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Duality theory of spaces
of vector-valued continuous functions

MARIAN NOWAK, ALEKSANDRA RZEPKA

Abstract. Let X be a completely regular Hausdorff space, E a real normed space, and
let Cy(X, E) be the space of all bounded continuous E-valued functions on X. We
develop the general duality theory of the space Cy(X, E) endowed with locally solid
topologies; in particular with the strict topologies 8.(X, E) for z = o,7,t. As an ap-
plication, we consider criteria for relative weak-star compactness in the spaces of vector
measures M. (X, E’) for z = o,7,t. It is shown that if a subset H of M.(X,E’) is
relatively o(M, (X, E’), Cp(X, E))-compact, then the set conv(S(H)) is still relatively
o(M.(X,E"),Cy(X, E))-compact (S(H) = the solid hull of H in M. (X, E")). A Mackey-
Arens type theorem for locally convex-solid topologies on Cy (X, E) is obtained.

Keywords: vector-valued continuous functions, strict topologies, locally solid topologies,
weak-star compactness, vector measures

Classification: 46E10, 46E15, 46E40, 46G10

1. Introduction and preliminaries

Let X be a completely regular Hausdorff space and let (E, ||-||g) be a real normed
space. Let Bp and Sg stand for the closed unit ball and the unit sphere in F,
and let E’ stand for the topological dual of (E, || || g). Let Cy(X, E) be the space
of all bounded continuous functions f : X — E. We will write Cp(X) instead
of Cp(X,R), where R is the field of real numbers. For a function f € Cy(X, F)
we will write ||f|(z) = ||f(z)||g for z € X. Then ||f|| € Cp(X) and the space
Cyp(X, E) can be equipped with the norm ||f|loc = supex [|f]l(z) = [||f]l]loo
where ||u|loo = sup,ex |u(x)| for u € Cp(X).

It turns out that the notion of solidness in the Riesz space (= vector lattice)
Cp(X) can be lifted in a natural way to Cp(X, E) (see [NR]). Recall that a subset
H of Cy(X, F) is said to be solid whenever || f1|| < || f2| (-e., |f1(@)g < || f2(z)||E
for all x € X) and f1 € Cy(X, E), fo € H imply f1 € H. A linear topology 7 on
Cp(X, E) is said to be locally solid if it has a local base at 0 consisting of solid
sets. A linear topology 7 on Cy (X, E) that is at the same time locally convex and
locally solid will be called a locally convex-solid topology.

In [NR] we examine the general properties of locally solid topologies on the
space Cp(X, F). In particular, we consider the mutual relationship between locally
solid topologies on Cy(X, F) and Cy(X). It is well known that the so-called
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strict topologies 8,(X, FE) on Cy(X,E) (2 = t,7,0,9,p) are locally convex-solid
topologies (see [Kh, Theorem 8.1], [KhOg9, Theorem 6], [KhV;, Theorem 5]).

For a linear topological space (L,£), by (L, &)’ (or Lé) we will denote its topo-
logical dual. We will write Cy(X, E) and Cy(X)’ instead of (Cy(X,E),| - |loo)’
and (Cp(X), || - |co)’ respectively. By o(L, M) and 7(L, M) we will denote the
weak topology and the Mackey topology with respect to a dual pair (L, M). For
terminology concerning locally solid Riesz spaces we refer to [AB;], [ABg].

In the present paper, we develop the duality theory of the space Cy(X, E)
endowed with locally solid topologies (in particular, the strict topologies 5,(X, E),
where z = 0, 7,1).

In Section 2 we examine the topological dual of Cy(X, E) endowed with a
locally solid topology 7. We obtain that (C(X, E), )’ is an ideal of C(X, E)'.
We consider a mutual relationship between topological duals of the spaces Cp(X)
and Cp(X, F), which allows us to examine in a unified manner continuous linear
functionals on Cj(X, F) by means of continuous linear functionals on Cj(X).

In Section 3 we consider criteria for relative weak-star compactness in spaces of
vector measures M, (X, E’) for z = o, 7,t. In particular, we show that if a subset
H of M,(X, E’) is relatively o(M,(X, E'),Cy(X, E))-compact, then conv (S(H))
is still relatively (M, (X, E'), Cp(X, E))-compact (here S(H) stand for the solid
hull of H in M,(X, E’); see Definition 3.1 below).

Section 4 deals with the absolute weak and the absolute Mackey topologies on
Cy(X, E). A Mackey-Arens type theorem for locally convex-solid topologies on
Cy(X, E) is obtained.

Now we recall some properties of locally solid topologies on Cy (X, E) as set out
in [NR]. A seminorm p on Cy(X, F) is said to be solid whenever p(f1) < p(f2) if
f1, f2 € Cp(X, E) and || f1]| < [ f2]-

Note that a solid seminorm on the vector lattice Cy,(X) is usually called a Riesz
seminorm (see [AB1]).

Theorem 1.1 (see [NR, Theorem 2.2]). For a locally convex topology T on
Cy(X, E) the following statements are equivalent:

(i) 7 is generated by some family of solid seminorms;
(ii) 7 is a locally convex-solid topology.

From Theorem 1.1 it follows that any locally convex-solid topology 7 on
Cy(X, E) admits a local base at 0 formed by sets which are simultaneously abso-
lutely convex and solid.

Recall that the algebraic tensor product Cy(X)® F is the subspace of Cy,(X, F)
spanned by the functions of the form u® e, (u® e)(x) = u(x)e, where u € Cp(X)
and e € E.

Now we briefly explain the general relationship between locally convex-solid
topologies on Cy(X) and Cy(X, E) (see [NR]). Given a Riesz seminorm p on
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Cp(X) let us set

p/(f)=p(Ifl) forall feCy(X,E).

It is seen that p is a solid seminorm on Cy(X, E). From now on let eg € Sg be
fixed. Given a solid seminorm p on Cy(X, F) one can define a Riesz seminorm p"
on Cy(X) by:

pNu) == p(u®eg) forall ue Cy(X).

One can easily show:

Lemma 1.2 (see [NR, Lemma 3.1]). (i) If p is a solid seminorm on Cy(X, E),
then ()" () = p(f) for all f € Cy(X, E)
(i) If p is a Riesz seminorm on Cy,(X), then (p¥)"(u) = p(u) for allu € Cy(X).

Let 7 be a locally convex-solid topology on Cy(X, E) and let {pn : a € A} be
a family of solid seminorms on Cj(X, E) that generates 7. By 7" we will denote
the locally convex-solid topology on Cy,(X) generated by the family {p) : o € A}.
Next, let € be a locally convex-solid topology on Cp(X) and let {py : @ € A} be
a family of solid seminorms on Cj,(X) that generates £&. By ¢V we will denote the
locally convex-solid topology on C(X, E) generated by the family {pY : a € A}.

As an immediate consequence of Lemma 1.2 we have:

Theorem 1.3 (see [NR, Theorem 3.2]). For a locally convex-solid topology T on
Cy(X, E) (resp. £ on Cy(X)) we have:

(T/\)V =T (resp. (5\/)/\ = {)

The strict topologies 3,(X, F) on Cy(X, E), where z = ¢,7,0,g,p have been
examined in [F], [KhC], [Kh], [KhO;], [KhO2], [KhOs3], [KhV;], [KhV3]. In this
paper we will consider the strict topologies (5,(X, E), where z = ¢,7,0. We will
write 8,(X) instead of 3,(X,R).

Now we recall the concept of a strict topology on Cy(X, E). Let X stand
for the Stone-Cech compactification of X. For v € Cj(X), T denotes its unique
continuous extension to SX. For a compact subset @ of SX \ X let Co(X) =
{v € Gpy(X) : T |Q = 0}. Let Bg(X,E) be the locally convex topology on
Cyp(X, E) defined by the family of solid seminorms {g, : v € Cg(X)}, where
0u(f) = sup e x [o(@)] | £12) for f € Cy(X, E).

Now let C be some family of compact subsets of 5X \ X. The strict topology
Be(X, E) on Cy(X, E) determined by C is the greatest lower bound (in the class
of locally convex topologies) of the topologies 8g(X, E), as @ runs over C (see
[NR] for more details). In particular, it is known that B¢ (X, E) is locally solid
(see [NR, Theorem 4.1]).
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The strict topologies B-(X, E) and (s(X, E) on Cy(X, E) are obtained by
choosing the family C, of all compact subsets of X \ X and the family C, of all
zero subsets of X \ X as C, resp. In view of [NR, Corollary 4.4] for z = 7,0 we
have

B.(X)V =B,(X,E) and B.(X,E)" = 3,(X).

The strict topology 5¢(X, E) on Cy(X, E) is generated by the family {o, : v €
Co(X)}, where Cy(X) denotes the space of scalar-valued continuous functions
on X, vanishing at infinity. It is easy to show that

Be(X) =X, E) and Bi(X,E)" = Bi(X).

2. Topological dual of Cy(X, E) with locally solid topologies
For a linear functional ® on Cy(X, E) let us put

|@|(f) = sup {|@(h)] : h € Cp(X, E), ||h]| < | f]}-

The next theorem gives a characterization of the space Cy(X, E)’.

Theorem 2.1. We have
Cyp(X,E) = {® € Cy(X,E)* : |8|(f) < 0o forall fe Cy(X,E)},

where Cy(X, E)# denotes the algebraic dual of Cy,(X, E).

PROOF: Indeed, by the way of contradiction, assume that for some ®y € Cy(X, E)’
we have |®g|(fo) = oo for some fo € Cp(X, E). Hence there exists a sequence
(hp) in Cp(X, E) such that ||hnl < |foll and |®g(hpn)] > n for all n € N.
Since [|[n " hplloo — 0, we get n~1®g(hy) — 0, which is in contradiction with
@0 (hn)| = n.

Next, assume by the way of contradiction that there exists a linear func-
tional ®g on Cy(X, E) such that |$g|(f) < oo for all f € Cp(X, E) and ®¢ ¢
Cy(X,E)'. Then there exists a sequence (fy) in Cy(X, E) such that || fn]lcc = 1
and |®(fn)| > n? for all n € N. Since 322, #””anHoo < oo and the space
(Cp(X), ||"]lo0) is complete, there exists ug € Cp(X) T such that Y00 n%”an =ug.
Let fo = up ® eg for some fixed eg € Sp. Then #anﬂ < || fol| = wo. Hence for
all n € N, n < |®(fn/n2)| < |®o|(fn/n?) < |®o|(fo) < oo, which is impossible.
Thus the proof is complete. ([

Now we consider the concept of solidness in Cy(X, E)'.

Definition 2.1. For ®1,®9 € Cp(X, E) we will write |®1| < |®2| whenever
|D1|(f) < |®2|(f) for all f € Cy(X,E). A subset A of Cp(X,E)’ is said to be
solid whenever |®1]| < |®3] with &1 € Cy(X, E)’ and ®3 € A implies &1 € A.
A linear subspace I of Cy,(X, E)’ will be called an ideal whenever I is solid.
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Since the intersection of any family of solid subsets of Cj,(X, E)’ is solid, every
subset A of Cy(X, E)’ is contained in the smallest (with respect to the inclusion)
solid set called the solid hull of A and denoted by S(A). Note that

S(A)={® € CW(X,E) :|®| < |¥| forsome e A}.
Lemma 2.2. Let ® € Cy(X, E). Then for f € Cy(X, E),
(%) |2/(f) = sup {|¥(f)]: ¥ € Cyp(X, EY', [¥] < |D|}.
Moreover, if A is a subset of Cy(X,E) then for f € Cy(X, E) we have

(e8) sup {|®[(f): ® € A} =sup {|¥(f)|: ¥ € S(A)}
=sup {|¥(f)]: ¥ € conv (S(A4))} .
PROOF: Note first that |®| is a seminorm on Cy(X, F). To see that |®|(f1+ f2) <
[®|(f1) + |®|(f2) holds for f1,fo € Cp(X, E) with fi1, fo # 0, assume that h €
Cy(X, E) and |[B]| < || f1+ f2ll- Then for h; = (|| fill /(L f1l|+[ f2])))7 for i = 1,2 we
have h = h + hy and [[hi]| < |/ for i = 1,2. Thus |®(R)| < |B(h1)|+ (k)] <
[](h1) + [B](ha) < [B](f1) + [](f2). Hence [B](fr + f2) < |B](f1) + [B](f2), as
desired. Moreover, one can easily show that |®[(Af) = |A| |®|(f) for all A € R.

For a fixed fy € Cp(X, E) we define a functional ¥y on the linear subspace
Ly = {Mfo: A € R} of Cy(X, E) by putting ¥o(Afo) = A[®[(fo) for A € R. Tt is
clear that Wq is a linear functional on Ly and [¥o(Afo)| = [®|(Afo) for A € R.
Then by the Hahn-Banach extension theorem there exists a linear functional ¥
on Cy(X, E) such that U(f) < |®|(f) for all f € Cp(X, E) and T(Afy) = Yo(Afo)
for all A € R. Since ¥ is linear and |®|(f) = |®|(—f) we get |T(f)| < |®|(f) for all
f € Cp(X,E). To see that |¥| < |®| let f € Cp(X, E) and take h € Cp(X, E) with
18] < IIf]l. Then [ (k)| < [B](h) < [B](f), s0 [T](f) < |B](f). Thus |¥] < 8.
Moreover, ¥(fo) = ¥o(fo) = |2[(fo), so

|@](fo) = sup {|¥(fo)| : ¥ € Cp(X, E), [¥] <|D[}.

Thus (x) is shown. As a consequence of (x) we easily obtain that (**) holds. O

We now introduce the concept of a solid dual system. Let I be an ideal of
Cy(X, E)' separating the points of Cy(X, E). Then the pair (Cy(X, E), I), under
its natural duality

(f,®) =o(f) for feCyX,E), ®cl

will be referred to as a solid dual system.
For a subset A of Cy(X, E) and a subset B of I let us set

AP={®eT:[(f,d)<1 forall fe A},
B={feCyX,BE):|(f,®)| <1 forall &c B}.

By making use of Lemma 2.2 we can get the following result.
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Theorem 2.3. Let (Cy(X, E), I) be a solid dual system.

(i) If a subset A of Cy(X, E) is solid, then A° is a solid subset of I.
(ii) If a subset B of I is solid, then °B is a solid subset of Cy(X,E).

PrROOF: (i) Let |®1] < |®2| with &1 € T and &5 € A?. Assume that f € A and
let h € Cp(X, E) with ||h]] < ||f||. Then h € A, because A is solid, so |®2(h)| < 1.
Hence |®5|(f) < 1. Thus |®1(f)| < |®1|(f) < 1, so &1 € A°. This means that A°
is a solid subset of I.

(ii) Let ||f1]| < ||fell with f1 € Cy(X, F) and fo € OB. To see that f; € °B
assume that ® € B. Since B is a solid subset of I, by Lemma 2.2 the identity
[®|(f2) = sup{|¥(f2)| : ¥ € B, |¥| < |®|} holds. Thus for every ¥ € B with
W] < |®| we have [¥(f2)] < 1,50 |®[(f2) < L. Since |[2(f1)] < |2|(f1) < [®[(f2) <
1, we get f1 € 9B, as desired. O

Theorem 2.4. Let 7 be a locally solid topology on Cy(X, E). Then (Cy(X, E), T)’
is an ideal of Cy(X,E)’.

Proor: To show that (Cy(X, E),7) C Cp(X,E)’, by the way of contradiction
assume that for some ®g € (Cy(X, E), )’ we have &g ¢ Cp(X, E)’, so in view of
Theorem 2.1 we get [Do|(fo) = oo for some fy € Cp(X, E). Hence there exists a
sequence (hy) in Cp(X, E) such that [|hy| < || fol| and |®g(hn)| > n for n € N.
Since n~1fy — 0 for 7, and 7 is locally solid, we get n~1h, — 0 for 7. Hence
®o(n"1hyp) — 0, which is in contradiction with |®g(hy)| > n.

To see that (Cp(X, E),7)" is an ideal of Cy(X, E)" assume that |®1] < |®o
with ®; € Cy(X,E) and ®3 € (Cy(X,E), 7). Let fo — 0 and ¢ > 0 be
given. Then there exists a net (hq) in Cp(X, E) such that ||hq|| < || fall for each
a and |B3|(fa) < |P2(ha)| + . Clearly hq — 0, because 7 is locally solid,
s0 Pa(hg) — 0. Since |P1(fo)| < |P1](fa) < [P2|(fa) < [P2(fa)| + &, we get
P1(fa) — 0,50 &1 € (Cp(X, E), 7)’, as desired. O

Theorem 2.5. For a Hausdorff locally convex topology T on Cy(X, E) the fol-
lowing statements are equivalent:
(i) 7 is locally solid;
(ii) (Cy(X,E), ) is an ideal of Cy(X,E)" and for every T-equicontinuous
subset A of (Cyp(X, E),7) its solid hull S(A) is also T-equicontinuous.

PROOF: (i) = (ii) By Theorem 2.4 (Cy(X, E), 7)" is an ideal of Cy(X, E)’, and
thus we have the solid dual system (Cy(X, E), (Cy(X, E),7)"). Assume that a
subset A of (Cy(X,E),7) is equicontinuous. Hence A C VO for some solid 7-
neighbourhood V' of zero. Hence S(A) C S(V?) = VO (see Theorem 2.3). This
means that S(A) is a T-equicontinuous subset of (Cp(X, F), 7)".

(if) = (i) Let B be alocal base at zero for 7 consisting of absolutely convex, 7-
closed sets. Assume that V is 7-neighbourhood of zero. Then there exists U € B,
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such that U C V. Moreover, the polar set U is a T-equicontinuous subset of
(Cy(X, E), 7). By our assumption S(U?) is also T-equicontinuous. Hence there
exists W € B; such that W c 9S(UY). Since the set %5(UY) is solid in Cy(X, E),
S(W) c 9(U°% < (U0 =absconv U = U C V. This shows that 7 is locally
solid, as desired. O

For each ® € C,(X, F)’ let
pa(u) =sup {|®(h)| : h € Cp(X,E), [|h|<u} for wueCy(X)T.

One can easily show that ¢g : Cp(X)T — RT is an additive and positively homo-
geneous mapping (see [KhO7, Lemma 1]), so ¢ has a unique positive extension
to a linear mapping from Cy(X) to R (denoted by ¢¢ again) and given by

pa(u) = o3 (u") —pg(u”) forall ue Cy(X)

(see [AB, Lemma 3.1]). Hence pg = |pg| holds on Cy(X)T. Since Cp(X)" =
Cp(X)™ (the order dual of Cy(X)) (see [ABg, Corollary 12.5]), we get pg €
Cy(X)'. Moreover, we have:

va(lfI) =I2[(f) for feCy(X,E)
and
po(u) = |®|(u@eg) for ue Cy(X)T.
The following lemma will be useful.

Lemma 2.6. (i) Assume that L is an ideal of Cy(X)'. Then the set
Cy(X,E)p, :={® € Cy(X,E) : pg € L}

is an ideal of Cy(X,E)’.
(ii) Assume that I is an ideal of Cy(X, E)'. Then the set

Co(X)7 = {p € CQ(X) :|p| < pg for some @€}

is an ideal of Cy(X)" and Cy(X, E)/Cb(X)} =1.

PROOF: (i) We first show that Cj(X,E)} is a linear subspace of Cy(X,E)'.
Assume that ®1,Py € Cp(X,E)}, ie., 9p,,98, € L. It is easy to show that

@@14—@2(“’) < (@@1 + <P<I>2)(u) for u € Ob(X)+v SO PP 4Py € Lv i'e'a <D1 + @2 €
Cy(X,E);. Next, let ® € Cy(X,E); and A € R. Then ¢p € L and since
©rd = A\pg, we get A® € C(X, E) .
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To show that Cy,(X, E)) is solid in Cp(X, E)’, assume that |®1| < [®a] with
®1 € Cp(X,E) and & € Cp(X, E)}, ie., g, € L. Then for u € Cp(X)" we
have ¢g, (u) = |®1]|(u ® eg) < |P2|(u ® eg) = o, (u). Hence ¢y, € L, because L
is an ideal of Cp,(X)'. Thus ® € C(X, E)’, as desired.

(ii) To prove that Cp(X)’ is an ideal of Cj(X) assume that [p1| < |¢2|, where
@1 € Cp(X)" and @ € Cp(X)}. Then |pa| < @g for some @ € I, so |p1| < ¢g,
and this means that 1 € Cp(X).

To show that I C Cy(X, E)/
@ € Cy(X, BN, xy,-

Now, we assume that ® € Cp(X, E),Cb(X)}’ ie, ® € Cp(X,F) and pg €

Cp(X)]. Tt follows that there exists ¢ € I such that ¢g < ¢g,. Hence for every
f € Cy(X, E) we have |®[(f) = va([[f]) < o, (If]]) = [®ol(f). Thus & € I,
because I is an ideal of Cy(X, E)’. O

Let A be a subset of Cy(X, E)~.. Then S(A) C Cy(X, E) as Cy(X, E) is solid
(by Theorem 2.4). Hence

Cy(x), ASSume that ® € I. Then ¢g € Cp(X)/, so

A)={® € Cy(X,E),: |®|<|¥| forsome e A}
In view of Lemma 2.2 for a subset A of Cy(X, E)" and f € Cy(X, F) we have:

sup {|91(/) : ® € A} = sup {a(I/]) : ® € A}
sup {|T(f)|: ¥ € S(4)}.

(+)

Theorem 2.7. Let 7 be a locally convex-solid Hausdorff topology on Cy(X, E).
Then for a subset A of Cy(X, E)’ the following statements are equivalent:
(i) A is T-equicontinuous;
(ii) conv (S(A)) is T-equicontinuous;
(iii) S(A) is T-equicontinuous;
(iv) the subset {pg : ® € A} of Cy(X)' is 7/\-equicontinuous.

PrROOF: (i) = (ii) In view of Theorem 2.4 we have a solid dual system
(Cy(X, E),Cyp(X, E)-). Let A be T-equicontinuous. Then by Theorem 1.1 there is
a convex solid 7-neighbourhood V of zero such that A € V0. Hence conv (S(A)) C
conv (S(V?)) = V0 (see Theorem 2.3), and this means that conv (S(4)) is still
T-equicontinuous.

(if) = (iii) It is obvious.

(ili) = (iv) Assume that the subset S(A) of Cy(X, E)’ is T-equicontinuous. Let
{pa : @ € A} be a family of solid seminorms on Cj(X, E) that generates 7. Given
e > 0 there exist ap, ..., an € A and n > 0 such that sup {|¥(f)| : ¥ € S(A)} <e
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whenever po,(f) < 1 for i = 1,2,...,n. To show that {¢pe : ® € A} is 7/-
equicontinuous, it is enough to show that sup {|pg(u)| : ® € A} < ¢ whenever
P, (u) < mfori =1,2,...,n. Indeed, let u € Cp(X) and p), (u) < n for i =
1,2,...,n. Then po;(u®eg) < n (i = 1,2,...,n), so sup{|¥(u® eg)| : ¥ €
S(A)} < e. Hence, in view of (+) we obtain that sup {pe(Ju|) : ® € A} < ¢,
because ||u ® eg|| = |u|. But |pg(u)| < v (|ul), and the proof is complete.

(iv) => (i) Assume that the set {pg : ® € A} is 7/\-equicontinuous. Let
{pa : o € A} be a family of solid seminorms on Cy(X, E) that generates 7. Given
e > 0 there exist aq,...,an € A and n > 0 such that sup {|pe(u)| : @ € A} <e
whenever u € Cyp(X) and pj (u) < nfor i = 1,2,...,n. Let f € Cy(X,E)
with pay(f) < 7 for i = 1,2,...,n. Since gl (1f) = peu (11 ® c0) = pou (F)
(i =1,2,...n), sup{lpa(lf)] : B € A} < e But |8(f)| < |2|(/) = wall]),
so sup {|®(f)| : ® € A} < e. This means that A is T-equicontinuous. O

Corollary 2.8. Let 7 be a locally convex-solid topology on Cy(X, E). Then for
® € Cy(X, E) the following statements are equivalent:

(i) @ is T-continuous;

(ii) ¢e is 7/\-continuous.
Corollary 2.9. Let ¢ be a locally convex-solid topology on Cy(X). Then for
® € Cy(X, E) the following statements are equivalent:

(i) @ is ¢V-continuous;

(ii) we is &-continuous.

Remark. For the equivalence (i) <= (iv) of Theorem 2.7 for the strict topologies
B2(X,E) (z =0,7,t,00,9) see [KhOs, Lemma 2].

Corollary 2.10. (i) Let £ be a locally convex-solid topology on Cy(X). Then

(C’b(X),ﬁ)/ = {gﬁ € Oy(X) 1 |p| < pp for some ® € (C’b(X, E),ﬁv)/} )

(ii) Let 7 be a locally convex-solid topology on Cy(X, E). Then

(Cb(X),T/\)/ = {cp € Cp(X) : |¢| < g for some @ € (Cy(X, E),T)/}.

PROOF: (i) Let p € (Cp(X),€)". Define a linear functional ®g on the subspace

Cp(X)(eg) (= {u®ep : u € Cp(X)}) of Cp(X, E) by putting Po(u®eg) = ¢(u) for
u € Cp(X). Let {pa : @ € A} be a family of Riesz seminorms generating £. Since
¢ € (Cy(X), &), there exist ¢ > 0 and aq, ..., ay € A such that for u € Cp(X)

|®0(u® eo)| = |p(u)] < ¢ Wax pa,(u) = c max pa; (4@ ep).
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This means that ®y € (Cy(X)(e0), &Y | Cp(X)(eg))’, so by the Hahn-Banach ex-
tension theorem there is ® € (C(X, E),&Y)" such that ®(u ® eg) = ¢(u) for
all u € Cp(X). We shall now show that |¢| < g, ie., |¢|(u) < pg(u) for all
u € Cp(X)™T. Indeed, let u € Cp(X)T be given and let v € Cp(X) with |v| < u.
Then we have |p(v)] = |P(v ® eg)| < o (u), so |¢| < g, as desired.

Next, assume that ¢ € Cy(X) with |p| < ¢g for some ® € (Cy(X, E),£V).
In view of Corollary 2.9, pg € (Cp(X), &) and since (Cp(X),£) is an ideal of
Cy(X)', we conclude that ¢ € (Cp(X), ).

(ii) It follows from (i), because (7)V = 7. O

It is well known that if L is a o-Dedekind complete vector-lattice and if H is
a relatively o(L;, L)-compact subset of L} (resp. a relatively o (L2, L)-compact
subset of L), then the set conv (S(H)) is still relatively o(L;;, L)-compact (resp.
relatively o(Ly’, L)-compact) (see [AB, Corollary 20.12, Corollary 20.10]) (here
Ly and Ly stand for the order continuous dual and the o-order continuous dual
of L resp.).

Now, we shall show that this property holds in
(Cp(X, E) ,o(Cp(X, E) ,Cp(X,E))) for z =o,1,t.

Recall that a Completely regular Hausdorff space X is called a P-space if every
Gy set in X is open (see [GJ, p.63]).

The following result will be of importance.

Theorem 2.11. Let H be a norm-bounded and o(Cy (X, E)/ﬁz ,Cp(X, E))-compact
subset of Cy(X, E)'ﬁz, where z = o (resp. z = 7 and X is a paracompact space;
resp. z =7 and X is a P-space). Then H is 3,(X, F)-equicontinuous.

PrROOF: See [KhOj, Theorem 5] for z = o; [Kh, Theorem 6.1] for z = 7 and
[KhC, Lemma 3] for z =t. O

Now we are ready to state our main result.

Theorem 2.12. Let H be a norm bounded subset of Cp(X, E)/ﬁz’ where z = o
(resp. z = 7 and X is a paracompact space; resp. z = t and X is a P-space).
Then the following statements are equivalent:

(i) H is relatively countably o(Cp(X, E)ﬁ ,Cy(X, E))-compact;

(ii) H is B.(X, E)-equicontinuous;

(iii) conv (S(H)) is relatively o(Cy(X, E)/ﬁ ,Cy(X, E))-compact;

(iv)

(v) H

S(H) is relatively o(Cy(X, E)ﬁ ,Cy(X, E))-compact;
is relatively o(Cy (X, E) ,Cy(X, E))-compact.

PRrROOF: (i) = (ii) See Theorem 2.11.
(ii) = (iii) In view of Theorem 2.7 the set conv (S(H)) is 8,(X, E)-equiconti-
nuous, i.e., there is a neighbourhood of 0 for 3, (X, E) such that conv (S(H)) c V9
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(= the polar set with respect to the dual pair (Cy(X, E), Cp (X, E)’BZ>) Then by

the Banach-Alaoglu’s theorem the set V0 is (Cj (X, E)lﬁz ,Cy(X, E))-compact, so

the set conv (S(H)) is relatively o(Cp(X, E)bz,Cb(X, E))-compact.

(iii) = (iv) = (v) = (i) It is obvious. O

3. Weak-star compactness in some spaces of vector measures

In this section we consider criteria for relative weak-star compactness in some
spaces of vector measures M, (X, E’) for 2 = o,7,t. In particular, by mak-
ing use of Theorem 2.11 we show that if a subset H of M, (X, E’) is relatively
o(M,(X,E"),Cy(X, F))-compact, then the set conv(S(H)) is still relatively
o(M,(X,E"),Cy(X, E))-compact (here S(H) stand for the solid hull of H is
M.(X,E")). We start by recalling some notions and results concerning the topo-
logical measure theory (see [V], [S], [Wh]).

Let B(X) be the algebra of subsets of X generated by the zero sets. Let M (X)
be the space of all bounded finitely additive regular (with respect to the zero sets)
measures on B(X). The spaces of all o-additive, 7-additive and tight members
of M(X) will be denoted by Ms(X), M-(X) and M(X) respectively (see [V],
[Wh]). It is well known that M,(X) for z = o, 7,t are ideals of M(X) (see [Wh,
Theorem 7.2]).

Theorem 3.1 (A.D. Alexandroff; [Wh, Theorem 5.1]). For a linear functional

¢ : Cp(X) — R the following statements are equivalent.

(i) ¢ € Cp(X)".
(ii) There exists a unique p € M (X)) such that

o(u) = pu(u) = /Xudu for all u € Cy(X).

Moreover, j > 0 if and only if ¢, (u) > 0 for all u € Cp(X) ™.

By M (X, E’) we denote the set of all finitely additive measures m : B(X) — E’
with the following properties:

(i) For every e € FE, the function me : B(X) — R defined by m¢(A) = m(A)(e),
belongs to M (X).
(i) |m|(X) < oo, where for A € B(X)

n

m|(A) = sup {\ S m(Bi)es)| : | Bi = 4, Bi € B(X), B;nB; =0
i=1 i=1

for i # 7, eiEBE,neN}.
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For z = o, 7,t let
M.(X,E')={m € M(X,E') : me¢ € M.(X) for every e € E }.

It is well known that |m| € M(X) (resp. |m| € M,(X) for z = o, 7,t) whenever
m € M(X,E") (vesp. m € M,(X,E’) for z = o,7,t) (see [F, Proposition 3.9]).

Now we are ready to define the notion of solidness in M (X, E’).

Definition 3.1. For mi,ms € M (X, E') we will write |m1| < |mg| whenever
|m1|(B) < |m2|(B) for every B € B(X). A subset H of M(X, E’) is said to be
solid whenever |mj| < |mg| with m; € M (X, E’) and my € H imply m; € H.
A linear subspace I of M (X, E’) will be called an ideal of M (X, E') whenever I
is a solid subset of M (X, E').

Proposition 3.2. M,(X,E’) (2 =o,7,t) is an ideal of M (X, E').

PROOF: Let |m1| < |mg|, where m; € M(X,E’) and my € M,(X,E’). Then
|m1] € M(X) and |mg| € M,(X), and since M,(X) is an ideal of M(X) we
conclude that |mj| € M,(X). For each e € E we have |(m1)c|(B) < |le| g |m1|(B)
for B € B(X), so (m1)e € M»(X), i.e., m; € M,(X,E"). O

Since the intersection of any family of solid subsets of M (X, E’) is solid, every
subset H of M (X, E') is contained in the smallest (with respect to inclusion) solid
set called the solid hull of H and denoted by S(H). Note that

S(H) = {m c M(X7E/) D m| < |m/| for some m' € H}

Now we recall some results concerning a characterization of the topological
duals of (Cy(X, F), 3-(X, E)) in terms of the spaces M (X, E’) ( z = o, 7,1).
Theorem 3.3. Assume that 3,(X, F) is the strict topology on Cy(X, E), where
z =0 and Cy(X) ® F is dense in (Cp(X, E), B (X, E)) (resp. z = 7; resp. z = t).
Then for a linear functional ® on Cy (X, E) the following statements are equivalent.

(i) @ is B,(X, E)-continuous.
(i) There exists a unique m € M,(X, E') such that

@(f):@m(f):/dem for every f € Cy(X, E).

(iii) The functional g is B,(X)-continuous.
Moreover, | ®y,|| = |m|(X) for m € M (X, E’).
PROOF: (i) <= (ii) See [Kh, Theorem 5.3] for z = o; [Kh, Corollary 3.9] for
z = 7; [F1, Theorem 3.13] for z = ¢.

(ii) <= (iii) It follows from Corollary 2.8, because (X, E)" = ,(X). O
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Lemma 3.4. Assume that m € M,(X, E'), where z = o and C,(X) ® E is dense
in (Cy(X, E), Bs(X, E)) (resp. z = 7; resp. z =t). Then

0, (u) = / ud|m| = @ (u) forall ue€ Cp(X).
X

PrOOF: Let u € Cy(X)" and m € M (X,E’). Then for h € Cy(X, E) with
7]l < u by [F2, Lemma 3.11] we have

) =| [ ham| < [ nldlm] < [ ] = gy 0

Hence
Pa,, (1) = |Pm|(u @ eg) = sup {|®n ()] : h € Cp(X, E), [[h]| < u} < pppy(w).

On the other hand, in view of [Kh, Theorem 2.1] we have
Gl () = [ wdim] = sup {[n0)| 19 € o) @ B, la] < ).

S0 @P|p|(u) < 9o, (u). Thus @, (u) = ¢s,, (u) for all u € Cy(X). O

Lemma 3.5. Assume that my,me € M,(X,E’), where z = 0 and Ci,(X) @ £
is dense in (Cy(X, E),Bs(X, E)) (resp. z = 7; resp. z = t). Then the following
statements are equivalent:
(1) |m1] < |mal, i.e., |m1|(B) < |ma|(B) for every B € B(X);
(i) Pjmy| (1) < @lmy|(u) for every u € Cp(X)™;
(iii) [®rmy [(f) < [®m, [(f) for every f € Cy(X, E).

PROOF: (i) <= (ii) It easily follows from Theorem 3.1.
(ii) = (iii) In view of Lemma 3.4 we get

@ [(f) = 20,0, (1) = Spoma) (1F1])
< Pl (IF11) = 0,y (1F11) = [@ma | (£).

(iii) = (ii) By Lemma 3.3 for u € C,(X)™" and ep € Sg we have

Plmy| (W) = @, (1) = [@y |(u @ €g)
< ‘¢m2|(u ® 60) = Pdp, (u) = (p|m2\(u)
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Lemma 3.6. Assume that H C M (X, E'), where z = o and Cj,(X)® E is dense
in (Cy(X, E),Bs(X, E)) (resp. z = 7; resp. z =t), and let &y = {®p, : m € H}.
Then conv (S(@H)) = (I)conv (S(H))"

PROOF: Assume that ® € conv (S(®g)). Then & =Y "' | @, = Dyn  aimys
where m; € M,(X,E’) and o; > 0 for ¢ = 1,2,...,n with >.7* ;; = 1, and
|®mn;| < |®,| for some m, € H and i = 1,2,...,n. In view of Lemma 3.5
|m;| < |ml|, i.e., mjy € S(H) for i = 1,2,...,n and > 1 ; a;m; € conv (S(H)).
This means that ® € ®cony (5(H))-

Assume that ® € Qeopy (5(rr))- Then & = &yn 0 = Yoy P, where
m; € M,(X,E') and a; > 0 for i = 1,2,...,n with >1" ;o = 1, and |my| <
|m}| for some m, € H and i = 1,2,...,n. By Lemma 3.5 [®,,| < |®,,/| for
i=1,2,...,n,80 ® € conv (S(Pg)). O
Corollary 3.7. Assume that mg € M,(X, E'), where z = 0 and Cy(X) ® E is
dense in (Cy(X, E), Bo(X, E)) (resp. z = 7; resp. z = t) and let e € Sg. Then for
every u € Cp(X)T we have:

/ud|m0|:sup{’/ udme
X X

PROOF: Let mg € M,(X, E') and e € Sg. Assume that ® € Cy(X, E)" and |®| <
| Do |. Since @ppy € Cp(X, E)/ﬁz (see Theorem 3.3), by making use of Theorem 2.4

we get & € Cp(X, E)lﬁz Hence in view of Theorem 3.3 and Lemma 3.5 we see
that ® = &, for some m € M, (X, E’) with |m| < |my|.
Moreover, it is easy to observe that for every m € M (X, E’) and u € Cy(X)

we have:
/ (u®e)dm = / wdme.
X X

Thus in view of Lemma 3.4, Lemma 2.2 and Lemma 3.5 we get:

[ wdmol = 2w, ) = el(u )
= sup{|<b(u®e)| :® e Cy(X,EY, |2 < |<I>m0|}
= sup{|<bm(u®e)| :m € M,(X, E/), |m| < |m0|}

:sup{‘/X(u@)e)dm‘ :m € M,(X,E'), Im| < |m0|}

:sup{‘/ u dme
X

To state our main result we recall some definitions (see [Wh, Definition 11.13,
Definition 11.23, Theorem 10.3]).

:m € M(X, E'), m] < [mol}.

:m € ML(X, E'), m| < [mol}.
O
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A subset A of Ms(X) (resp. M-(X)) is said to be uniformly o-additive (resp.
uniformly T-additive) if whenever u, () | 0 for every x € X, uy, € Cy(X)T (resp.
ug | 0 for every x € X, uq € Cp(X)T), then sup{| [y undp| : p € A} — 0

n

(resp. sup {| [ ua dpl: p € A} — 0).

A subset A of My(X) is said to be uniformly tight if given € > 0 there exists
a compact subset K of X such that sup {|u[(X \ K):p€ A} <e.

Now we are in position to prove our desired result.

Theorem 3.8. For a subset H of M,(X,E’), where z = 0 and Cy(X) ® E is
dense in (Cy(X, E),Bs(X, E)) (resp. z = 7 and X is paracompact; resp. z = t
and X is a P-space) the following statements are equivalent.
(i) H is relatively o(M (X, E'), Cy(X, E))-compact.
(ii) conv (S(H)) is relatively o(M (X, E"), Cy(X, E))-compact.
(iii) The set {|m| : m € H} in M,(X)" is uniformly o-additive for z = o,
(resp. uniformly T-additive for z = 7; resp. uniformly tight for z = t).

PrROOF: (i) = (ii) It is seen that H is relatively o(M;(X,E’'),Cy(X, E))-
compact if and only if ®py is relatively o(Cy(X, E)/ﬁz’ Cy(X, E))-compact.
Hence by Theorem 2.12 and Lemma 3.6 the set ®.qpny (5(q)) is still relatively
o(Cy(X, E)’ﬁz,Cb(X, E))-compact. This means that conv(S(H)) is relatively
o(M,(X,E"),Cy(X, F))-compact.

(ii) = (i) It is obvious.

(i) <= (iii) In view of Theorem 2.12 H is relatively o(M, (X, E'), Cy(X, E))-
compact if and only if @ is 3,(X, F)-equicontinuous; hence in view of Theo-
rem 2.7 and Lemma 3.4 the subset {¢,,| : m € H} of (Cyp(X), B2(X))" is B2(X)-
equicontinuous. It is known that the subset {¢},,,| : m € H} of (Cp(X), B2(X))
is 3;(X)-equicontinuous if and only if the set {|m|: m € H} in M,(X)™" is uni-
formly o-additive for z = o (see [Wh, Theorem 11.14]) (resp. uniformly 7-additive
for z = 7 (see [Wh, Theorem 11.24]); resp. uniformly tight for z = ¢ (see [Wh,
Theorem 10.7])). O

4. A Mackey-Arens type theorem for locally convex-solid topologies
on Cy(X, E)

Let I be an ideal of Cy(X, E)’ separating points of Cj,(X, E). For each ® € I let
us put

pa(f) = |®@|(f) for feCy(X, E).

One can show that pg is a solid seminorm on Cy(X, E) (see the proof of Lem-
ma 2.2). We define the absolute weak topology |o|(Cy(X,E),I) on Cy(X, E) as
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the locally convex-solid topology generated by the family {pg : ® € I'}. In view
of Lemma 2.2 we have

pa(f) =12|(f) =sup {[T(f)| : T eI, [T]<|D[}.

This means that |o|(Cy(X, E), I) is the topology of uniform convergence on sets
of the form {¥ € I : |¥| <|®|} = S({®}), where ® € I.

Assume that L is an ideal of Cp(X)" separating the points of Cy(X). For
each ¢ € L the function py(u) = [¢|(Ju|) for u € Cp(X) defines a Riesz semi-
norm on Cp(X). The family {p, : ¢ € I} defines a locally convex-solid topol-
ogy |o|(Cp(X), L) on Cp(X), called the absolute weak topology generated by L
(see [AB]).

Recall that |o|(Cy(X), L)Y is the locally convex-solid topology on Cy(X, E)
generated by the family {py, : ¢ € L}, where pJ(f) = py(||f]) for f € Cy(X, E).

We shall need the following result.

Lemma 4.1. Let I be an ideal of Cy(X, E)’ separating the points of Cy,(X, E).
Then y
o1(Co(X, E), I) = |o|(Cp(X), Cp(X)])

where Ci(X); = {p € Cp(X) : |¢| < pg for some ® € I}.
PRrOOF: Let p € Cp(X), ie., |p| < ¢g for some ® € I. Then for f € Cp(X, E)

we have

py(F) = 2o (IF1) = el (1) < wa (I£1) = 12[(f) = pa(f)-

This means that |o|(Cy(X), Cp(X)})Y C |o|(Ch(X, E), I).
Next, let ® € I. Then for f € Cy(X, E) we have

pa(f) = 12|(f) = va (If1) = pes (I1F1]) = pgy (f)-

This shows that |o](Cy(X, E), 1) C |o](Cyp(X),Cp(X)})Y, and the proof is com-
plete. (I

Now we are ready to state the main result of this section.

Theorem 4.2. Let I be an ideal of Cy(X, E)’ separating the points of Cy,(X, E).
Then .
(Ob(XaE)7|G|(Ob(X7E)aI)) =1

Proor: To see that (Cp(X,E),|o|(Cy(X,E),I)) C I assume that ® €
(Cp(X, E),|o|(Cy(X, E),I)). In view of Lemma 2.6 we have to show that ® €

Cy(X,E) ,, that is ® € Cp(X,E) and pgp € Cp(X),. In fact, we know
Cb(X)I I



Duality theory of spaces of vector-valued continuous functions

that (Cp(X),[0](Cp(X),Ch(X)])) = Cp(X)] (see [ABy, Theorem 6.6]). Assume
that uaq — 0 for |o|(Ch(X),Cy(X)}). It is enough to show that pg(ua) — 0.
Indeed, uq ® eg — 0 for |o](Cy(X), Cp(X)})Y, because for each ¢ € Cy(X),
pg(ua ® eg) = pp(uqa). Hence by Theorem 4.1 uq ® eg — 0 for |o|(Cyp(X, E), I).
Since |pg(ua)| < va(Jual) = [®/(ua ® €9) = pa(ua @ ey), we obtain that
¢o(ua) — 0.

Now let @ € I. Then for f € Cy(X, E), |2(f)] < |2|(f) = pa(f), so D is
lo|(Cy(X, E), I)-continuous, i.e., ® € (Cy(X, E), |o|(Cy(X, E),I)), as desired.

(]

As an application of Theorem 4.2 we have:

Corollary 4.3. Let I be an ideal of Cy(X, E)' separating the points of Cj,(X, E).
Then for a subset H of Cy(X, E) the following statements are equivalent:

(i) H is bounded for o(Cy(X, E), I);
(ii) S(H) is bounded for o(Cy(X, E), I).

PRrROOF: (i) = (ii) By Theorem 4.2 and the Mackey theorem (see [Wi, Theo-
rem 8.4.1]) H is bounded for |o|(Cy (X, E), I). Since the topology |o|(Cy(X, E), I)
is locally solid, S(H) is bounded for |o|(Cy (X, E), I). Hence S(H) is bounded for
o(Cy(X,E), I).

(ii) = (i) It is obvious. O

Lemma 4.4. Let I, = {®y, : m € M,(X,E’)}, where 2 = ¢ and C,(X) ® E is
dense in (Cy(X, E), B5(X, E)) (resp. z = 7; resp. z =t). Then

Co(X)7, = {pu + 1 € Mx(X)}.

PROOF: Assume that ¢ € Cy(X)), i.e., p € Cp(X) and |¢| < ¢g,, for some m €
M (X, E'). Then ¢ = ¢, for some p € M(X), and |pu| = ¢, < ¥s,, = Pm)
(see Lemma 3.4). It follows that |u| < |m|, where |m| € My (X)™". Since M,(X)
is an ideal of M (X), we get pn € M (X).

Conversely, assume that u € M,(X) and ¢y € Sg and let e¢* € E’ be such
that e*(eg) = 1 and ||e*||gr = 1. Let us set m(B) = u(B)e* for all B € B(X).
Then m : B(X) — E’ is finitely additive, and for each ¢ € E we have m(B) =
m(B)(e) = (e*(e)u)(B) for all B € B(X). Hence me € M,(X) for each e € E. It
is easy to show that |m|(B) = |u|(B) for all B € B(X), so |m| € M,(X). Hence
m € M.(X, E'), and [ou| = @) = @im| = P&+ 50 o € Cp(X)], as desired.

(]

As an application of Lemma 4.1 and Lemma 4.4 we get:
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Corollary 4.5. For z = o and Cy(X) ® E dense in (Cy(E), Bs(X, E)) (resp.
z = T; resp. z = t) we have:

|o(Co(X, B), M(X, E')) = |o|(Cy(X), M=(X))"

and
o] (Co(X, B), M (X, E"))" = |0](Cyp(X), M=(X)).

We now define the absolute Mackey topology |7|(Cp(X, E),I) on Cyp(X, E) as
the topology on uniform convergence on the family of all solid absolutely convex
o(I,Cy(X, E))-compact subsets of I. In view of Theorem 2.3 |7|(Cy(X, E),I) is
a locally convex-solid topology.

The following theorem strengthens the classical Mackey-Arens theorem for the
class of locally convex-solid topologies on Cy(X, E).

Theorem 4.6. Let 7 be a locally convex-solid topology on Cy(X, E) and let
(Cy(X,E),7) = Ir. Then

|U|(Cb(X=E)7IT) crTC |T|(Cb(X7E)7IT)'

ProOF: To show that |o|(Cy(X, E),I;) C 7, assume that (f,) is a sequence in
Cy(X,E) and fo — 0. Let ® € I and ¢ > 0 be given. Then there exists a
net (ha) in Cp(X, E) such that [|ha|| < |[fall and pg(fa) = [®[(fa) < [®(ha)| +
e. Since 7 is locally solid, ho, — 0. Hence hq — 0 for o(Cy(X, E), I;), so
®(hg) — 0, because o(Cy(X, E), Ir) C 7. Thus pg(fa) — 0, and this means that
fo — 0 for |o|(Cy(X, E), I;).

Now we show that 7 C |7|(Cy(X, E),I;). Indeed, let B; be a local base at
zero for 7 consisting of solid absolutely convex and 7-closed sets and let V' € B.
Then by Theorem 2.3 and the Banach-Alaoglu’s theorem, V9 is a solid absolutely
convex and o (I, Cy(X, E))-compact subset of I-. Hence

V9 =absconv V7 =absconv V' =V,

so 7 is the topology of uniform convergence on the family {V? : V € B;}. It
follows that 7 C |7|(Cy(X, E), I). O

Corollary 4.7. Let I, = {®, : m € M (X,E")}, where z = 0 and Cp(X) ® E
is dense in (Cy(X, E), B:(X, E)) (resp. z = 7 and X is paracompact; resp. z =t
and X is a P-space). Then

BZ(Xv E) = |T|(Ob(Xv E)vMZ(Xv El)) = T(Cb(Xv E)aMz(Xv E/)),

and for a locally convex-solid topology T on Cy(X, E) with Cy(X, E), = I, we

have:
|0|(Cb(X,E),MZ(X,E')) C 7 CB:(X,E).
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PROOF: It is known that under our assumptions §,(X, F) is a Mackey topology
(see [KhO1, Corollary 6] for z = o, [Kh, Theorem 6.2] for z = 7 and [Kh, Theo-
rem 5] for z = t). Hence 7(Cy,(X, E), M (X, E")) = 3,(X, E). On the other hand,
since 3,(X, E) is a locally convex-solid topology and (Cy(X, E), 3:(X, E))' = I,
by Corollary 4.6 we get 3,(X, E) C |7|(Cy(X, E), M (X, E')). O

[AB.]

[AB2]
[F1]

[F2]
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