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Cohen real and disjoint refinement of perfect sets

MIROSLAV REPICKY

Abstract. We prove that if there exists a Cohen real over a model, then the family of
perfect sets coded in the model has a disjoint refinement by perfect sets.
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It is a well known fact that in iterated generic extensions which add Cohen
reals Sacks forcing collapses the continuum (see Corollary 3). This was a moti-
vation for the present paper to find out what kind of phenomenon is behind this
behaviour of Cohen reals. Theorem 1 gives an answer to this question. H. Judah,
A.W. Miller, and S. Shelah [2] have proved that under Martin’s axiom the addi-
tivity of Marczewski ideal is the cofinality of the continuum of the ground model
in generic extensions over Sacks forcing. We use some ideas of this proof in the
proof of Theorem 1.

A nonempty set p C <¥2 is a perfect tree if s € p and ¢t C s implies ¢ € p, and
for every s € p there exists t O s such that £70,¢71 € p. The set of all branches
of a tree p C <¥2 is the perfect set [p| = {x € “2: (Vn)x|n € p}. Conversely, for
every perfect set 7 C “2 the tree p = {s € <¥2: [s]Nr # 0} is perfect and r = [p].
We say that the perfect tree p is the code of the perfect set r.

Let us recall that the sets [s] = {z € ¥“2: s C 2} for s € <“2 are the basic
open sets in the Cantor space “2. We consider the space “2 as the group with the
operation of addition defined by (x + y)(n) = z(n) + y(n) mod 2 for z,y € “2,
and we define A+ ={a+z:a € A} for A C“2 and = € “2. Conditions in
Sacks forcing S are perfect subsets of “2, where a condition p is stronger than
a condition ¢, if p C ¢. In such a case we write p < q.

For some information on disjoint refinement we refer to [1].

Theorem 1. If there is a Cohen real over V', then for every sequence of perfect
sets (po : a < (2¥)V) with sets po coded in V there is a disjoint sequence of
perfect sets (qq : o < (2°)V) such that g C pa for every o < (29)V.

We do not know whether in Theorem 1 it is possible to assume the existence
of another kind of a new real instead of a Cohen real.
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Lemma 2. If there is a Cohen real (a new real) over V, then there exists
a sequence of pairwise disjoint perfect sets of Cohen reals (of new reals) (rq :
a < (2¢)V) such that for every open set U C “2 the set {a : ro C U} has
size (29)V.

PRrOOF: Let Q be the set of all finite trees ¢ C <*2 for which there exists ny € w
such that (Vs € 0)(3t € 0)(s C t and |t| = ns). For o € Q we denote [o] =
{z €“2: zn, € 0}. Qisordered by o < 7 if and only if 7 = oN="{")2. We prove
that if y € “2is an irrational number, then the set Fy, = {0 € Q : [o|N([o]+y) = 0}
is a dense subset of Q. Let 7 € Q be arbitrary and let "*2N 7 = {s; : i < m} for
some m € w and let yr(n) = y(nr +n). The function f(x) =z + y, for z € “2 is
a one-to-one function and f(z) # x for every x € “2. We can find distinct reals
x; € “2 for i < m such that f(x;) # x; for every i,j < m. Let n € w be minimal
such that x;[n for ¢ < m are pairwise distinct. Now let 0 € Q be the extension
of 7 such that ny = ny +n and "2No = {s; (z;[n) : i <m}. Clearly, o € F,.

As Q is countable it is equivalent to Cohen’s forcing. Let G be a V-generic
subset of Q. Then rg = J,¢q o is a perfect tree. Using density arguments we can
easily prove that [rg] is a perfect set of Cohen reals over V and [rg|N([rg]+y) = 0
for every irrational y € V.

Let {sy : n € w} be an enumeration of <¥2. Let us fix a sequence of irrational
reals (Yon €V : a < (2¢)V & n € w) such that ya.pn —Yg,m is irrational whenever
(a,n) # (B,m). By changing first |s,| values of yo n we can assume that [s,] N
([rg] + Yan) # 0 for every n € w and o < (2¥)V. Now let (ro : @ < (29)V)
be an enumeration of the family of disjoint perfect sets {[sp] N ([rG] + Ya,n)
a< (2¢)V &newl

Now we prove the second part of the lemma. Let us assume that there exists
a new real over V. Then there are continuum new reals over V. The equivalence
relation F on “2 defined by zFEy if and only if (V°°n) z(n) = y(n) has countable
equivalence classes. Therefore we can find a sequence of pairwise E-inequivalent
new reals (yan @ a < (2¢)V & n€w). The perfect sets pon = {x € [sn] :
(VE > |sn]) 2(2k) = ya,n(k)} are pairwise disjoint and consist of new reals. O

PROOF OF THEOREM 1: Let (p, : o < (2)V) be a sequence of perfect sets coded
in V. Let A C (2“})‘/ be a maximal set of ordinals with the property that for
every distinct o, @’ € A, pa N p, is nowhere dense relatively in pg, or in p,/. So
if a ¢ A, then there exists o/ € A such that po, N p, is somewhere dense in p,
and hence py NPy N [s] = por N [s] # O for some s € <¥2. Let fq : “2 — po be
a homeomorphism defined in V. Let (ro : a < (2¢)") be the disjoint sequence of
perfect sets of Cohen reals from Lemma 2. We claim that the family of perfect
sets F = {fa(rg) : « € A & B < (2¥)V} is disjoint and for every a < (2¢)" the
set {p € F :p C po} has size (2¥)V. Using this claim we easily can construct
a one-to-one mapping ¢ : (2°)Y — F such that p(a) C pa for every a and we set
da = p(a).

Clearly, fa(rg) N fa(rg) = fa(rg Nrg) = 0 whenever 8 # 5. If a # o,
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a,a’ € A, then without loss of generality we can assume that py Np,s is nowhere
dense in po. Then fy1(pa Npy) is a nowhere dense set coded in V. Then
for all 3, since rg is the set of Cohen reals over V, 73 N o (pa N pyr) = 0 and
fa(rg)Npo = 0. Tt follows that fo(rg)N for (rg) = 0 for all 3, 3’. We have proved
that F is disjoint. Clearly, fo(rg) C pa holds true for every o € A and 5 < 2. If
a ¢ A, then there exist o/ € A and s € <¥2 such that () # p,N[s] C paN[s]. Since
the set f;,l(pa/ﬂ[s]) is open, the set {5 : fo/(r3) S pat 2 {B:73 C f;,l(pa/ﬂ[s])}
has size (2¢)V. O

A special case to which next corollary can be applied is a finite support iterated
forcing about which it is well known that adds Cohen reals at every limit step of
the iteration with countable cofinality.

Corollary 3. In a generic extension via iteration of length xk with cf(x) > wy
which adds Cohen reals, Sacks forcing collapses continuum to cf(k).

PROOF: Let V be the generic extension. Let {ag : & < cf(x)} be an increasing
sequence of ordinals cofinal with . Since over every level o, there are Cohen
reals in V, by Theorem 1 there is a maximal antichain A¢ of perfect sets coded
in V such that for some A C Ag, A refines the system of all perfect sets coded in
the a¢ level of the iteration. For every perfect set p let us fix a maximal antichain
of perfect sets bellow p of size continuum which we denote by {(p)a : @ < 2¢}.
Then the Sacks name f defined by

1£€) = all = \/{(P)a :p € A}, &< cf(x)

is a name of a function from cf(x) onto 2. O

Remark. Corollary 3 is equivalent to the assertion that S is (cf(k),2%,2%)-
nowhere distributive in the generic extension. In fact the matrix {Aé 1€ < cf(r)},
where Aé ={(P)a :p € A¢ & a < 2*} witnesses this (see [1] for the distributivity
definition).
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