Commentationes Mathematicae Universitatis Carolinae

Libuse Stépnickova
Pointwise and locally uniform convergence of holomorphic and harmonic
functions

Commentationes Mathematicae Universitatis Carolinae, Vol. 40 (1999), No. 4, 665--678

Persistent URL: http://dml.cz/dmlcz/119122

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1999

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/119122
http://project.dml.cz

Comment.Math.Univ.Carolin. 40,4 (1999)665-944

Pointwise and locally uniform convergence
of holomorphic and harmonic functions

LIBUSE STEPNICKOVA

Abstract. We shall characterize the sets of locally uniform convergence of pointwise con-
vergent sequences. Results obtained for sequences of holomorphic functions by Hartogs
and Rosenthal in 1928 will be generalized for many other sheaves of functions. In partic-
ular, our Hartogs-Rosenthal type theorem holds for the sheaf of solutions to the second
order elliptic PDE’s as well as it has applications to the theory of harmonic spaces.

Keywords: Osgood’s theorem, approximation, maximum principle, harmonic space, el-
liptic PDE’s
Classification: 31B05, 30E10, 35J99, 31D05

Introduction

In 1901, W.F. Osgood proved the theorem (known as Osgood’s theorem) that
a pointwise convergent sequence of holomorphic functions on a domain in C con-
verges locally uniformly on an open dense subset of this domain (see [Osg]), leaving
open the question what the set of locally uniform convergence looks like. A char-
acterization of this set came several years later — F. Hartogs and A. Rosen-
thal (see [HR]) introduced special sets called Streifen and showed that, for any
bounded domain U C C with connected complement and for any V' C U such
that V' = {J;c;V; where V; is a domain dense in U and C\ Vj is connected for
any j € J, the existence of a sequence of holomorphic functions which converges
pointwise on U and locally uniformly exactly on V is equivalent to the existence
of a family of Streifen possessing certain covering properties.

Among others, the family has to be pointwise finite and locally infinite on U\ V.
Furthermore, they proved that this condition is equivalent to the existence of a
family which is pointwise finite on U and locally infinite on U \ V. Analysing the
proof, one can see that a family which is even locally finite on V' is constructed.
In this paper, we have chosen this last triad of covering properties and such a
family will be called admissible for (U, V).

It turns out that it is not necessary to have such strong limitations on U
and V. It is sufficient to require that the set U is open and its complement has
no relatively compact connected component. Under these hypotheses it will be
shown that a Hartogs-Rosenthal type theorem holds not only for holomorphic
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functions in C, but for many other sheaves of functions in more general spaces.
In particular, the case of solutions to the second order elliptic PDE’s in R is
included.

For this purpose it was necessary to modify the definition of Streifen (a domain
enclosed by a polygon), and the term fihrt aus U heraus (another property used
in [HR]) which requires of U to be bounded. Both problems were solved by
introducing our strips instead of Streifen. In addition, in C the existence of a
family of strips which is admissible for (U, V) is equivalent to the existence of a
family of Streifen which possesses all covering properties from [HR].

The proof of the theorem consists of several mostly independent parts (an
analogue to Runge’s theorem, maximum principle etc.), each of them has its own
paragraph in this paper. The last paragraph refers to applications and examples.

All lemmas are new, they generalize various parts of the proof of Bedingung A
([HR, p.216-220]) using new terms such as Runge sheaf, mazimum property etc.

As far as the holomorphic case is concerned, more historical notes and examples
can be found in [U1] and [U2].

Runge sheaves

Let X be a topological space. (A topological space will, in this paper, always
be Hausdorff.) For any subset A of X, we denote by A° the interior of A. For
any open subset U of X and any sequence {K,}>° | of compact sets, the symbol
K, /U means that |J;2 K, = U and K, C K7 for any n € N.

Let X be a topological space. A (real, resp. complex) sheaf on X is a map G
defined on the set of non-empty open subsets of X such that:

(i) for any open non-empty subset U of X, G(U) is a real (resp. complex)
vector space of real (resp. complex) functions on U,
(ii) for any two open sets U, V such that ) # U C V the restriction of any
function from G(V') to U belongs to G(U),
(iii) for any non-empty open subset U of X and any covering {U;},cr of U
formed by non-empty open sets a function on U belongs to G(U) if for any
J € 1 its restriction to U; belongs to G(U;).

A sheaf G on X is said to be a continuous sheaf if, for any non-empty open set U
of X, the elements of G(U) are continuous on U. We shall say that a sheaf G on
X is non-degenerate at a point x € X if there exist a neigbourhood U of x and
an element f of G(U) such that f(x) > 0. A non-degenerate sheaf on X means,
by definition, a sheaf which is non-degenerate at any point of X.

Let G be a sheaf on X, K be a compact subset of X. A pair (G, K) is said
to possess the Runge property if, for any open set U such that K C U C X, for
any f € G(U) and any € > 0, there exists g € G(X) such that |f — g| < € on
K. A compact subset K of X is called a Runge set if no connected component
of X \ K is relatively compact. A sheaf G on X is called a Runge sheaf if a pair
(G, K) possesses the Runge property for each Runge set K C X.
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Lemma 1. Let X be a non-compact, locally compact, locally connected and
connected space. Assume that, for any domain Z in X and any x € Z, Z\ {x} is
also a domain. If K C X is a Runge set and y ¢ K, then K U{y} is a Runge set.

PrOOF: Since X is locally connected, there exists a domain U such that y € U
and U N K = (). Since X is a connected Hausdorff space and X # {y}, the set
{y} is not open. Hence U \ {y} # 0 and y € U \ {y}.

Let C be a connected component of X \ (K U {y}). Assume first that C' contains
the (non-empty connected) set U \ {y}. Since y € U \ {y}, C U {y} is connected
and therefore this set is a connected component of X \ K. Hence C U {y} is not
relatively compact. This means, C' is not relatively compact.

On the contrary, assume that C' does not contain U \ {y}. In this case, C is a
connected component of X \ K. Hence C' is not relatively compact. (Il

Let X be a topological space, {gn}o2; be a sequence of functions on X. We
denote by PC({gn}o ;) the set of pointwise convergence, i.e., the set of all z € X
such that {g, }>2 | converges at z. We denote by CC({gn}72,) the set of compact
convergence, i.e., the set of all z € X for which there exists an open neigbourhood
U(z) such that {g,}°%; converges uniformly on U(z).

Lemma 2. Let X be a locally compact, locally connected, non-compact space
with countable base. Assume that there exists a sequence {K,}>° ; of Runge
sets such that K, / X. Let U be a non-empty open subset of X such that no
connected component of X \ U is relatively compact. Assume that G is a Runge
sheaf on X. Then, for any sequence { fn}>2; of elements of G(U), there exists a
sequence {gn} >, of elements of G(X) such that

PC({fn}?f:ﬂ = UQPC({gn}%O:I)a
CC({fn}tnz1) = UNCC{gn}ntr)-

PRrROOF: In case U = X we take gy, := f, for any n € N.

Assume U # X. Let z € U. Since K,, /* X, there exists m € Nsuch that z € K3,.
Denote by M;, i € I, the connected components of M := X \U. Since M is closed
and x ¢ M, there exists an open set V such that M C V and = ¢ V. Denote by
Vj, j € J, the connected components of V, and define Jy := {j € J; V;NM # 0}.
Then the set W := J;¢ 5, Vj is open, M C W and = ¢ W. Define R := K, \ W.
Then R C U and = € R°. We will show that R is a Runge set. Obviously, R
is compact. Further, we have X \ R = X \ (K;p \ W) = (X \ K;,) UW. Since
K, is a Runge set, it is sufficient to show that no connected component of W is
relatively compact. Let C be a connected component of W. Then there exists
j € J1 such that C' = Vj. It implies that C'N M # 0, i.e., there exists i € I such
that C N M; # (). Since M; C W is connected and C'is a connected component of
W, it follows that M; C C. Since M; is not relatively compact, C' is not relatively
compact.
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Since G is a Runge sheaf, (G, R) possesses the Runge property. This means, for
every n € N there exists a function g, € G(X) such that |f, — gn| < 27" on R.
Taking y € R° and k,j € N we get

Ife(w) = i) < fely) =g + lox(w) —g; )| + 19;(y) — f;()
< 27F 4+ |gu(y) — g ()| +277,

(y) —

)

IN

l9k(v) — W) + 1fuy) = W) + 1fj(v) — g5 ()]
< 27F 4+ |fky) — f3(0)| +277.

Now it easily follows that PC({fn}o2;) = UNPC({gn}o>;) and CC({fn}o2;) =
U0 CCgn}): :

l9%(y) — 95 (y)]

Maximum principle

Let X be a topological space, G be a sheaf on X. Then X is said to possess
the mazimum property with respect to G if

sup { |g(w)| ; weU } < sup { limsup,_,, lg(y)|; 2 €0U }

whenever U C X is a non-empty relatively compact domain with non-empty
boundary and g € G(U).

Lemma 3. Let X be a locally connected and non-compact space, G be a contin-
uous sheaf on X. Assume that X possesses the maximum property with respect
to G. If g is an element of G(X) and « > 0, then no connected component of
A:={z€ X ; |g(2)| > a} is relatively compact.

PRrROOF: Let us assume that there exists a relatively compact connected com-
ponent Z of A. Since X is locally connected and non-compact, Z is open and
0Z # . Since g is continuous on X and |g| > a on Z, we get |g| > o on 0Z.
Assume first that there exists z € 97 such that |g(z)| > «. It implies the exis-
tence of a connected neighourhood U of z such that |g| > a on U. Then ZUU is
a connected subset of A which contains Z as a proper subset. We have a contra-
diction to the maximality of Z.

Therefore |g| = a on 0Z. Since Z is a non-empty relatively compact domain, the
maximum property gives us |g| < « on Z, which is a contradiction. (I

Covering properties

Let X be a topological space, A be a family of subsets of X, B C X, z € X.
We say that A is pointwise finite at x if the set {A € A; x € A} is finite. We say
that A is locally finite at x if there exists a neighourhood U of z such that the set
{Ae A; UnN A0} is finite. We say that A is pointwise (resp. locally) infinite
if A is not pointwise (resp. locally) finite. We say that .4 is pointwise finite (resp.
locally finite, pointwise infinite, locally infinite) on B, if A is pointwise finite (resp.
locally finite, pointwise infinite, locally infinite) at any = € B.
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Remark 4. Let X be a topological space, x € X. Let R be a family of subsets
of X, P be a subfamily of R. If R is pointwise (resp. locally) finite at z, then P
is pointwise (resp. locally) finite at x.

Lemma 5. Let X be a space with countable base, ) # F C X. Let R be a family
of subsets of X which is locally infinite on F'. Then there exists a subfamily P of
‘R which is countable and locally infinite on F.

PROOF: Let U = {U, ; n € N} be a base of X. DefineUd’ := {U e U ; UNF # (}.
For every n € N we shall construct Py,: If Uy, & U, put Py, := (). Otherwise, take
x € U, N F. Thus we have z € F' and a neigbourhood Uy, of z. Since R is locally
infinite on F, the set Ry, := {R € R ; RNU, # 0} is infinite. Take P, as an
arbitrary countable infinite part of R,,.

Putting P := (J;— Pn we get the desired subfamily of R which is countable and
locally infinite on F. Indeed, for any z € F' and any neigbourhood W of z there
exists Uj, an element of base, such that z € U; C W. It follows immediately that
P; is infinite, which implies that RN W # {) for infinitely many R € P. O

Lemma 6. Let X be a space with countable base. Let ' be a non-empty subset
of X. Let R := {Ry, ; m € N} be a family of subsets of X. Assume that Ry, is
a closure of an open set for every m € N. If R is locally infinite on F', then there
exist a subfamily P = {P, ; n € N} of R and a sequence {b,}72_; of points such
that by, € P? for every n € N and the set {n € N ; b, € W} is infinite whenever
z € F and W is a neigbourhood of z.

PROOF: Let U be a countable base of X. Define ' :=={U e U ; UNF # 0}. Let
V = {V, ; n € N} be a family of sets which contains every element of &/’ infinitely
many times, i.e., V;, € U’ and the set {k ; V,, =V}, } is infinite for any n € N.
Since R is locally infinite on F, for any V;, there exist infinitely many elements
of R which have non-empty intersection with V;,.

We shall construct Py, n € N, by induction: Let P; be an arbitrary element of R
such that PyNV; # (. Fix n > 1 and suppose that we have defined P, ... ,P,_1.
Let Py be an element of R such that P, # P; for any j < n and P, NV, # 0.
Define P := {P, ; n € N}.

Since Py, is a closure of an open set and Vy, N Py, # (), we have V,, N P2 # ). Let
bn, be a point of Vi, N PY.

Now let z € F, W be a neigbourhood of z. Then there exists U € U’ such that
z€e U CW. Since U =V, for infinitely many n € N, we have b, € V,, =U C W
for infinitely many n € N. This means, the set {n € N ; b, € W} is infinite. O

Strips

A subset S of a topological space X is called a strip if S is the closure of a
domain which is not relatively compact.
Let V.C U C X, S be a family of subsets of X. Then S is said to be admissible
for (U, V) if S is
(i) locally finite on V,
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(ii) pointwise finite on U \ V,
(iii) locally infinite on U \ V.

Theorem 7. Let X be a locally compact, locally connected, connected and non-
compact space with countable base. Assume that there exists a sequence { K, }7° |
of Runge sets such that K,, /* X. Moreover, assume that, for any domain Z in X
and any x € Z, Z \ {x} is also a domain. Let G be a non-degenerate Runge sheaf
on X. Let V C U be non-empty open subsets of X. Suppose that there exists
a family S of strips which is admissible for (U, V). Then there exists a sequence
{fn}oe of elements of G(X) such that

(1) limp—oo fn =00n U,

(2) UNCO{fa}e,) = V.

PROOF: Define F := U \ V. In case F = () we take fp, := 0 for any n € N.
Assume F' # (). Using Lemma 5 and Remark 4 we can suppose that S is countable.
Denote by Sy, m € N, the elements of S. Since S is locally infinite on F', by
Lemma 6 there exist a subfamily P = {P,, ; n € N} of S and a sequence {b,}7° ;
of points such that b, € U N P? for any n € N and for any z € F and any
neighourhood W of z the set {n € N ; b, € W} is infinite. It follows that the
family {P9 ; n € N} is locally infinite on F, thus the family P is locally infinite
on F'. Further, by Remark 4, P is admissible for (U, V).
Let {Kn};2, be a sequence of Runge sets such that K, ,/ X. Fix n € N and
define

Ry, =K, N (X\PY), Tn:=Rp U {bn}.

Obviously, Ry, and Ty, are compact. Further, we have X \ R, = (X \ Kp) U Pg.
Since K, is a Runge set and Py is not relatively compact, R, is a Runge set. It
follows by Lemma 1 that 7}, is a Runge set.

Let Vi, W, be open sets such that

Vo N W, = 0, R, C Vi, bp € Wa,.

Since G is non-degenerate at by, there are an open neigbourhood U, of by, U, C
Wi, and a function hy, € G(Uy,) such that hy(by) > 0.
Putting Z,, .= V,, UU, and

0 on V, ,
In =
hin /i (bn) on Un,

we have gn|;, € G(V4) and gn|,, € G(Uy), which implies gn € G(Zy). The Runge
property for Ty, Zy, gn and ¢ = 27" yields a function f, € G(X) such that
|fr — gn| < 27" on T,. This means,

[fr(2)] <27™ for z € Ry, |fr(bn) — 1| < 27™
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Now we shall show that (1) and (2) hold for the sequence {fn}>2 ;.

Let 2z € F. Since P is pointwise finite on F', there exists mg € N such that z ¢ P,
for any n > mg. Since K, / X, there exists mi > mg such that z € K, for
any n > mj1. It implies z € Ry, for any n > mq. Using |fp| < 27" on R, we get
limy,— o0 fn(z) = 0.

Assume now that z € V. Since K, / X, there exists mg € N such that z € K2
for any n > mgo. Since P is locally finite on V, there exist mg > mo and a
neighourhood U(z) of z such that U(z) C K9 and U(z) N P, = 0 for any n > ms.
This means that U(z) C Ry, for any n > m3. Using |fp| < 27" on R, we get
limp o0 fr(2) =0 and z € CC({fa}2 ;).

It remains only to prove that ' N CC({fn}22;) = 0. Let z € F and let U(2)
be a neighbourhood of z. Fix j € N and take n > j such that b, € U(z). Since
limyy,— o0 fm(bn) = 0, we obtain m > n such that |fp, (by)| < % Further we have

| fr(bp) — 1] < 27", which implies | fr(bn)| > % Therefore

N =
> =

|fn(bn) - fm(bn)l 2 |fn(bn)| - |fm(bn)| >
which means z ¢ CC({fn}o2 ). O

The Vitali property

Let X be a topological space and G be a sheaf on X. The space X is said to
possess the Vitali property with respect to G if, for any open subset U of X and
for any locally uniformly bounded sequence {f,}22; of elements of G(U) with
PC({fn}p=1) = U, we have PC({fn};21) = CC({fu}nl1)-

For Baire spaces with the Vitali property we have an Osgood type theorem:

Theorem 8. Let X be a Baire space, G be a continuous sheaf on X. Assume X
possesses the Vitali property with respect to G. Suppose that U is an open subset
of X, {fn};2, is a sequence of elements of G(U) such that PC({fn}>>;) = U.
Then V := CC({fn}2,) is open and dense in U.

PROOF: By definition, V' is open. We shall show that V is dense in U. Take
z € U and a neighbourhood W of z, W C U. Since {f,}72; converges pointwise
on W, {fn}2, is pointwise bounded on W. This means that W = (J72; A,
where A := {z € W ; |fn| <k for every n € N}. Since fy, is continuous for any
n € N, the set Ay is closed for any k£ € N. By the hypothesis, X is a Baire space.
It implies that there exists kg such that W7 := Azo is non-empty. Hence we get
the non-empty open subset Wy of W such that {f,}>° ; is uniformly bounded
on Wj. Using the Vitali property on W7 we get that {f,}>2; converges locally
uniformly on Wj. This means, Wy C W N V. Since W7 is non-empty, the proof
is complete. ([l
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Theorem 9. Let X be a locally compact, locally connected, connected and non-
compact space with countable base. Let G be a continuous sheaf on X. Assume
that X possesses the Vitali property and the maximum property with respect
to G. Let V C U be open subsets of X. Suppose that there exists a sequence
{fm}°_, of elements of G(X) such that

(1) UnPC{fm}m-1) =V,
(2) UnCC{fmo ) = V.
Then there exists a family S of strips which is admissible for (U, V).

PROOF: Put F:=U\V. In case F = ) take S := {X}. Assume F # (). Let U be
a countable base of X. Define U’ := {W € U ; WNF # 0}. Let V = {V,, ; n € N}
be a family of sets which contains every element of I’ infinitely many times, i.e.,
Vp € U’ and the set {k ; V;, = V}} is infinite for any n € N.

Fix n € N. Since V,, N F' # (), by (2) the sequence { fp,}o°_; does not converge
locally uniformly on Vj,. This means, by the Vitali property, that {fp}oo_; is
not locally uniformly bounded on V;,. Since X is locally compact, there exists a
relatively compact open set Wy, such that Wy, C Vj,. It follows that {fn}5°_, is
not uniformly bounded on W,,. Hence, there exist k, > n and z, € W, C Vj,
such that |f (zn)| > n. Define

Ap ={z2€ X ; |fr,(2)| >n}.

Let Z,, be the connected component of A,, which contains z,. Using Lemma 3
we get that Zj, is not relatively compact. Define

Sp = Zn,.

It is easily seen that, for every n € N, S, C {z € X ; |fg, (2)| > n} and Sy, is a
strip. It remains only to show that S := {S, ; n € N} is admissible for (U, V).
Let z € V. By (2), there exists a neighourhood W of z such that {fm}ro_;
converges uniformly on W. We can assume that W C U. Define f := limy, oo fin
on W. Since f is continuous on the compact W, there exists a strictly positive
M € R such that |f| < M on W. Since {fn}5°_, converges to f uniformly on
W, there exists 5 > M such that |f, — f| < M on W for any m > j. Using
[fm| < 1fm — fl+1f| we get that |fm| < 2M < 2j for any m > j. In particular,
|fr,,| < 2j on W for any m > j. This means that for any z € V we have found
W and j such that W N S, = 0 for any n > 27, i.e., S is locally finite on V.

Let z € F. By (1), we can define f(z) := limm—oo fm(2). Define M := |f(z)].
Since f(z) = limpy—oo fn(2), there exists j > M such that |fin(2) — f(2)] < M
for any m > j. Using |fm| < |fm — f| + |f| we get that |fp(2)| < 2M < 2j for
any m > j. In particular, |f;, (2)| < 2j for any m > j. This means that for any
z € F we have found j such that z ¢ Sy, for any n > 2j, i.e., S is pointwise finite
on F.

It remains only to show that S is locally infinite on F. Let z € F and W be
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a neigbourhood of z. Then there exists V;, € V such that z € V,, C W. Since
{k ; V}, = V. } is infinite, we get that z € V;, C W for infinitely many k. Further,
2, € VNS, for any k. Now it is easily seen that W NS}, # 0 for infinitely many k.
The proof is complete. (|

A Hartogs-Rosenthal type theorem

Theorem 10. Let X be a locally compact, locally connected, connected and
non-compact space with countable base. Assume that there exists a sequence
{Kn}o2 | of Runge sets such that Ky, /* X. Assume further that, for any domain
Z in X and any x € Z, Z \ {z} is also a domain. Let G be a non-degenerate
continuous Runge sheaf on X. Suppose that X possesses the Vitali property and
the maximum property with respect to G. Let V C U be non-empty open subsets
of X such that no connected component of X \ U is relatively compact. Then
the following assertions are equivalent:

(A) There exists a sequence { f}>° ; of elements of G(U) such that

( ) PO({fn ’]’L:l) =U,
(2) cC({fnlpz) =V.

(B) There exists a sequence { fn}>2; of elements of G(X) such that

(1) UnPC{fa}p=1) = U,
(2) UnCC{fnlpzy) = V.

(C) There exists a family S of strips which is admissible for (U, V).
(D) There exists a sequence { fp}>2 ; of elements of G(X) such that

(1) UNPC({fn}p=1) =1,
(2) UnCC{falpl1) =V,
(3) limp—oo fn =00nU.

PRrROOF: (A) = (B) follows from Lemma 2.

(B) = (C) follows from Theorem 9.

(C) = (D) follows from Theorem 7.

(D) = (A) follows from the fact that G is a sheaf. O

Applications

For any k € N the symbol C¥ refers to a set of functions which are k-times
continuously differentiable, and C*:! refers to a set of k-times continuously differ-
entiable functions with k-th partial derivatives locally Lipschitz.

Now we shall recall several terms. Let d > 2, U C R? open. Let L be a
differential operator on C2(U) such that

d

2u(z d u(x
Lu(z) = ajk(x) . ngigxl + Zb,(w) . 68§7i) + c(x) - u(z),
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where = (x1,...,24) and coefficients are functions defined on U. We say that
L is elliptic on U if A(z) := (a;k(2))4—1 is a symmetric and strictly positive
definite matrix for any x € U. We say that L is strictly elliptic on U if A is
a symmetric and locally uniformly strictly positive definite matrix on U. Any
function u € C2(U) such that Lu = 0 on U is called L-harmonic on U.

Remark 11. Using the theory of harmonic spaces (for details see [CC]), one can
show that the following assertions hold:

(a) If L is an elliptic operator on R? with locally Lipschitz coefficients, then
R? possesses the Vitali property with respect to the sheaf of L-harmonic
functions.

(b) Let L be an elliptic operator on R% such that ajk € ¢l b ecll, cect!

and ¢ < 0. Then the sheaf of L-harmonic functions is a Runge sheaf on R4,
(c) If L is an elliptic operator with continuous coefficients such that a;j are

Dini continuous and ¢ < 0, then R? possesses the maximum property with
respect to the sheaf of L-harmonic functions.

(d) If L is a strictly elliptic operator with locally bounded coefficients and
¢ <0, then R? possesses the maximum property with respect to the sheaf
of L-harmonic functions.

These assertions follow from [He, p.560], [Pra, p.398] and [CC, p. 79|, using
Remark 12(b)—(d), and from [BM, p.40].

Remark 12. The following holds:

(a) Let X be a harmonic space (in the sense of Constantinescu-Cornea). By
definition, X is locally compact and the corresponding sheaf of harmonic
functions is non-degenerate and continuous. Moreover, X is locally con-
nected.

(b) Let X be a harmonic space with countable base. Then X possesses the
Vitali property with respect to the sheaf of harmonic functions.

(c) Let X be a connected harmonic space with countable base which has a
base of completely determining domains. Suppose further that 1 is super-
harmonic and that there is a positive potential on any relatively compact
domain in X. Assume that potentials with the same point support are
proportional. Further we assume axiom A* of quasi-analyticity. Then the
sheaf of harmonic functions is a Runge sheaf on X.

(d) Let X be a Brelot harmonic space such that 1 is superharmonic. Then
X possesses the maximum property with respect to the sheaf of harmonic
functions.

(e) Let X be a harmonic space such that every point of X is polar. Then,
for any domain Z of X and any z € Z, Z \ {z} is a domain.

For (a) see the definition of a harmonic space in [CC, p.30] and [CC, p.11].
Part (b) follows from [CC, p.272] and Arzela-Ascoli theorem [Con, p.148]. The
proof of (¢) can be found in [GGG]. For (e), see [CC, p.145]. We shall prove (d).
For any harmonic function g, |g| is subharmonic. Since 1 is superharmonic, |g| —
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is subharmonic for any a > 0. The maximum principle for subharmonic functions
implies the maximum property (see [CC, p.25]).

Theorem 13. The sheaf of holomorphic functions on C is a non-degenerate
continuous Runge sheaf on C, and C possesses the maximum property and the
Vitali property with respect to this sheaf.

If L is an elliptic operator with continuous coefficients such that ajj, € cl
b; e cbl ¢ e O, ajj Dini continuous and ¢ < 0, then the sheaf of L-harmonic
functions is a non-degenerate continuous Runge sheaf on R%, and R¢ possesses
the maximum property and the Vitali property with respect to this sheaf.

If L is a strictly elliptic operator such that ajj, € ¢ b e ¢l ¢ e €Ot and
¢ < 0, then the sheaf of L-harmonic functions is a non-degenerate continuous
Runge sheaf on R?, and R? possesses the maximum property and the Vitali
property with respect to this sheaf.

PRrROOF: On C, the proof follows from Runge’s theorem ([Con, p.198]), Vitali’s
theorem ([Tit, p.168]) and the maximum principle for holomorphic functions
([Con, p.128]). On R?, the proof follows from Remark 11. O

For the rest of this paper, L will be an elliptic or strictly elliptic operator
satisfying the hypotheses of Theorem 13.

Theorem 14. Suppose that V C U are open subsets of R? = C such that no
connected component of R?\ U is bounded. Then the following assertions are
equivalent:

(A1) There exists a sequence { fn}>2
(1) PC{fntnz1) =U,

(2) CC{fnlny) =V.

(A2) There exists a sequence { fn}72_ | of L-harmonic functions on U such that
(1) PC({fn}p=1) = U,
(2) CC{falpZ1) =V

PROOF: Suppose (A1). It follows from Theorem 10 that (Aj) is equivalent to

(C) for X = C. The same argument proves the equivalence of (Ag) and (C) for
X =R2. Since R? = C, the proof is complete. (]

of holomorphic functions on U such that

Theorem 15. Let V' C U be open subsets of C such that no connected com-
ponent of C\ U is bounded. If there exists a sequence {f,}72 | of holomorphic
functions on U such that PC({fn}5>;) = U and CC({fn}32;) =V, then V is
open and dense in U. Moreover, for any holomorphic function g on U there exists
a sequence {gn} >, of holomorphic functions on U such that g = lim, o0 gn
onU and CC({gn}s2,) =V.

Let V C U be open subsets of R such that no connected component of R4 \U
is bounded. If there exists a sequence {fn}>>; of L-harmonic functions on U
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such that PC({fn}72;) = U and CC({fn}2,) =V, then V is open and dense
in U. Moreover, for any L-harmonic function g on U there exists a sequence
{gn}o2, of L-harmonic functions on U such that g = limp .00 gn on U and

CC{gn}pz1) = V-

ProOF: It follows from Theorem 8 that V' is open and dense in U. Let {f,}72
be a sequence from Theorem 10, part (D). Define {gn}2%, :={g+ fn}32,. O

Now we will present several criteria for sets U and V which will tell us when
these sets allow the existence of a family admissible for (U, V).

Theorem 16. Let X be a topological space such that there exists a sheaf G for
which the pair (X, G) satisfies hypotheses of Theorem 10. Let V' C U be open
subsets of X. Define F := U \ V. Suppose that one of the following conditions
holds.
(a) V is not dense in U.
(b) There exists a relatively compact domain Z in X such that Z C U,
FNZ#0and FNOZ =10.

Then no family of strips is admissible for (U, V).
PrOOF: Part (a) follows from Theorem 8. Part (b) follows from the maximum
property on Z and from Theorem 10, (C) =(A). O

To simplify the notation in the next theorem, we shall introduce the following
definitions: Suppose that ¢ : (0,1) — C U {oo} is a curve (i.e., a continuous
mapping). For any z € C and any n € N define

Pi,z)={w+az; we({0,1)), a€(0,1) },

P2m) = {wt oz wed((0,1), o€ (o) )
Let 7, ¢ be curves on (0, 1) such that v(1) = ¢(0). Then define
~(2t) for t € (0, %},
(F+o)(t) ==

o2t —1) for te (11).

Theorem 17. Let X be a topological space such that there exists a sheaf G for
which the pair (X, G) satisfies the hypotheses of Theorem 10. Assume V C U
are open subsets of X such that no connected component of X \ U is relatively
compact. Define F := U \ V. Suppose that one of the following conditions holds.

(a) The set F has finitely many connected components F1, ..., Fy,. For any
j < k there exists a family of strips which is admissible for (U,U \ F}).

(b) Let X = C, C\ U connected. Suppose v : {0,1) — CU{co} is an injective
curve such that F is an intersection of U and v((0,1)), ¥(1) € U and
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7((0,1)) C U. In case y(1) # oo assume further that there exist z € C and

an injective curve ¢ : (0,1) — CU{oo} such that ¢(0) = (1), ¢(1) = oo,

%0 ¢ ¢((0,1)), ((0,1)) NU =0, and P(y+¢,2) N (v+¢)({0,1)) = 0.
Then there exists a family of strips which is admissible for (U, V).

PROOF: First we prove (a). Using Theorem 10, for any j < k we obtain a sequence
{fjntoZ, of elements of G(U) such that PC({fjn}pey) = U, CC{fjntpz1) =
U\ Fj. Define

k
fn = ij,n
j=1

for any n € N. Then PC({fn}22;) = U, CC({fn};>;) = V and Theorem 10
gives us a family of strips which is admissible for (U, V).
Now we prove (b). In case y(1) = oo define ¢ := oo on (0,1). For any n € N
define

Sp == P(y+¢,2,n)NC.

Then S := {Sy,, ; n € N} is a family of strips which is admissible for (U, V). O

Example

Let C be Cantor’s ternary set on (0,1) C R. If we define G := (0,1) \ C, then
G = Uy~ In, where I, are open intervals in (0,1) and I, N I; = 0 for k # j.
Take d > 2 and define

d—1
Sp = (Tn x (0,1)772 x (0,00) ) U [J ((0, )% x Ty x (0, 1)4717F).
k=1

Then S := {Sy ; n € N} is a family of strips which is admissible for ((0, 1)?,G9).
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