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Integro-differential-difference equations associated
with the Dunkl operator and entire functions

N£JIB BEN SALEM, SAMIR KALLEL

Abstract. In this work we consider the Dunkl operator on the complex plane, defined by

Dpf(z) = %f(z)+kw, k> 0.

‘We define a convolution product associated with Dy, denoted *j, and we study the integro-
differential-difference equations of the type u *i f = >0 an kD) f, where (an k) is a
sequence of complex numbers and p is a measure over the real line. We show that many
of these equations provide representations for particular classes of entire functions of
exponential type.

Keywords: Dunkl operator, Fourier-Dunkl transform, entire function of exponential
type, integro-differential-difference equation

Classification: 30D15, 33E30, 34K99, 44A35, 45J05

Introduction

In this paper we consider the first-order differential-difference operator on C
d — (=
Def(z) = )+ TED e e

(A(C) is the space of entire functions), which is known as the Dunkl operator of
index k, k > 0. It was introduced by C.F. Dunkl (see [4], [5]) and has found a
wide area of applications in mathematics and mathematical physics.

It has been shown that there exists a unique intertwining operator V;, between
Dy, and D = —Z which satisfies

VD =DiVy,, Vif(0) = f(0), forall fe A(C).

By using the method of generalized Taylor series, we associate with Dy, the trans-
lation operators TF, z € C, defined on .A(C) by

(1) VYweC, TFf( an w)DPf(2),
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where by (w) = Vk(%l—) For an appropriate measure p over the real line and an
entire function f, we define the convolution product of 1 and f associated with
D;., denoted p *, f and given by

Vel f) = [ TE ) duty).

In this work, we are interested in the study of the following integro-differential-
difference equations

(2) pap f(z) =Y an kDR f(2),

n>0

where (a1 )n>0 is a sequence of complex numbers.

These equations characterize a class of entire functions of exponential type which
intervenes in classical complex analysis and have many applications in other fields
(for more details, one can see [3]). In fact this study shows that when the mea-
sure p satisfies fR eoll d|p| < oo, where o is a positive number, then every entire
function of exponential type less than o, is a solution of such equations and con-
versely if f is a C°°-function on R satisfying the equation (2) and if )~ ¢ a, 12"
is analytic inside the disk |z| < a, a < o, then [ is the restriction to R of an
entire function of exponential type at most a. After, we develop a method which
permits us to construct solutions of these equations which are expressed in terms
of normalized spherical Bessel functions of index «

T 1\n Z\2n
ja(z):F(a—l—l)Z( Y (3)

2
n=0

C.
n! T(n+a+1) #€

Next, we suppose that £ > 0. In this case, the restriction on R of the translation
operators associated with the Dunkl operator given by formula (1) possess an
integral representation which is available for a continuous function on R, so that
we can consider equations of the type

N
(3) poxg f= Z an kDL f, ani #0, N €N,

n=0

when f is a CN_function on R and w1 is an appropriate measure. We establish,
under some assumptions, that every CN-function on R satisfying equation (3)
is a C°°-function on R. In particular, if when all but one of the a, j are zero,
0 < n < N, then f is the restriction on R of an entire function of exponential

type.
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We point out that the notion of integro-differential equations was analyzed
in details by M.H. Mugler [9] in the classical case (which corresponds to k = 0).
Later, N. Ben Salem and W. Masmoudi have studied the integro-differential equa-
tions associated with the Bessel differential operator (see [2]).

The paper is arranged as follows. The first section of this paper is devoted
to the study and recall of some results of harmonic analysis associated with the
Dunkl operator Dy,. Especially we define the translation operators and convolu-
tion product associated with D;, of an appropriate measure and an entire function,
we define also the Laplace-Dunkl transform of a measure over the real line and
we establish some properties related with these objects.

In the second section, we deal with the integro-differential difference equations
of the type p* f = > >oankDEf. We give a class of functions which are
solutions of that equations.

In the third section, we assume that k£ > 0. We study equations of type
g f = Eivzo an ;Di f, where f is a CN-function on R.

In the last section we establish a Paley-Wiener type theorem associated with
D;. and give some applications. For instance, we proceed to develop conditions
on the measure p such equation of the form px*g f = Zivzo an ;Df f characterize
the class of entire functions of exponential type a which are square integrable
with respect to |z|?*dz and bounded on the real line. Next, we continue by
considering the equations characterizing entire functions of exponential type which
have polynomial growth on the real line. The section closes by considering an
equivalent condition characterizing the last equations in terms of the moments of
the measure .

1. Harmonic analysis associated with the Dunkl operator

We consider the following spaces:
- £(R) the space of C°°-functions, endowed with the usual topology of uniform
convergence of the functions and their derivatives of all order on compact subsets
of R;
- £'(R) the space of distributions on R with compact support;
- A(C) is the space of entire functions on C provided with the topology of uniform
convergence on every compact of C;
- A'(C) is the topological dual of A(C);
- Exp(C) is the space of entire functions of exponential type, we have

Exp(C) = | Exp,(©).
a>0

where

Expy (C) = {f € A(C). No() = sup [F() e < +oo} |
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We provide Exp,(C) with the topology defined by the norm Ng(f). For this
topology Exp, (C) is a Banach space. Exp(C) is endowed with the inductive limit
topology.

The Dunkl operator D, associated with the parameter £ > 0, is defined on C

by
f(z)— f(==

Di(F)(2) = (=) + b L reaw)

For £ = 0, Dy reduces to the usual derivative which will be denoted by D. It is
well known that there exists a unique isomorphism V of A(C) such that

(4) ViDf = DyVif, Vif(0) = f(0).
The operator V}, is called the Dunkl intertwining operator of index k between Dy,

and D = % on the space A(C), (see [1]).
For k > 0, V}, has the following representation (see [5, Theorem 5.1])

2k
©) i) =2 [ -2 a1 e A)

For k > 0, and )\, z € C, the equation

Dru(z) = du(z),
u(0) =1,

has a unique solution (b’}\ o 8iven by

Az

k ) .

¢)\,O( ) - jk (7’/\2) 2% + 1]]4;_’_%(7’/\2)7

where j, is the normalized spherical Bessel function defined for o > —%, by
400 (_ l)n ( z )2n

ja(z) =D(a+1) Y

n=0

C.
n! T(n+a+1)’ Z€

We remark that ¢]§\ 0(2) =V, (e*)(z). Formula (5) and the last result imply that

(6) 165 o ()] < eMIEL [k ()] < el®lIREA gk, (@) <1,

forall z,y € R and A\, z € C.
The function (A, z) — ¢]§\ o(2) (called Dunkl kernel) is analytic on C x C. There-

fore, there exist unique analytic functions b,, n € N, on C such that
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w
Ho2)= Y BN, Az € C. where by(2) = Vi()(2) = 2288 0(2) a=o-
n=0 ’
namely
1 2\ 2n 1 2\ 2n+1
b S e — (= , VneN.
on(2) ks Dot (2) ont1(2) = it Doei (2) n

We remark that for all z € C and for all n € N, we have

(7) Dibpt1 =bp and |by(2)] < Q

In the same context, we denote by

k A
(8) Prg.n (@) = Vip(2"e™0F) = dt"(bt()( Jjt=xo: MEN and A € C.
Definition 1.1. The translation operators associated with the Dunkl operator,

denoted by TF, z € C, are defined on A(C) by

VYweC, TFf( an w)DRf(2)

We next collect some properties of translation operators.

Proposition 1.2. The operators Tf satisfy the following properties.
(i) For every z € C, the operator T¥ is linear and continuous map from A(C)
into itself and

THf(@) = Vi oVew [V M (NG +w)], weC

(We use the notation V}, , when we wish to emphasize the functional depen-
dence on the variable z).
ii) For all function f in A(C) and for every z € C, 2’ € C and w € C, we have
Y

T = identity, TEf(w)=TEf(2), DTF =TFD, and TFTE = TETE.

(iii) The function (z,w) — TFf(w) is the unique solution of the following
Cauchy problem

u(z,0) = f(2)-
(iv) For all z € C, w € C and X € C, we have

Tzkgb'fho(w) = gb’fho(z)gb'f\’o(w) (product formula).

{ Dk,zu(zu w) = Dk,wu(za (U),



704 N.Ben Salem, S. Kallel

Remark. For k > 0, it was pointed out in [10], [11] that the translation operators
Tﬁ, x € R, may be represented as:

(9) VyeR, TFi(y)= /]R F2)duk (2). feC®),

(C(R) is the space of continuous functions on R), ¥ y 1s a real bounded measure

)

on R with support in [—|z| —[y[, —[|z| — |y[l] U [[|lz| = |yl|, || + |yl], for =,y # 0,
ph  (R)=1and ||k || <4, forall z,y € R.

Let us now recall the following generalized Taylor formula with integral re-
mainder (see [8]), which will be used frequently.

Theorem 1.3. Let f be a function of class C"T1 on R, n € N. Then we have
the following generalized Taylor formula with integral remainder

|z

fl@) =" bp(x)DRf(0) + | |Wn(x,y)DZ+1f(y)|y|2k dy,
p=0

—|T

where {Wy,}, n = 0,1,2..., is a sequence of functions constructed inductively
from the function |y|** and satisfying

||
/ Wi (2, 9)[[y** dy < bnga(ja]) + |zlbn(|a])-

xT

Definition 1.4. (i) The Borel-Dunkl transform of an analytic functional S €
A'(C) is defined by
Fe($)(N) = (5. 65,5()), AeC.

(ii) The Fourier-Dunkl transform of a distribution p in £'(R) is defined by
Fr()(A) = (u, (b]iz)\,o(»

(iii) The k-convolution of two distributions u, v € £'(R) is given by
kv, f) = (s vy TEFW)))s ] € ER).

Next, let us recall the following Paley-Wiener type theorem associated with
the operator Dy, (for some details see [1]).

Theorem 1.5. The Borel-Dunkl! transform F, is a topological isomorphism from
A'(C) onto Exp(C).
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Theorem 1.6 (Pdlya representation). If f is an entire function of exponential
type a, a > 0, then f has the following integral representation

f(2) = — & o) F(w) dw,

2im |w|=a+e€

where € > 0 and I is an analytic function outside the disk centered at the origin
and with radius a.

PrOOF: From the Paley-Wiener Theorem 1.5, there exists an analytic functional
S € A'(C) such that

VzeC, f(z)=(S, ¢5o()).

Since the analytic functional S is given by a complex measure p with support in
the disk centered at the origin and with radius a, (see [7]), we have

vieC, f(x /¢zo ) dpu(w).

On the other hand, by using the Cauchy integral formula, we can write for all

z€C 3
O (W) = ! / #20(8) ¢, €>0.
€

2 |=ate §—w
From Fubini’s Theorem we deduce that

)= m ok o) F(€) de,

20 Jig|=a+te

where F(§) = fC dgﬂ( w) , (F is called the Borel Transform of the measure p). 0O

Proposition 1.7. Let f be an entire function of exponential type a, a > 0. Then
(i) for every n € N, the function D} f is entire and of exponential type a;
(ii) for every z, w € C and € > 0

(TE f ()] < Ceel@tONI=HD,

where C¢ is a positive constant.

PrOOF: (i) It is clear that for n € N, the function D} f is entire. Let us show
that D} f is of exponential type a. From the Pélya representation Theorem 1.6,
we deduce

! W"F o (W) F (w) dw.
=g [ o) d

2in
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Now using the property of the function gb’; o» relation (6), we obtain

(10) DR f(2)] < (a + )" TE M eletIl]

where Me = sup {|F(w)|; |w| = a + €}. Since € is arbitrary, we conclude that D}’ f
is of exponential type a.

(ii) We have for f € Exp,(C), TF f(w) = 302 bn(w)DRf(2). A combination of
(7) and (10) gives the result. O

Notation. For ¢ > 0, let M,(R) be the space of Radon measures on R satisfying
/ 7l d|p|(z) < oo.
R

Definition 1.8. Let f be an entire function of exponential type a > 0 and
@ € My(R) with o > a. The convolution product associated with Dy, of the
function f and the measure p is the function denoted p *j. f, defined by

VeCoun ()= [ T 1) duty)

Proposition 1.9. Let f be an entire function of exponential type a > 0 and
p € Mg(R) with 0 > a. Then p *j, f € Exp,(C).

ProOOF: We have for all z € C
o £G) = [ 75,1 du).

With the hypotheses on the measure p, we deduce easily that z — p*;, f(2) is
entire. Now, let € € R, 0 < € < 0 — a, by using Proposition 1.7(ii) we have

VzeC, |u* f(2)] < Clelotoll

where C! is a positive constant. Since € is arbitrary, we deduce that u % f is of
exponential type a. O
2. Integro-differential-difference equations associated with the Dunkl

operator for the class of entire functions of exponential type

Definition 2.1. Let p be a measure in M, (R). The Laplace-Dunkl transform of
the measure p is the function denoted L (1), defined by

Liy(p)(2) = /R ¢* . o) du(y).

We remark that for p € Mg(R), the function L (p) is analytic in the strip
|Rez| < o.
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Theorem 2.2. Let u be a measure in My(R). If the equation
(11) VzeC, px f(z Zank’Dkf )s ani €C

is satisfied by any function f in Exp,(C), 0 < a < o, where ), ~qay, 2" is
analytic in the closed disk centered at the origin and with radius a, then

1 4
Apk = mdz—nﬁk(ﬂ)(zﬂzzo-

Conversely, if the sequence (ay, ;;)n>0, is related to the measure in this fashion,
then (11) holds for each class of entire function of exponential type a with 0 <
a<ao.

PROOF: Let A\g € C such that |[A\g| < a. Since the function z — (b’f\o o(2) is of
exponential type |\g|, we have

s 850,0(2) = 850,0(2) /R 9 0.0) dnly) = &K, 0(2) Lk (1) (o).
On the other hand, we have

D an kDR, 0(2) = 65, 0(2) D an s AG -

n>0 n>0
So we deduce that
(£1900) = 3 a1 ), o) =0
n>0

Taking 2 = 0, we obtain L (1)(Ao) = 3,0 @nkAy- This holds for every Ag such
that |Ag| < a.
So ap k= 71 qzw Lk (1) (2)]2=¢. Conversely, let f € Exp,(C), we have

e 1) = [ (S vut-0PprG) ) autn) = 5 ([ on-siautn) ) PR

n>0 n>0

The last identity is justified by the fact that

/ZV’n WIID ()] dlul(y) < +o0

n>0
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which is a consequence of Proposition 1.7(i) and the relation (7). We conclude by
observing that

[ bnmauts) = 5 [ 5505 oo i) = 2 L10 (N pcor ]

Theorem 2.3. Let u € Mys(R) and let f be a C°°-function on R satisfying

Yo €R, pxp, f(2) = Y ankDpf(z)
n>0

where (ay, 1 )n>0 is a sequence of complex numbers such that the series
> >0 0n k2" is analytic inside the closed disk |z| < a, 0 < a < 0. Then f is the
restriction on R of an entire function of exponential type at most a.

PROOF: Let  be fixed in R. From the convergence of the series ) - ap 1 Df f(2),
we deduce that there exists N1(x) € N such that |a, D} f(z)| < 1, for all n >
Ni(z). On the other hand, since the series ), <qap 2" is analytic in the disk

1
|z] < a, we have limsup,, | |ap k" < % Thus for every ¢, 0 < € < é,

there exists No € N such that, |an7k|% > (% —¢), for all n > Na. Hence, for
n > max (N1(x), Na), we have |D} f(z)| < (% — €)~™. By applying the Delsarte
Taylor formula with integral remainder given in Theorem 1.3, to the function f
and the relation (7), we obtain

where

Ry(z)| < sup Dy ()] (g (lz]) + [2lon(z]))
0<|t|<|z|
w(zuv) sup  [DNFLE(1).

- (N+1) o<li<lzl

For each ¢, 0 < [¢| < |z|, the above analysis shows that there exists N; € N such

that X
DEft) < (= —¢)™ ", for n> Ny
a

But [—|z|, |x|] is compact, so there is some N’ independent of ¢ such that

1
sup | DRf()<(=—¢) ", for n>N"
0<t[<|a| “
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Hence for N > N’, we have |Ry ()| < (‘}E\‘,_i_l) (2+N)( €)= (V41 which implies

that Ry (x) tends to zero as N tends to +00. Consequently the function f may
be expanded in a generalized Taylor series f(z) = >, ¢ bn(z)D} f(0). Hence f is
the restriction on R of the entire function g given by g(z) = >~ bn(2)D} f(0).
We deduce from (7) and (10) that g is of exponential type at most a. O

Example. Let p be the measure defined by
duy) = ge=My[*ay, a>0, k>o.
Consider the equation

o
(12) prp f = Z an kD" f,

n=0
where a,, j, is given by
226D (k + HD(k +n+1)
n!I‘(%)(ﬂ(k"‘")

an k. =

By computation, we have

2%2Nk+5rk+1 >
an k22", for |z| < a.
F(%)(a2 k+1 Z n,

Li(p)(2) =

Due to Theorem 2.2, Theorem 2.3 shows that equation (12) characterizes entire
functions of exponential type less than a.

This example shows that the relation between exponential type and domain of
analyticity is sharp since £ (1) has a singularity at +a.

We proceed now to develop a method which permits us to construct solutions
of (11), expressed in terms of functions given by (8).

Proposition 2.4. Let u € Ms(R) and Ay a zero of multiplicity N of the function

z) = Z ez — Lp(p)(2),

where (cy, ;)o<n<s Is a finite sequence in C. The function defined by f(r) =
Z%:é am¢>\0 m(x) is a solution of the equation p *j, f(x) = ano cn kDL S (z),
where (am)o<m<N—1 is a finite sequence in C.
PRrROOF: We have, for all z € R

N-1

pe f@) =3 an S ( ) DD o)k, s (@):

m=0 7=0
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Now we use the fact that \g is a zero of multiplicity IV of the function g, so we

have
(Lr(1)D (o) = { Sy tGens Xy for 055 <
0, if s<j<N.
Hence
n N-1
wxp f(x Z CnkViy Z Z am( > '.<j>ym_je>‘0y/\g_j (z).
J=0m=j

Using the following relation which is obtained by the generalized product rule,

N-1 n N-1 )
(Lo g R (o)
J
m=0

Jj=0m=j
and (4), we deduce the result. O
In [1], we have called the functions ok Am k-exponential-monomials which can
be expressed in terms of normalized spherlcal Bessel functions, namely
z?n nof2n5¢>\0() if m = 2n,
O () =

S o [0557(8) — B gy ()] i =2,

where fo, s are given by

foms = (—1)8@ (;f(fi);) 0<s<n

We can extend the previous proposition to infinite case.

Proposition 2.5. Let u € My(R) and \g a zero of multiplicity N of the function
o
9(2) =Y en 2™ — Li(p)(2).
n=0
Suppose that the series ), ~qcp 2" is analytic in the disk |z| < a < o and

N-1
m=0

|Xo| < a. Then every function of the form f(x) =
of the integro-differential-difference equation

am¢]§\07m(x) is a solution

o
pr = cnxDif.

n=0

PROOF: We proceed as in the previous proof, we remark that we can change the
order of summation by using the uniform convergence of series. ([
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Lemma 2.6. If v is analytic on a neighborhood of a contour v in C and

[ o) a0,
:

PROOF: It is obtained in the same way as for Lemma 6.10.6, p. 110 in [3]. O

then ) is analytic inside ~.

In the following proposition, we show that every solution of equation (11) which
is entire of exponential type is a sum of k-exponential-monomials functions.

Proposition 2.7. Let f be an entire function of exponential type a, a > 0,
Y >0 0n k2" an analytic function in a closed disk |z| < b, which contains the
conjugate indicator diagram of f and p € My (R), with o > b. If moreover f
satisfies the equation

0
porg f =Y anpDpf.

n=0
Then f is of the following form
m ls—1
=3 Busdh, n(2), Bas €C,
5s=0 n=0

where \g, 0 < s < m, are the zeros of multiplicity ls of the function g(z) =
L (1)(2) =Ygl n k2", which are contained in the conjugate indicator diagram
of f, (m is possibly infinite).

PRrROOF: From Polya representation Theorem 1.6, we have

Fx) = & / oF o(@)F(w) dw, z€C,
|w|=a+e€

2m

where F is analytic outside the disk |2| < a and € > 0. Hence we have

1

2

VaeC, g f(2) = /M:W 0 () L (1) (@) F(w) do.

On the other hand, we have

Z an kD f(2) i /“)l_a_’_6 <Z Ay o ) (b];’O(w)F(w) dw.

n=0
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Since f is a solution of the equation (11), we must have

[oe)
[ 650 |3 e — £4(0) | F) o =0
|w|=a+e€ n—0
By using Lemma 2.6, we deduce that the function
o0
w [Z anpw" — L (p)(w)| F(w)
n=0

is analytic inside the disk |z| < a + e. Hence the function F has at most poles
at the zeros of the function w — g(w) = Ly (1) (w) — D02 ap xw™, contained in
the conjugate indicator diagram of f. Now by using the Pélya representation and
the residue theorem, we deduce that

m m ls—1
F(2) =D Res(¢F g(W)F(w), As) = D D Busdh, n(2),
s=0 s=0 n=0
where 8,5 = (lsi].)! (lsgl) dil:;‘sijlinn [(w — )\s)lsF((U):| = (]

3. Integro-differential equations associated with the Dunkl operator
on the space of C"-functions on R

In the following we suppose that k£ > 0. Then the translation operators Tﬁ, T €
R associated with the Dunkl operator, are given for a continuous function on R
by formula (9).

Definition 3.1. Let f be a continuous function on R. We say that the nonneg-
ative function ¢ € C(R) is a bounding function of f, if we have

(i) Vo e R, [f(2)] < ¢(x),
(ii) there exists a constant A = A(w, k) such that

Yoy eR, /]R B(=2) dk|(2) < Av()p(y).

The smallest constant satisfying the latter inequality will be called the supporting
constant.

Example. ¥ (z) = e®?l a > 0, we have
Ve,y e R / eal?! d|/1,];7y|(z) < ezl +y)
R

which can be seen by using the properties of the measure #’é,y-
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Lemma 3.2. Let f be a function of class C"™ on R, m € N, such that D} f is of
class C™ on R, n € N. Then f is of class C"™ ™ on R.

PROOF: See [8]. O

Lemma 3.3. Let f € CI(R) and p be a measure on R. If i is a bounding
function of f and Dy f, satisfying [ 1 (—y)d|u|(y) < +oc, then p* f € CY(R)
and we have

Dy(p*g ) = o+ Dif-

Proor: Using the bounding function, by differentiation under the integral, we
can see that p %, f € C1(R). On the other hand, we have by Theorem 1.3

Ty (nx f)(@) = poxg f(2)

Dy (g f)(x) = lim

a—s0 bl(a)
. TX(TE, f)(a) = TE, f(x)
= Jmg f T ),
where TH(T*, )(a) — f‘ Wola, ) TETE (D f)(1)[t* dt. Since

|al
} Wo(a, )THTE (Dy ) ()]t dt} < 42 sup p(t0(—y)b(a)(b(lal) + Jal).

—lal [t|<lal

we havefor 0 < a < 1

’Tk(Tkyf)( a) =Tk, f(x)
bi(a)

o (20(k+3) “ Wl
<A (W%) +1) p V{0V (o)

Asy — 1p(—y) € LY(d|u|), the dominated convergence theorem and the following
formula

TH(TF, f) (@) = TF, f(2)

Jim b () — = D(TE, f)(w) = TF,(Di f) ()
yield Dy (v # f)(@) = (1 * Di.f)(2). O

Lemma 3.4. Let f be in C*°(R). Suppose that there exist a positive constant
B and a nonnegative continuous function 1) on R such that

VeeR, VneN, |Dpf(z)] <B"(x).
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Then f is the restriction to R of an entire function of exponential type B.

PRrROOF: From Theorem 1.3, we have for all z € R,

Z bs(z)D; f(0) + Rn ()

with

[Rn(z)] < sup [Dpf(#)|(0n(lz]) + |2[bn-1(x])) < B" sup w(t)ntl
[t|<|=| [t|<|=| w

"

The latter term goes at zero as n tends to +o0o. Hence for x € R, f(x) can be
expanded as

an 2)DLf(0), = € R.

Put g(z) = >0 bn(2)D f(0). This series defines an entire function and we
have, |g(z)| < ¥(0)ePl?l. Then g is entire of exponential type at most B. O

Proposition 3.5. Let f € C(R), ¢ a bounding function of f and p a measure
on R such that

/ B(—t) dlpl(t) = M < +oc.
R

If f is a solution of the equation

Dyf = p*i [,

then f is the restriction to R of an entire function of exponential type AM , where
A is the supporting constant.

PRrOOF: Fix a, and choose a sequence such that x, — a as n — +o0. Since
for 6 >0

T8, f(@n) =T, f(a)] < 24 max S v(=y)

|z—al<é

and the latter terms is in L!(d|u|), the dominated convergence theorem yields

lim (Dyf(rn) — Dpf(a)) =

n—s-4o0o

Hence Dy, f € C(R), so that Lemma 3.2 implies f € C*(R). From the following
inequality

Dt () < / IT*, 1) dlpl(y) < AM(a),



Integro-differential-difference equations associated with the Dunkl operator and entire functions 715

we see that Dy f has a bounding function AM1. By Lemma 3.3 we obtain
DEf(@) = [ T,(Duf)@)duty). so [DF7(2)] < (AM)o(a).
An induction argument shows that f € C°°(R) and we have for n > 1
01(@) = o DPLf(@), with [DR(@)] < (AM)"(a), for n>0.

The result follows from Lemma 3.4. O

Example. Let p be the measure defined by
4(-1)
= —————=0 2
a Z T7T2(25 +1)2 s
se€Z

where J, denotes the Dirac point mass measure at a. If f is bounded on the real
axis and satisfies the equation

R G Vs
Diflz) = pxp f(2) = — > WT%WJF(I),

then f is the restriction on R of an entire function of exponential type |u|(R) = 7.
Lemma 3.6. Let f € C™(R), n > 1, satisfying
Vo eR, [DPf(z) < AeTlel,
where A = Ay, is a positive constant and 7 > 0. Then we have
Dy f2) <770 (QSA +257 1 C 1 + 2572720, g - Tson_s) emlel,

where Cp—s = |D; " *f(0)], 0 < s < n.

PrOOF: From the Delsarte Taylor formula with integral remainder, Theorem 1.3,
we deduce that

1Dy f ()]

IN

||
|Dg—1f(0)|+2A/0 e™Y dy

IN

1
Z(2A 4 7Cp_y)e™ll.
-

We complete by induction. (|

From Proposition 2.7, we deduce that an entire function of exponential type
which satisfies an equation of the form in the following proposition is a sum of
k-exponential-monomials functions. The following proposition makes it clear why
this hypothesis on the analyticity of the function is chosen, since a solution which
is of exponential growth on the real line is shown to be entire of exponential type.
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Proposition 3.7. Let f € C"(R) satisfy

(i) 1f(2)] < MeTl",

(i) DRf =y f, forn > 2,
where p Is a measure on R such that B = [p et d|p|(t) < +oo. Then f is the
restriction to R of an entire function of exponential type at most (4B)%.

PRrOOF: We have
D} f ()] < / Tk, (@) dlul(t) < 4M BeT=),
R
By Lemma 3.6, we deduce that

Dy f ()]
<7 (28 X AMB + 25" 7Cp_q + 257 272C g + -+ + Tscn_s) eIzl
for 0 < s < n. On the other hand, by using Lemma 3.3, we obtain
Ve eR, VseN, 0<s<n, DyPf(z)=px;Djf(a).

So that, |D} ¥ f(z)| < 4BCse™l, for 0 < s < n, and |D2" f(z)| < (4B)2MeTl7,
where Cy = 7577 (2"_5 XAMB + 2" 5= 1rC_ + -+ T"_SCS). Repeating
this process we obtain for m € N and 0 < s < n,

DS f(2)]| < (4B)™Cse™ and DR f ()| < (4B)™MeTll.

Hence we deduce by Lemma 3.3 that f € C°°(R). Furthermore, we have
1

. 1 - _
limsup | Dy, f(z)]7 < m1_i>m ((4B)mCS) nmts — (43)%

for 0 < s < n fixed. It then follows from Lemma 3.4 that f is entire of exponential
1

type at most (4B)n. O
Lemma 3.8. Let f € CN(R) satisfy

(i) If (@) < MeTl,

(i) | SnloankDpf(x)| < Bell, ap, #0.
Then |Dj f(z)| < M57keT|x|, 0 < s < N, where M j, is a constant depending upon
the function, k and s.

PROOF: Proceed by induction on N. If |aq 1, Dy, f(x) + ag 1. f(x)] < Be™ %l then

Def ()] < —

= ag gl (B + |a0,k|M)eT‘x"
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This yields the statement for N = 1. Now if | Eg:"'ol an 1 DR f(z)] < Be™l#l then
the generalized Taylor formula with integral remainder gives

Zan-i-l kD, f(z Zan—i-l kDr f(0 )‘
n=0 n=0
| N+1
+/Wwame%ﬂmWWy
il n=1

< [P0+ (JagulM + By2r 1| €7l

where Py = |E£LV:0 an+41,5D) f(0)]. By our induction hypothesis, |Dj f(z)| <
M&ke'r‘x‘, for 0 < s < N. Further

N
1
DY (@) € ———— | D Jap | My + B eI,
lant1kl |2
This concludes the proof of Lemma 3.8. O

Proposition 3.9. Let yu be a measure on R such that B = [, et d)p|(t) < +o0,
7> 0, and f € CV(R) satisfy
() |f(2)] < MeTlel, 2 € R,
(i) p#x f (@) = Xpio an kDR f (@), anp # 0.
Then f is infinitely differentiable.
PRrROOF: First

)| < 4aM BeTll,

Observe that by Lemma 3.8, |Dj f(z)| < MsteTlml, 0 < s < N. Further,
Lemma 3.3 implies that the right hand side of the following equation

is differentiable and that in fact

N-1
DN f(x) = |a]\1]k| [u sk Dpf(@) = Y an 1 DT f(x )]

n=0
Therefore
1 N
DN+ f ()| < il (Z |an_1,k|Mn,k+4M17kB>eT|m|.
n=1

This process can be repeated infinitely, proving the proposition. (I
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Remark. Proposition 3.7 and 3.9 have shown that the equations p *j, f(z) =

Egzo an, D} f(x) have solutions which are entire functions of exponential type
when all but one of the a, j are zero, 1 < n < N, and are at least infinitely
differentiable otherwise.

4. Characterizations for certain classes of entire functions of slow
growth on the real axis associated with the Dunkl operator

In this section we show a Paley-Wiener type Theorem associated with Dy, and
we proceed to develop conditions on the measure (more precisely on the Fourier-
Dunkl transform of the measure which will be defined below) such that equations
of the form p * f = Zr]yzo an kD f characterize the class of entire functions
of exponential type a which are square integrable with respect to |z|2*dz and
bounded on the real line.

Next, we continue by considering the equations characterizing entire functions
of exponential type which have polynomial growth on the real line. The section

closes by giving some other results by considering these same equations in the
same order.

Notations. We denote by
. Lz(R), 1 < p < o0, the space of measurable functions f on R such that

I fllpk = (/R | (z) |||k dx) P < too.

D L%([—a, a]) the subspace of functions in L%(R) vanishing outside [—a, a], a >
0

. ExpaB (C), the space of entire functions of exponential type a which are bounded
on the real line.

. L%’G(R) the subspace of ExpZ(C) consisting of functions belonging to L%(R).

- The Fourier-Dunkl transform on L (R) is defined by

DO = a [ S@)tiggleel* dr

1
25+ 5 Pkt )
- Let p be a finite Radon measure on the real line. The Fourier-Dunkl transform
of u is given by

where ¢, =

ﬂwwzéﬁwmwm.

Many properties of the Euclidean Fourier transform carry over to Fourier-Dunkl
transform. In particular Fy(f) € Co(R) for f € Li(R) (Co(R) is the space of
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continuous functions on R such that vanish at infinity), and there holds an L!-
inversion Theorem: If f, Fr(f) € Li(R) then f = F,Fi(f) = FuFi(f) ae,
where F1,(f)(&) = Fr(f)(—€). Moreover, the Fourier-Dunkl transform Fj, is a
topological isomorphism from S(R) onto itself (S(R) is the Schwartz space of
rapidly decreasing functions on the R), so Fj, can be extended to a Plancherel
transform on L2 (R). For details see [6].

Let f in LP(R), 1 < p < co. We define the distribution Sy by

(13) (S ol = [ S@plaiaf do, o € SR
Let f in A(C) be such that

f(Z):/Rg() o GOl dr, 2 eC,

with g € L2([—a, a]), a > 0. Then f is an entire function of exponential type a.
The following Paley-Wiener type theorem associated with the operator D, asserts
the converse of this is true, if we know that f restricted to the real axis belongs
to L%(R). More precisely, we have

Theorem 4.1. Suppose f € L2(R) N A(C). Then

f(z):ck/a g(t) 120( £)|¢2F dt,

—a

where g € L%([—a, a)) if and only if f is of exponential type a.

PROOF: Suppose f is of exponential type a and its restriction to the real axis
belongs to L%(R). Let g be the Fourier-Dunkl transform of f. Then

T
f@) = lm e / a6k, o(0)|12" dt,

T—+o00

where the limit is in the topology of Lz(R). If t < —a, let T be the closed curve

in the upper half plane which consists of the segment Ly = [T, —€], Ye, € > 0
is the small semicircle from —e to ¢, oriented counterclockwise, Lo = [¢,T], L3 =
[T,T +iT),Ly = [T +iT,-T +iT] and Ls = [-T +iT,—T]. We can use a

similar argument with I" in the lower half plane if ¢ > a. We obtain the result by
proceeding in the same way as [3, Theorem 6.8.1, p. 103] and using that

e—0

lim / f(z)¢fw’0(z)|z|2kdz:0.
Ve
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Remarks. (i) If f € L%ﬂ(R), then for alln € N, Dl f € L%’G(R).
(ii) Let & be the function defined by & () = Fr(X[—a,q)); Where X[_gq) is the
characteristic function of the interval [—a, a]. We have

1
J2hH1 Z va)"  Tn+s)
2k——p % 2n 2n+2k+1) (n—|—k—|—%)

(14)  &(a) =

The function £ belongs to L%, a(R) and its Fourier-Dunkl transform equals 1 on
the interval [—a, a]. In the case k = 0, we have &y(z) = \/g sinaz

xT

Theorem 4.2. Let f € LZ(R) N CN(R) and p be a finite Radon measure on R
such that

Fulu)t Zivzo ap, 1 (it)", for |t|<a and a,j) are complex,
AV =
g(t), for |t| > a where g(t) # Zﬁ;o an, 1 (7)™

Then
(15) g f (@ Z an kDR f(x

if and only if f € L%’G(R). Further, if (15) holds for every f € L%’G(R) but not
for every f € L2 ,(R), where b > a, then Fy(u) has the form above.

PROOF: Suppose f € L%CL(R). From the Paley-Wiener type Theorem 4.1 and the
assumptions on the measure u, we have

N
Fe(H)®) | Few)(t) = D anp(@t)"| =0.

Then
Fr(px () = Fi( Zankpkf()
n=0

So, we see that (15) holds. Conversely, if (15) holds, by the Fourier-Dunkl trans-
form and the assumptions on the measure y, it is clear that Fi(f)(¢t) = 0, for
[t| > a. Taking the inverse Fourier-Dunkl transform, we have

fla) = %o() Fr()(O)e** dt.
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Hence f € L% o(R) by the Paley-Wiener type Theorem 4.1. Finally, if (15) holds

for every f € Li o(R), it certainly holds for the function £, given by relation (14),

hence
N

Fuli)(®) = S an(it)"* for [t <a
n=0
If Fi. (1) has this form for the interval |¢t| < b, where b > a, the previous argument
would show that (15) holds for every f € L% »(R), contradiction to the hypothesis.
This finishes the proof. (I

Example. Let p be the measure defined by

2 2 n+1
a 2a (-1)
e =D Dl e

n€Z,n#0
By computation, we have Fy(u)(¢) %1_‘_1 (it)? for |t| < a, and for |t| > a the
graph repeats. Then

1 2a2 too (_1)n+1

2
D@ =—FI@ )

n=—00,n#0

n2 le%“ f(‘r)
for f € L2(R) N C%(R) is characteristic of f € L%CL(R).

Theorem 4.3. Let i be a measure such that

SN ganit)r,  for |t <a,
g(t), for |t| > a, where ¢(t) # Zivzo an,k(it)n-

Fr(p)(t) = {

Further, suppose that [p |t|7 d|p|(t) < +o00, where J > 0. Let f € CN(R) be such
that f(z) = O(|z|”) as |z| — +o0. Then

N
(16) porg f = anDif

n=0

if and only if f is entire of exponential type a. Further, if (16) does hold for this
class of functions, then Fy(u)(t) = Zivzo an, i (it)" for |t| < a.

PROOF: Let f be an entire function of exponential type a and Sy the distribution
defined by (13), then F(Sy) € S’(R) whose support is in the interval [~a , a]. The
k-convolution Sy, p is also a distribution and Fy,(Sf *j, p) = Fi(Sf)Fi(1). By
the hypothesis on the measure and the properties of Fourier-Dunkl transform, we
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see that (16) holds for distributions and thus for functions. Conversely, applying
Fourier-Dunkl transform to (16) and using the assumptions on the measure p yield
that the support of F3,(Sy) is in the interval [~a, a]. Hence f is the restriction
to R of the entire function g of exponential type a given by g(z) = FpF(Sf)(2).
Finally, if (16) holds for every f € Expa((C) such that f(z) = O(|z|”) as |z| —
+00, for any fixed J > 0. Since z — (bm 0( z) is of exponential type a, for |z| < a,
the characterization of the measure follows. O

Example. For x € D(R) (the space of C°°-functions on R with compact sup-
port), satisfying the following conditions: 0 < x < 1, x(z) = 1, V& € [—a, qa],
a>0andsuppx Cl—a—¢, a+e€[, e >0, we define

)= i [ oho@xOI dt = Fr( ().

We note that ¢}, is an entire function of exponential type which is in L%(R). Since

pula) = enl=ia) ™ [ o oODEX(O dt, n e,

we have
or(@)] < cule ™ /[R DX () [t]2* dt.

for arbitrary n, so that [ It|7 | ()] dt < +oo, for J > 0. A similar argument
shows that [p [t|!| DRy (t)] dt < +o00, for any n>0and J > 0. Fp(Diyw)(t) =

(it)", for |t| < a. Then D} f(x fR (x)DRr(t) dt, n > 0, characterizes
entire functions of exponential type a Wthh have polynomial growth on the real
line.

Theorem 4.4. Let u € Mys(R), with o > 0. The following equation

(17) p £z Zanwkf 2€C,

is satisfied for every entire function of exponential type a, (a < o) if and only if

/ {sask, if s>0, s<N,
ms(—t)du(t) .
if s> N,

where mg(z) = Vi, (2%).

PROOF: We have just to show the “only if” part of this theorem. The “if” part
is easy to see when we take in particular f(z) = ms(z), s > 0, in equation (17).
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Let P be any polynomial of degree j. From Theorem 1.3, we deduce that TFP(t) =
I _oDIP(2)by(t). Thus p#p, P(2) = Y0 a, xDpP(2). Fixing z € C, the
functional

FF 9’—>/{Tkt9 ZDkg Yo (— }du()

is a continuous linear functional on the Banach space X = {g € L(d|u|), g
is entire}, it has the property that F¥[P] = 0, VP € P, the polynomial space
on C. Let f € Exp,(C), a < 0, and z € C fixed, thus TFf € X. Since TFf is
analytic, Theorem 1.3 implies that TX () = S°0° (DR f(2)bn(t), (see [8]). By
the dominated convergence theorem, we have

1Py — T = /]R 1Py (8) — TEF(8)|dlul(t) — 0, as j — o,

where Pj .(t) = 2:0 D f(2)bn(t). Consequently TEf € P, the closure of P
in X. We deduce the result by Hahn Banach theorem. ([

Remark. Combining the last theorem with Theorem 2.2, we see that for u €
Ms(R), 0 >0, Li(p)(2) = Egzo ap, 2" in a disc if and only

/ {s'ask for 0<s<N
ms(—t)du(t) .
if s> N.

We will consider the following cases, where p represents the measure in each
case.

1. f € LZ(R) and Fy(u) exists.
2. f(z) = O(|z|”) for J >0 as |z| — oo and Fj,(u) exists.
3. f has arbitrary growth and p € My(R) with b > a.

Theorem 4.5. Let f belong to Exp,(C) and satisfy both

(18) pg fx Zankpkf and py *y, f(x Z b kDR f (@),

m=0

where for case (1) and (2), the set of common zeros of the functions

N
9(t) = Fi(m)(t) = > ani(it)" and g1(t) = Fp(p)( Z b o (i)™
n=0
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for |t| < a, is at most the origin (where roots of multiplicity r and r1 occur) and
for case (3) the set of common zeros of the complex functions

N M
G(z) = Lip(w)(2) = Y angz" and Gi(2) = Lyp(pa)(2) = Y by 2™,
n=0 m=0

is at most the origin (where roots of multiplicity r and 1 occur). Then, case (1), f
is identically zero. Case (2) and (3), f is a polynomial of degree min(r—1, r; —1).

Proor: (1) Follows easily from Paley-Wiener type Theorem 4.1 and the as-
sumptions on the measures p and pj. Case (2), applying Fourier-Dunkl trans-
form to (18) and using the assumptions on the measures p and pp yield that

supp F,(Sf) C {0}, then there exists N1 € N such that F;(Sy) = Zi\io cnd(()n).

Since gF,(Sy) is zero distribution and A = 0 is a zero of g of order r, hence ¢, = 0

ifn >r. Thus f(z) = Z:;%) k"5 cp i, € C. The same work for g1, implies that

f is a polynomial of degree at most min(r — 1, 1 — 1). Finally (3), from Pélya
representation Theorem 1.6, Lemma 2.6 and the residue theorem, we deduce the
assertion. (I
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