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On the composition of the integral
and derivative operators of functional order

SiLVIA I. HARTZSTEIN, BEATRIZ E. VIVIANI

Abstract. The Integral, I, and Derivative, Dy, operators of order ¢, with ¢ a function
of positive lower type and upper type less than 1, were defined in [HV2] in the setting of
spaces of homogeneous-type. These definitions generalize those of the fractional integral
and derivative operators of order «, where ¢(t) = ¢, given in [GSV].

In this work we show that the composition Ty = Dgo0ly is a singular integral operator.
This result in addition with the results obtained in [HV2] of boundedness of I, and Dy or
the T'1-theorems proved in [HV1] yield the fact that T is a Calderén-Zygmund operator

bounded on the generalized Besov, B;f”q, 1 < p,q < oo, and Triebel-Lizorkin spaces,

F;’/J’q, 1 < p,q < oo, of order ¥ = 11 /12, where 11 and 2 are two quasi-increasing
functions of adequate upper types s1 and s2, respectively.

Keywords: fractional integral operators, fractional derivative operators, spaces of homo-
geneous type, Besov spaces, Triebel-Lizorkin spaces

Classification: 26A33

1. Introduction

In the context of normal spaces of homogeneous-type (X, 6, u) of order 6 < 1,
the integral operator, I4, and the derivative operator, Dy, of order ¢, where ¢
is a function of positive lower type and upper type less than 6, were defined in
[HV2] in such way that their kernels become equivalent to ¢(d(x,y))/dé(x,y) and

1/(¢(6(x,y))d(x,y)), respectively.
It was proved in that work, by means of the Calderén-type reproduction formu-

las given in [HS], that I is continuous from the Besov spaces B;,l}’q, 1<p,q< o0,

and Triebel-Lizorkin spaces, Fﬁj’q, 1 < p,q < oo, into B;?%q’ 1 <p,qg < oo and

Fg’ d}’q, 1 < p,q < oo, respectively. Similarly, it was seen that D is continuous
> d}’q ; qu 3 > w/(b?q " w/(b?q :

from Bp* and Fy; " into By, and Fj , respectively, for the expected range

of types of the two functions in each case.
This results generalize the classical ones referred to the fractional integral and

derivative operators, I, and D,, and their action on the Besov Bg 4 and Fpﬁ 9
spaces.
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In this work we prove that the composition Tjy = Dy o I is a singular integral
operator in the classical sense and, hence, we complete the proof of that it is
a Calder6n-Zygmund operator bounded on the generalized Besov and Triebel-
Lizorkin spaces.

It is worth saying that, once the standard conditions on the kernel of Tj; are
proved, the same result is obtained by the T'1-theorems for those spaces proved
in [HV1].

This work is organized in the following way:

In Section 2 we define the class of functions involved in the ‘order’ of the integral
and derivative operators. The structure of normal spaces of homogeneous type,
the test function space and the notion of continuous approximation to the identity
is also set in that section. The definitions of the integral and derivative operators
and the main theorem are stated in Section 3. In Section 4 known results on the
class of quasi-increasing functions are given and, afterwards, size and smoothness
conditions of the kernels of I, and Dy and the theorems of boundedness on
Lipschitz spaces proved in [HV2] are stated. Finally, the proof of the fact that T}
is a Calderén-Zygmund operator is in Section 5.

2. Preliminaries

Let us now consider nonnegative functions ¢ defined on the positive real num-
bers.

A function ¢(t) is said to be quasi-increasing if there is a positive constant C
such that if ¢; < to then ¢(t1) < Co(t2).

Analogously, ¢(t) is quasi-decreasing if there is a positive constant C' such that
if t; <t then ¢(t2) < Co(t1).

The functions v (t) and ¢(t) are equivalent, 1 ~ ¢, if there are positive con-
stants C1 and Cy such that Cy < ¢/¢ < Cs.

The function ¢(t) is said to be of lower type a, 0 < a < oo, if there is a
constant C7 > 0 such that

(2.1) o(uv) < Cru¢(v) for u<1 and v > 0.

Similarly, ¢(t) is of upper type o, 0 < a < oo if there is a constant Cy > 0 such
that

(2.2) o(uv) < Cou¢(v) for w>1 and v > 0.

Clearly, the potential t%, with a > 0, is of lower and upper type a. The functions
max(to‘,tﬁ) and min(to‘,tﬁ), with o < (3, are both of lower type o and upper
type 3. Also, t?(1 + logT t), with 8 > 0, is of lower type  and of upper type
08 + €, for every € > 0.

Let us notice that if ¢(¢) is of both lower type « and upper type 3 then a < 3.
Also, if ¢(t) is of lower type o and 0 < 8 < « then ¢ is of lower type 8. Moreover,
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since the condition ¢(t) quasi-increasing implies, at least, lower-type 0 for ¢, a
function ¢(t) is quasi-increasing if, and only if, it is of lower type « for some
a > 0.

On the other hand, if ¢(¢) is of upper type a and 3 > « then ¢ is of upper
type (3, and thus, if ¢ is of finite upper type there is a right half line of upper types
for ¢. Let us notice that the condition of having finite upper type is equivalent
to the Orlicz condition Ag, ¢(2t) < Ap(t) for some positive constant A.

Let us now define the structure of spaces of homogeneous type which is the
underlying geometry for the test function spaces defined in this work.

Given a set X, a real valued function 0(x,y) defined on X x X is a quasi-
distance on X if there exists a constant A > 1 such that for all z,y,z € X it
verifies:

d(z,y) >0 and é(x,y) =0 ifand only if z =y

5($,y) = 5(ya I)
O(z,y) < Ald(x, 2) + 6(z,v)].

In a set X endowed with a quasi-distance d(z,y), the balls Bs(z,r) = {y :
0(z,y) < r} form a basis of neighborhoods of x for the topology induced by
the uniform structure on X.

Let p be a positive measure on a o-algebra of subsets of X which contains
the open set and the balls Bg(x,r). The triple X := (X,d,u) is a space of
homogeneous type if there exists a finite constant A’ > 0 such that u(Bg(z,2r)) <
A'p(Bg(z,r)) for all z € X and r > 0. Macfas and Segovia [MS] showed how to
find a quasi-distance d(z,y) equivalent to §(x,y) and 0 < 6 < 1, such that

(2.3) jd(z,y) — (@', y)| < Cr'~Yd(z, ')’

holds whenever d(z,y) < r and d(z/,y) < r.

If 0 satisfies (2.3) then X is said to be of order 6.

X is a normal space if Ayr < u(Bg(x,r)) < Agr for every x € X and r > 0
and some positive constants A; and As.
In this work X := (X, 0, u) means a normal space of homogeneous type of order
0 and A denotes the constant of the triangular inequality associated with 6.

Given a quasi-increasing function ¢ : Rt — R such that lim; o &(¢) = 0 and
limy o0 £(t) = 00, the Lipschitz space AS is the class of all functions f : X — C
such that

[f(x) = f(y)] < CE(6(x,y)) for every z,y € X,

and the number |f|¢ denoting the infimum of the constants C' appearing above,
defines a semi-norm on A¢, since |f| ¢ = 0 for all constants functions f.
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Furthermore, given a ball B in X, A$(B) denotes the set of functions f € A$
with support in B. Since, a function belonging to this space is bounded, the
number ||f||§ = || flloo + |f|§, defines a norm that induces a Banach structure to
AS(B).

We say that a function f belongs to Ag if f e Af(B) for some ball B. The
space Ag is the inductive limit of the Banach spaces A$(B).

Finally, (Ag)/ will mean the space of all continuous linear functionals on Ag.

When £(t) = 8, with 0 < 8 < 6, we have the classical Lipschitz spaces AP
and Ag .

Finally, we shall consider a symmetric approximation to the identity, that is a

family of integral operators {S:}+>0, as defined in [GSV], whose kernels s(x,y)
satisfy the following properties:

There are positive constants, by, ba, c1,co and c3, such that for all z,y € X and
t >0, s¢(x,y) satisfies

st(z,y) = st(y, ),

0 < st(z,y) < e/t

st(z,y) =0 if 6(x,y) > b1t and, co/t < si(z,y) if §(z,y) < bat,
|St($7y) - St(xluy)| < 0359($7x/)/t1+67 for all xvxlay € Xu

/st(x,y) du(y) =1, forall z € X,

st(x,y) is continuously differentiable in ¢.
3. Integral and derivative operators of order ¢ and main theorem

The general setting for the definition of both operators is that ¢ : Rt — RT
is a quasi-increasing function such that lim, o+ ¢(¢) = 0.
We define
> ¢(t)
Ky(z,y) = / — stz y)dt for z#y.
0
Clearly, Kg(x,y) > 0 and Ky(z,y) = K4(y, z) for every (z,y).
For ¢ of positive lower type and upper type s4 < 1 the integral operator of
order ¢, 1y, and its extension f¢ are defined in the following way:

Given any quasi-increasing function £ of upper type 3 > 0,
if f € ASNL! then

If(z) = /X Ky, 9) f (v) duly);
ifﬁ+s¢<9andf€A5 then

Tof@) = [ (ola) = Kolo. ) ) dn),
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for every z € X and an arbitrary fixed zg € X.

On the other hand, if ¢ is of finite upper-type we define

K1/¢>($ay)=/0 ﬁst(x,y)du for = #y.

Clearly Ky res also positive and symmetric.
For a function ¢ of lower type iy > 0 and upper type sy, the derivative operator

of order ¢, Dy, and its extension, D¢ are defined as follows:
Given any function £ of lower type o and of upper type (3, such that sy < a,
if f € ASN L, then

Dqsf(:v)=/XK1/¢(%y)(f(y)—f(w))du(y) and,
if f € AS, then

Dyf(x) = /X(Kl/qs(w,y)(f(y) — (@) = K1/4(x0,y)(f(y) — f(20))) di(y)

for each x € X and an arbitrary, but fixed, g € X.
The theorem whose proof is the purpose of this work is stated as follows:

Theorem 3.1. Let ¢ be of lower type ig > 0 and of upper type s, such that
sp < €<0. Then Ty = Dy o I, is a singular integral operator whose associated
kernel is

K(r.y) = / Ky, 2) (Kgl2,y) — Kol ) du(2),

4. Previous results

A straightforward consequence of the definitions is that if ¢(¢) is of upper type
s4 then there is a constant C' > 0 such that

1
(4.4) o(uv) > aus%ﬁ(v), for u<1, v>0.
Similarly, if ¢(t) is of lower type i, then there is a constant C' > 0 such that

(4.5) d(uv) > %ui¢¢(v), for u>1, v>0.

Also, it is easy to check that
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Proposition 4.1. If ¢(t) is of lower type iy and {(t) is of upper type A\ < i4
then ¢(t)/&(t) is quasi-increasing.

Proposition 4.2. If ¢(t) is of lower type a > 0 and upper type 3 € R and
0 < v < « then the function

Lot

w7+l

P(t) =t

0

is equivalent to ¢, continuous, increasing and invertible. Moreover, its inverse

1 is of Iower type 3~ and of upper type a~ 1.

The next corollaries of the above Proposition will be needed to define the
quasi-metrics associated to the kernels of our operators.

Corollary 4.1. If ¢ is a quasi-increasing function of upper type ss < 1 then

there is an equivalent function ¢Z such that qz(t) /t Is decreasing, continuous and
invertible on t > 0.

Corollary 4.2. If ¢(t) is a quasi-increasing function of finite upper type then
there exists a function ¢(t) equivalent to ¢(t), such that t¢(t) is increasing, con-
tinuous and invertible in RT.

The following properties will be useful throughout the proof of the theorem:
Let ¢;(t) be a function of lower type «; and of upper type §;, i = 1,2. For every
x € X and r > 0 it holds that

1(5(x,y)) o1(r)
(46) I a1 >0 then /(;(x7y><r 52060 )y M <Oy

1 (8(x,y)) P1(r)
(47) T B <ap then /5<x,y>>r 20 o y) MW =50

Let us now give a representation of the kernel of I, in terms of a quasi-metric
equivalent to J.
If ¢ is a quasi-increasing function of upper-type s4 < 1 consider a fixed func-

tion ¢, as given in Corollary 4.1. Then

$(0p(x,y))

for x ,
59 . 1) 7

K(b(wv y) =

where d4(z,y) is defined as the unique solution of

Bosless) _ (260 b vty
e /0 (z,y)dt  if x#y, and

t
dp(x,y) =0 if z=y.
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If $(t) = t%, 0 < a < 1, we can choose ¢ = ¢ and then d, := d¢ is the quasi-metric
associated to I, defined in [GSV].

The following lemmas and theorems are proved in [HV2]. The first one shows
that Ky(z,y) is equivalent to ¢(6(z,y))/d(z,y).

Lemma 4.1 ([HV2]). If ¢ is of upper type s4 < 1 then there are positive con-
stants C1 and Cy such that for 6(z,y) > 0,

$(0(z,y)) _ 90s(@.y)) _ 0, 00@y)

C
PTo(wy) — dplwy) ' omy)
In particular,
5
(4.8) 0 < Ky(z,y) < C% .

Moreover, d4 is a quasi-metric equivalent to 0.

Lemma 4.2 ([HV2]). Let ¢ be of upper type s4 < 1. Then

3(x, x'>>9 3(3(x,y))
d(z,y)

(4.9) |Ky(w,y) — Ko, y)| + Ky, v) = Ky(y, ") < C (

whenever §(z,y) > 2A6(z,2').
Lemma 4.3 ([HV2]). Let ¢ be of upper type sy < 6. Then

(4.10) /X K o(,y) — Kp(e9)] dpu(y) = O,

for every x and 2’ € X.

Theorem 4.4 ([HV2]). Let ¢ be of lower type ig > 0 and upper type sg < 1
and & a quasi-increasing function of upper type (3.

If feASNLY and 8 > 0 then Iy f(x) converges absolutely for all x and if,
also, 3 + s < 0 then there is a constant C' > 0, independent of f, such that

15 flpes < C|f|pe-

Also, if f € AS and 3 + s4 < O then f¢f(x) converges absolutely for all x and
there is a constant C > 0, independent of f, such that

1Isf|nes < C|f|pe-

Moreover, if f € ASNL, then I~¢f coincides with I f as an element of A8? (since
Iyf(z) = Iy f(z) — 15 f(x0))-

From the proof of the above theorems the following results are obtained:
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Remark 4.5. If ¢ is of upper type sy, § is of upper type 3 and 3+ sy < 0 then
Iy maps AS VLY 0 L2 in AY N L2 and [Ty fl|pes < C(Iflle + 11 £110)-

Remark 4.6. If f € A and f+ig < 0 then Iof € APToNL%® and |4 f||+i, <
Cly(supp )l fllg- It then follows that Iy is a linear continuous operator from Ag
onto (Ag)/.

In an analogous way to the integral operator, a representation of the kernel of
Dy in terms of an adequate quasi-metric, size and smoothness properties on the
kernel and boundedness of the derivative operator on Lipschitz spaces, proved in
[HV2], are given below.

Let ¢ be a quasi-increasing function of finite upper type and consider a fixed
function ¢, as given in Corollary 4.2. Hence we have

1
Ky 4(x,y) = = for = # vy,
e (61 /6(. )01 6 (. y

where §; /¢(:1:, y) is defined as the unique solution of the equation

1
- dt if d
¢(51/¢( ) 51/¢ / ¢ (z,y)dt if x#y, an

61/¢(,y )—0 if z=y.

If ¢(t) = t%, 0 < a < 1, choosing ¢ = ¢ it turns out that 6_q = 0p—o is the
quasi-metric associated to Dy, defined in [GSV].
The next lemma shows the equivalence between K /d)(:v, y) and

1/(¢(6(x, 9))d(x, y))-

Lemma 4.7 ([HV2]). If ¢ is a quasi-increasing function of finite upper type then
there are positive constants Cy and Cy such that

1 1
< Co

@I D) ~ Hor g a )y gay) B0 0wy

Ch

In particular,

1
o(0(z,y))d(z,y)

Moreover, 4, /¢ 18 a quasi-metric equivalent to d.

(4.11) 0< Ky/p(z,y) <C
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Lemma 4.8. If ¢ is a quasi-increasing function of finite upper type then

K1 (2,y) = K16, 0)| + K76 (v, 2) = K1y, 2")]

(412) 5z, ')\’ 1
=¢ ( 5@ v) ) 56093 (.)

for 6(z,y) > 2A58(x,2").
Theorem 4.9 ([HV2]). Let ¢ be a function of lower type iy > 0 and upper
type sy. Let also £ be a quasi-increasing function of lower type o and upper

type 3. If f € ASNL>® and s < a then Dyf(x) is absolutely convergent for
every v € X and if, also, 8 < 0 + iy then

1Dy flless < Cliflle-

If feAS, s¢ <« and <0 +igy then f)(z,f(x) is absolutely convergent for every
x € X and

|D¢f|§/¢> < C|fle-
Moreover, if f € AS N L, then D¢f coincides with Dy f as an element of A
(since Dy f(x) = Dy f(x) — Dy f (x0))-

Remark 4.10. Let&; be a function of lower type «; and upper type (3; fori = 1,2
and let sy < aj. Then

(Dsf. ) /way (v) — F(@)a(e) du(z) du(y),

for any f € At NL>® and g € L.
Furthermore, if f e A" NL®NLY, ge A2NL®NLL, and 54 < ag then

<D¢fvg> = <D¢gvf>

5. Proof of Theorem 3.1

Let us first see that T is a linear continuous operator, Ty, : Ag — (Ag ), for
every 3 such that sy — iy < 8 <60 —iy. In fact, by Remark 4.6, I is continuous

from Ag to APtie N L for B < 6 — ig and, by Remark 4.10, Dy is continuous
from AP+ie N L to (Ag)’, if 545 — iy < f.
Let us remark that whenever the size of either Ky or K7 /4 are involved in the

following proofs, inequalities (4.8) and (4.11) will be used without being explicitly
mentioned.
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To prove that
C
(5.13) Kl < gy for w40,

we consider the following partition of X
Dy ={z: 6(:10 z) > 2A46(z,y)},

Dy ={z: §(z,y) < 0(z,2) < 248(x,y)},

2A
Dy = {5(s,2) < 570(0.)}

First notice that if z € Dy then 6(z,y) > d(z,y). Therefore, from ¢(¢t)/t quasi-
decreasing and (4.7), since iy > 0, it follows that

[, Kol K z19) = Kol )l ()
o

1 6(z,9) , o(0(x,y)) s
b, ¢<5<x,z>>6<x,z>( Sey) o) )d“()
(6(x,y)) 1
= Sey) /(mvzma(w) (3(z,2)3(z.2)
1
é(z,y)

Secondly, if z € Do then §(z,y) < A(d(z,z) + 6(z,y)) < 442%6(x,y), and, from
(4.6) it follows that

<cC

<C

/D K@ K g(2,9) — Kl ) dia(2)

1 P(6(2,y))
= 20¢(6($,y))6($,y) /cg(z,y)<4A25(m,y) 6(z,y) au(z)
<C L .
— ()

Finally, if z € D3, use Lemma 4.2 and (4.6), since sg < 0, to get

/D K@ K g(2,9) — Kl ) dia(2)

0(i.) s
= Oty 0 ( ) +0 / LA&(x Y) ¢(6($,Z))5(1‘,2)

A

du(z)

6(x,y)
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The proof of (5.13) is thus finished.
It will now be shown that Ty =Dgyoly has K as associated kernel.

Let f and g € Ag have disjoint supports. Then

DyoIsf(x) = / Ky 2) (I f () — s (2)) diu(2)

= /K1/¢(I,Z)/(K¢(27y)—qu(x,y))f(y) du(y) du(z).

If = ¢ supp f then using (5.13), this last integral is absolutely convergent. Apply-
ing Fubini’s theorem it follows that

DyoIsf(x) = / ( / Ky 2) (K () — Kg(,9) du(Z))f(y) dyu(y)
- / K (2,9)f(y) du(y).

Moreover, if supp f Nsuppg = @ then [ |K(z,y)||f(y)|du(y) is bounded for x €
supp g, and therefore

(Tyf.g) = /X T, f(2)g(x) du(x)
= / / K(x,y)f(y)g(x) duly) du(z).

We will now prove that there are constants C' > 0, v > 1 and 0 < v < 1, such
that

§(x,x')7

(514) |K(£L‘,y) - K(J:,,y)l < CW,

if o(x,y) > vé(z,a’).
Notice that
(5.15) |K(z,y) — K(z',y)|

< [ [E ot ) Eole1) = Kol ) = Kajola' 2)(Eo o) ~ Ko )] ).

Denoting by h(z) the function inside the above integral, choosing k¥ and v such
that 2 < 342 < k < o1, and setting

(5.16) §(z,y) > vé(x,a'),
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we consider the partition of X defined by A = {z : §(z,2) > %5(17, y)}, and its
complement A°. To obtain a bound for the integral on the set A we display h(z)
in the form

h(z) = (Ky)g(x,2) = Ky 4(2,2)) Kg(2,9)
+ Ky jg(a,2)(Kg(a', y) — Ky(,y))
+ Ky(2',y) (K (2, 2) = Kyyg(x, 2))
=L +1+1Is.

Notice that if z € A then, by (5.16), it holds that d(x, z) > %5(x,y) > Lo(x,2).
Now, from (4.7) — since ¢ is quasi-increasing — it turns out that

S0 9) 5, o 1 .
o < CEGETRTY [ T T )
L o006 y) a2y

oz’ y)  o(8(x,y))d(x,y)?

Nevertheless, from (5.16) it holds that 6(z,y) < A(§(x,2')+d(2',y)) < éé(:v, y)+
A§(2,y) and, as v > A, §(2,y) > (71{ — LY5(z,y) > Co(x,y), with
Moreover, since ¢(t)/t is quasi-decreasing then by (4.7)

O(z,a')”

(5.17) J Vsl dute) Ot

On the other hand, using (5.16) and (4.7) — since ¢ is of positive lower type —
it follows that

oz, a')’ au()
(5 18) / 2l du(z) < 06( )1+6 ?0(z-4)) /cS(x,z)>%5(m,y) ¢(5(CL‘, Z))é(‘rv z)
' 6(z, z)0
- 6($, y)l-i-lg ’

Finally to obtain a bound for [, [I1|, the following partition of A is considered
Dy ={z:4(z,2) > kd(z,y)},
1
Dy = {z : E(S(x,y) < d(x,2z) < k5(:c,y)}.

First notice that if z € Dy and (5.16) holds then §(z, 2) > ké(z,y) > vkd(x,z’)
and vk > 2A.
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Therefore, use (4.12) to get

"o 1 ¢(5(2,v))
1l < e [ o S dute)
but for z € Dj it also holds that d(z,z) < A(0(z,y) + 0(y, 2)) < A(%(S(x,z) +

3(y, 2)), and then §(y, 2) > (§ — £)d(x, 2), with 1/A — 1/k > 0. Since ¢(t)/t is
quasi-decreasing, we have

1
L du(z) < Cé(x, /9/ o
5.19) /D1| 1ldpu(z) < Co(z, ") o215 O 2)EF w(z)
| o)
=S,y

On the other hand, if z € D9 and (5.16) holds then vé(z,2") < 6(z,y) < ké(z, 2).
Therefore,

1 $(8(2,y))
Idz<6:v,:c’9/ )
~/Dz| 1]du(z) < o ) D» 5({572’)1"‘9@5(5(17,2)) 3(2,) He
Nevertheless, for z € Dj it also holds that d(z,y) < A(d(z,2) + 6(z,y)) <

Ak +1)0(z,y), and (z, z) > %5(90,3/). Therefore,

. bz, /)’ o0y ,
(5.20) /Dz |Il|d“()§O¢(6(w=y))5(w=y)1+9 /6<z,y)<cé<x,y) 3(2,9) )
. 5(x,x’)6
— 5(w,y)1+9 '

We conclude from (5.19) and (5.20) that

10
(5.21) J 1nldne) (( )119 |
and, (5.17), (5.18) and (5.21) imply
(5.22) / |h(2)| du(z) < C (i y)1)+0

To bound [ ., we consider the following partition of A° = {z : % (z,y) > 0(z,2)},
By ={z:6(z,2) <v/ké(z,2")},

By = {z cv/ké(z,2") < 8(z,2) < %5(96,3/)}

111
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Firstly notice that

[ m@ldute)
By

1
B, ¢(8(x,2))8(x, 2)
1 /
* B, 0(6(2',2))d(2!, 2) |Kg(z,y) — Kg(a',y)| du(2)
=M+ .

Ky (2,y) — Kg(,y)| du(z)

Nevertheless, if z € A¢ and §(x,y) > vé(z,2’) then §(z,y) > ké(z,2) and it also
holds that

(5.23) 52 y) > CH(a', 2),
with C' > 1. Indeed, by (5.16), it holds that

5(z,9) < AWB(w,7') + 82’ y)) < AW™18(z,y) + 8/, )),
and, since A < v, then

vA
v—A

(5.24) §(z,y) < 5(2'y).

Therefore, for z € A€ and 6(z,y) > vd(z,2’) it holds that
§(2',2) < A(S(z,2") + §(z, 2))

(5.25) 1 . A(lJv +1/k)
< A(v Yk 1)5(17,?4) < W

and since A(1/v+1/k)/(1/A—1/v) < 1, (5.23) is now clear. On A€, the smooth-
ness condition on Ky can be used to get

§(',y);

(b(d(ilf,y)) 1 T2 0 g
h Scé(x y)l—Hg/m,z) <Zo(z,a’) ¢(5(x72))6($7z)5( 7 ) d’u( )
$(8(x,y)) 8(x,2")”
L ek

Moreover, by (5.16) and (4.4), it holds that

5(3:7 x/)@—s¢

2 <o)
(5.26) b= 05(967@/)”9_8"
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On the other hand, from (5.25) it follows that

40 | |
< c2OLY) du(2):
R TR e e s v s e

but, for z € By, §(2',2) < A(6(2/,z) + 6(x, 2)) < A(1 + v/k)é(z,2’) holds and
then,
¢(0(a’,y)) 8(x,a")’
< .
B2 = 5w ) 5000 27)

Nevertheless, from (5.24) and (5.16), we get that §(a/, y) > “Z28(z,2’), and from
(4.4) and, again (5.24), it follows that

/ 0—8¢ / 0—8¢
(5.27) Py < o 2@:0) O, ') —.
§(w, y)+o=se

<
— 5(x/7y)1+0—s¢ <C

We then conclude from (5.26) and (5.27) that

5(17, I/)0—8¢

(5.28) /B1 |h(2)] dp(z) < CW -

On the other hand reordering h(z) in (5.15), we get
| @ dutz)
Bs

< /B K%)= Kl 2o 9) — Ko )] d2)

1 /
+ 30 o) e 9~ Kol du(e)

=J1+ Jo.

Using the smoothness conditions on both kernels, Ky and K4, and (5.16) we
obtain that

5(x, 2’0 / 1
J1 < C—2"2(§(x, -
e A AP R (o) L e

k

dp(z)

5(x,2')? p(8(x,y))

(529) <cC 3(z, 9) 10 $(5(x, 2'))
5(%:6/)9—%
Sz, y) 050
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On the other hand, since §(z,2') < 1§(z,y), we have

(z, 20 1

J2 S W¢(5(xvy)) By ¢(5(.’L',,Z))(S(.’L',,Z) du(z),

but £d(z,2") < 8(x, z) < A(6(2', z) 4 6(x,2’)) and, therefore,
5, 2) > §(x,2"). We then conclude that

1
A(%—A)
5(z, x)0 1
) h(§(x,
eI Al y”/gw,z»m(%x/) S0 )0 2)

5a.)) P(6(x.y))
5.30 C
B30 <O )T gete. )

5(x7x/)9—s¢

= Sy

By (5.29) and (5.30), we have proved that

Jo < C

dp(2)

6(x,x/)0—8¢ '
§(x,y)t 050’

(5.31) | m@ldu) <
B>
and, by (5.28) and (5.31), we have got that

5(17, I/)9_8¢
8(,y) ! H07%

From (5.22) and (5.32), choosing v = 6 — 54, inequality (5.14) is obtained.

(5.32) /A )l du(z) < €

It remains to prove that there are constants ¢/ > 0, v/ > 1 and 0 < +' < 1,
such that

/ 5(33733/)7/ . / /
(5.33) |K(y,z) — K(y,z")| < C’W if §(z,y) > v'é(x,2").
Notice that if
(5.34) §(z,y) > 246(x,2)

holds then 6(z',y) < (A +1/2)d(z,y). We may thus consider the partition of X
in the family of sets

A={z:0(y,2) < i min(é(wl,y),(S(ian))}

B= {z : i min(§(z’,y),6(z,y)) < 0(z,y) < 2A5(:c,y)},
C={z:24(x,y) <i(z,vy)}
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Moreover, from (5.34) it follows that
/ 1 /

and thus §(x,2') < min(d(z,y),d(2’,y)). Therefore, the set A may be partitioned
into the nonempty sets

On the other hand, notice that the left side of (5.3) is

K (y,z) — K(y, )|
< [ Kol 2 ol 0) — Kol ) = (Kp(er) — Koglya))] d(z
Denoting ¢(z) the function inside the above integral, the smoothness estimate

on Ky, inequalities (4.6), since s4 < 6, and (5.35), the fact that o(t)/t1 T is
quasi-decreasing and, finally, (4.4) lead to the bound

[, sz duce)
Ay
1
S/ mmaz,x)—f%(y,x)ldu(@
1 , /
+/1 W%ﬁ(%w)—%(y,w)ldu(@
¢ 5 b
(5.36) <C (5(;’%122 z> x
)6
s /a<y7z><2;5< )@5(5( e )
o(8(y,z)) 8z, z’)?
< O S, )7 3000z, 27)
<c 6(z,2")0 50
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We now reorder g(z) to write

/ 9(2) du(z)
As
1 !
(5.37) < |, 30w 005 el D) — Kolz )l du(z)
1 /
" /Az 200 )30, =) el @) = Koly, 0)l du(z)
= Hy + Hs.

Nevertheless, for 2 € As, §(z,y) < A(d(z, 2) + 8(y, 2)) < A(d(z, 2) + ﬁé(m,y))
holds, and then §(z,y) < —Aé(x z). Therefore, from the fact that ¢(t)/(t'?) is
quasi-decreasing, (5.34) and (4.4) it follows that

Hy < Co(a, /)6/<5(yz)>2A5( ) T S 0
< Cé(z, I'>/ jfx’ij 3(3(x, 7))
Similarly
12 OO0 0580 L1 B
(5.39) < Oz, x’)ef(;fy)’llz ¢(5(;, )
8(z, z')0—5e

S(z,y) 0=
Thus, (5.36), (5.37), (5.38) and (5.39) give

5(3:7 x/)@—s¢
8, y) +07%

(5.40) [ o@au) <c
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On the other hand,

[ o) dutz

< |, s ,NKMZ@ Ko(2,0") du(2)
/ o(0(y, 2 Y, )|K¢(ya ) K¢(ya$)|du(2)
=G1+ Ga.

From (5.34), it follows that

6(z, 20 / 1
Go < C—"L— S — |
2= 6( y)1+6 ¢( ( )) é(y,z)zﬁ min(§(z’,y),0(z,y)) ¢(5(y,z))5(y,z) ,U'(Z)
But from (5.35), for z € B we have
1
and thus,
d(z,y)) 1
Gy < O3z, /)0 L&) / 1y

s Siseney 900

. _ C 5(:5,:5,)6

T o(a,y)tte

To get a bound for G, we first notice that from (5.34) it follows that (y, x)
and §(y,z’) are equivalent, since (5.35) holds and, also, &(y,2’) < A(8(y,z) +
o(z,2")) < (A+ 3)8(y, ).

We now cut the set B in

D1 = Bn{z:6(z ) < 4A%(z, ")},
and Do = BN {z:0(z,z) > 4A%5(x,2')},

and thus we write

Gy < (/D1 /Dz) e )|K¢(Z=$)—K¢(27$')|du(2)=G11+G12.
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From (5.41), 1/(4(t)t) quasi-decreasing, (4.6), as iy > 0, and since for z € Dy it
holds that 6(z,2') < A(6(z,x) + 6(x,2")) < A(4A% +1)8(x,2'), it follows that

1 ¢(0(z,2)) | ¢(6(z 2")) ;
<c srcarites B0 T3\ G2 + Sy s
o)
=¢ ¢(5(y7 ))5(y= )(/(5(zx)<4A26(:c,:c’) 5(Z,$) du(z)
o)
+/(5(2,$’)<A(4A2+1)5(x,x’) (2, 2") 4u(z))
< C;gb((;(x,x,)).

— 90y, %))o(y, x)

Furthermore, from (5.34) and (2.1) it follows that
8(z, 2 )e
5(y7 .I)i¢+1 ’

On the other hand, (5.41) and (2.1) lead to

(5.43) G <C

z. 2)? 1 d(0(z,x)) B
(544) S ¢((5(y,$))5(y,x) /6('27:”)Z4A25(.’E,.’E’) 5(27;[;)1-‘1-9 dlu‘( )
1 /
< O )
= 5w, y)ie

Thus, looking at (5.42), (5.43) and (5.44), and since iy < 6, we conclude that

8(z, ')t

5.45 d <o)

(5.45) [ oran) < o

At last, to get a bound on the set C' we write

[ o) dutz)
C
= ——————|Ky(z,2) — Ky(2,2")| d
(5.46) Bl /6(y,z)22A5(y,x) ¢(6(y,z))5(y,z)| (2, 2) = Kg(z,2)| du(2)

1
K4 — Ky, 2)d
+/5<y7z)>2A5<y,x> o060, 25 2) el ) ~ Koy, o)l du(z)

=J1 + Jo.



On the composition of integral and derivative operators ... 119

Notice that for z € C it holds that d(y,z) < 2—{45(3;,2“) < %(5(3;,:6) +96
hence 6(y,z) < 6(x,z), and, from (5.34), it follows that §(z,z) > 2A4(x,2’).
Furthermore, since 1/¢(¢)t is quasi-decreasing, we have

N’ 1 9(4(z,2))
s 5(1'755 ) /5(y,z)22A5(y,x) ¢(6(y7 Z))é(yv Z) 6(27 ‘T)H—G dM(Z)
Sz’ o)
(5.47) < e DT e yoitomy Hercg 9
6(z,2')?
- 5(% x)1+e ’

Finally, from (5.34) we deduce that

6(z, z)0 . 1 B
I T A Fyersaasym 7555
<C (z, z)0
oy, @)t0

From (5.46), (5.47) and (5.48) we have got that

6(z, z)?

(5.49) /Cg(Z) du(z) < CW :

Nevertheless, since 0 < ig < 6 and 6 — s, < 6, from (5.40), (5.45) and (5.49) it
turns out that

6((E, x/)min(i¢,€—s¢)
5(y, I)1+min(i¢,€—s¢)

|K(y,x) - K(y,:v/)| <C

)

for §(x,y) > 2A8(z,2"). The proof of this theorem is thus finished. O

We remark that once the standard conditions of size and smoothness on the
kernel of Ty have been proved, the T'1-theorems stated in [HV1] give an al-
ternative proof of the fact that Ty is a Calderén-Zygmund operator bounded
on the generalized Besov and Triebel-Lizorkin spaces. In fact, it was proved
in [H] that T4l = T;1 = 0 and Ty is a weakly bounded operator, that is,

(Tyf, )] < CIflIgllglla((B))1 20, for f and g € Aj(B) and B a ball.
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