.
+1z,y] i h
Theorem 5. Under the assumptions of Theorem 3 and D = E

m [z, Az] < my[p, Bpl||z|| (z € D(A)).

PROOF: For the norm ||| - ||| on E x E it is easy to check that

Iz, )l = max{{ly — [, [ly + | }.
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Let My : E? x E2 — R be the directional derivative with respect to this norm.
According to Theorem 3, H is the generator of a positive Cy-semigroup. Theo-
rem 1 in [1] proves

My [(z,y), (Az, By)] < M[(0,p), (0, Bp)l (=, »)ll  ((z,y) € D(A) x D(B)).

But
M (0.9). 0.5t W2+ 5O o)l = 0.
h—0+ h
_lp+ hBp| - |pl
=1 = B
R W m.[p, Bpl,
and

i 12:0)+ B2, 0)] = [}z, 0]

M+[(£L‘, 0)7 (A,T, 0)] =

h—0+ h
= lim lz + hA;’” —el e Ax] (@ e DAY

Hence

m e, Az] < m[p, Bplll(2,0)[| = m[p, Bylllz| (x € D(4)).

As an immediate consequence we have:

Corollary 1. Under the assumptions of Theorem 5

[T(t)x|| < exp(tm[p, Bp))|lzl| (t € [0,00), x € E).

5. Examples

First we consider Schrodinger type operators in a space of vector-valued func-
tions.

Example 1. Let R3 be ordered by the ice cream cone
Ci={(w.y,2) s VT + 2 < 2}
and let E := BUC(R,R3) be ordered by the cone

K:={feFE:f(s)eC (seR)}.

o1
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The constant function p : s — (0,0, 1) belongs to Int(K), and K is normal. Since
(R3,C) is not a lattice, also (E, K) is not a lattice.

The second derivative L := d?/ds? with domain D(L) = BUC?(R,R?) is
quasimonotone increasing in E: Clearly, d/ds with domain BUC!(R,R3) is the
generator of the translation group on E, which is positive. The Gaussian semi-
group, whose generator is L, is obtained by convolution with a positive kernel,
hence also positive. Consequently, L is quasimonotone increasing.

Now let V € BUC(R,R3*3) be positive in the sense that V(s)C C C for all
s € R. We denote the induced operator £ — E, f — V f also by V. Observe that
V : E — FE is bounded and increasing.

Now take another function U € BUC(R,R3%3). Then the operator U : E —
E, f — Ufis bounded. Assume that V is a majorant for U,ie., V—-U : E — Eis
increasing and V + U : F — FE is quasimonotone increasing. Let A := L+ U and
B :=L+V. Since U and V are bounded on E, we have D(A) = D(B) = D(L) =
BUC?(R,R?), and A and B are generators of Cy-semigroups on E. Moreover, B
is a majorant for A since B— A=V — U is increasing and B+ A=2L+V +U
is quasimonotone increasing. Since D = D(A) = D(B) is invariant under both
semigroups, we obtain by Theorem 3, for any f,g € F with —g < f < g, that

(%) _et(L+V)g < et(L+U)f < et(L+V)g (t > 0).

We may also apply Theorems 4 and 5 and Corollary 1 to the function p : s —
(0,0,1).
We discuss a few special cases.

(a) U = 0: Then V is a majorant of U and we obtain
_et(L+V)g S eth S et(L+V)g (t 2 0)

for any f,g € E with —g < f < g.

(b) V = 0: Then V is a majorant of U if and only if —U is increasing and U is
quasimonotone increasing. This holds if and only if, for each s € R, —U(s)C C C
and U (s) is quasimonotone increasing with respect to C. The latter holds if and
only if U is of the form U(s) = —u(s)I where I € R3*3 is the identity and
u € BUC(R, R) satisfies u(s) > 0 for s € R. In this situation we obtain

for any f,g € F with —g < f < g.

(¢) =V < U < V: This condition means that both V—U and V 4+ U are increasing
and thus implies that V' is a majorant of U. Hence (x) holds for all f, g € F with

-g<f<g
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Remark. Example 1 can also be done for the Laplacian A on R"™ in place of L
on R, taking as space E, := BUC(R",R?) and as cone

Ky,:={feE,: f(s)eC (sec R"}.

The results should be compared to the corresponding ones for Schrodinger opera-
tors on BUC(R",R). If v € BUC(R", R) is positive, i.e. v(s) > 0 for all s € R",
then we have, for all ¢ > 0,

!B f| < lAF)| 7|, A=V | < B f].

While the first estimate holds on E,, for increasing V € BUC(R"™, R3*3) without
restriction (cf. (a)), we need a restriction (cf. (b)) for the second estimate.

In certain spaces, in particular in Hilbert spaces, the Trotter product formula
may be applied to obtain domination results for semigroups. In general, however,
the Trotter product formula is not applicable (cf. [2]).

In the next example we give an application to a coupled system.

Example 2. Let E and L be as in Example 1 and let D := d/ds with domain
BUCY(R,R?). Then Ag := (g g) with product domain is quasimonotone in-
creasing in ' x E with respect to K x K. For j = 1,21let U;,V; € BUC(R,R3*3),

such that —V;(s) < Uj(s) < Vj(s) for all s € R. Then B := (é ‘g) is a majo-

rant of A := ([]}“2 % ) and D(A) = D(B) = D(Ap). Theorem 3 applies and yields

domination of e!4 by etB,

Remark. In the Banach lattice situation Example 2 corresponds to the fact that

the semigroup e!4 is dominated by the semigroup whose generator is (‘[Z‘ ‘%‘)

(cf. [7] where this operator is related to the modulus semigroup of et4).
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