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The Re-nonnegative definite solutions
to the matrix equation AXB = C

QINGWEN WANG, CHANGLAN YANG

Abstract. An n X n complex matrix A is called Re-nonnegative definite (Re-nnd) if the
real part of z* Az is nonnegative for every complex n-vector z. In this paper criteria
for a partitioned matrix to be Re-nnd are given. A necessary and sufficient condition
for the existence of and an expression for the Re-nnd solutions of the matrix equation
AXB = C are presented.

Keywords: Re-nonnegative define matrix, matrix equation, generalized singular value
decomposition

Classification: 15A24, 15A57

In 1996, Lei Wu and Bryan Cain [1] defined a Re-nonnegative definite (Re-nnd)
matrix (that is, A € C™*" is called Re-nnd if Re[z*Az] > 0 for every nonzero
x in (C"Xl)7 presented a criterion for Re-nndness, and solved the matrix inverse
problem: Given complex matrices X and B, find the set of all complex Re-nnd
matrices A such that AX = B. It is well known that the matrix equation

(1) AXB=C,

where A, B, C are given and X is unknown, is very important; it was investigated
by C.G. Khatri and S.K. Mitra [2], K.E. Chu [3], A.D. Porter and N. Mousouris
[4], D. Hua [5], Q.-W. Wang [6]—[8] and others. In this paper we extend the results
of [1], give criteria for 2 x 2 and 3 x 3 partitioned matrices to be Re-nnd, derive
a necessary and suflicient condition for the existence of and an expression for Re-
nnd solutions of the equation (1). Throughout this paper, C, C™*" C*" GL,,
E™ will represent the complex field, the set of all m x n matrices over C, the set of
all matrices in C™*"™ with rank r, the set of all n x n invertible matrices and the
set of all n x n Re-nnd matrices, respectively. A*, rank A, Re[b] and I; will denote
the conjugate transpose of a complex matrix A, the rank of A, the real part of a
complex number b, and i X ¢ identity matrix, respectively. H(A) = %(A* + A),
P—* — (P*)—l — (P_l)*.
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2. Criteria for partitioned matrices to be Re-nnd

In this section, we improve a result concerning Re-nndness, and give a criterion
for 3 x 3 matrix to be Re-nnd.

Lemma 1 ([1]). A € E™ iff H(A) is nonnegative definite (abbreviated nnd).
Extending Lemma 2 in [1], we have the following

Lemma 2. Let a Hermitian matrix A be partitioned as
A— [A}kl A12] ’
12 A22
where A1 and Agg are Hermitian submatrices. Then the following conditions are
equivalent:
(i) A is nnd;
(ii) rank [AH, Alg] = rank A11, both A11 and A22 - U*AHU are nnd where
U is an arbitrary but fixed solution of the matrix equation A11 X = A12
for X ;
(iii) rank [ATQ, A22] = rank Aoo, both Ags and A1 — U* AU are nnd where
U is an arbitrary but fixed solution of Ags X = A7 for X.

Theorem 1. Suppose

Aqq A12> nxn
A= eC
(A21 Az

where A;; € C"i*™ (n1 +ng = n). Then the following statements are equivalent:
(i) Ae E™;
(ii) rank(A;; + ATI) = rank[A] + AT1;A12 + A;l]’ both Ai1 and Agy —
U*A11U are Re-nnd, where U is an arbitrary but fixed solution of the
matrix equation

(A11 + A7) X = Ao + A3
for X;
(iii) rank (Ao + A§2) = rank(A’b + Ao, Ao + A;Z)’ both Agy and A1 —
U*AgoU are Re-nnd, where U is an arbitrary solution of the matrix equa-

tion
(A22 + A§2)X = ATQ + A21

for X.

PRrROOF: Note that
A1+ AY, Ao + AS
2H(A) = 11 21
(4) <A21 + A’b Agg + A;z ’
2H (Agg) = Agg + Ay, 2H (A1 — U*AeU) = Aq1 + Ay — U*(Agg + ASy)U.
By Lemma 1 and Lemma 2, (i) < (iii).
Similarly, (i) < (ii) may be proved. O
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Lemma 3. Let

A= A21 A22 A§2 T2
X31 Azp Azz) n—ri—r2
T1 9 n—ri—r9

be Hermitian. Then there exists X31 € C(n=r1=r2)X11 guch that A is nnd if and
only if both
Aqq A’b) <A22 A% >
and 32
<A21 Az " Azg  Ass

PRrROOF: “Necessity” is obvious by Lemma 2. Now we prove the “Sufficiency”.

By Lemma 2, we may assume that Uj (respectively Us) is an arbitrary solution
of AgoX = Agy (respectively As3X = Asg) for X. Taking X33 = A32U; and

are nnd.

I, (0] (0]
rP=\-Uy I (0] ,
0 _U2 In—rl—rz
we get that
P*AP = diag(A11 — Uf AgaU, Aoy — U A33Ua, As3).
By Lemma 2, A is nnd. O

Theorem 2. Suppose
A Az Az m
A= Ay Az Az | 72 e Cnxn,
X31 Asy Aszz) n—ri-ro
rL  To M—T1—T2
Then there exists X3 € C("~"1=72)X"1 gych that A € E™ if and only if

A Ar > 1 <A22 Ags > n—r
A = e ET2 Ag = € EnTL
! <A21 Agg 2 Azy  Ass

PROOF: Assume Bq1 = A1 + Aj;, Bo1 = A1 + Ajy, B31 = X31 + A’{3, Boo =
Agg + A3, B3o = Az + A3, B33 = Azz + A3, Then
Bi11 B ) (ng B )
2H(Aq1) = 21 ) 2H(Ay) = 32 )
(A1) (321 Bao (42) Bss  Bss
Bi1 By B§1
2H(A)= | Bay Ba B
B3y Bsz Bss

Hence, the theorem follows immediately from Lemma 3 and Lemma 1. (I
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3. Re-nnd solutions to the matrix equation (1)

Now we consider the Re-nnd solutions of (1) where A € C™*™, B € C"*9,
C € C™*4 are given and X € C"*" is unknown.

We decompose the matrices A and B* using the generalized singular value
decomposition (GSVD) [9]

2) UAP = [ZA,on_k], VB'P=[>. 004l
k k
where
I, O
_ S : - S :
(3) ZA ! O Z Iy

SA = diag(aT-i-lu s 7aT+S)7 S = diag(ﬁr-i-]_; cee 767”4-8)7

2+ =1i=r+1,..,r+s1>001 > > s >0,0< By <00 <
Or+s < 1, k = rank (E?*)? r =k —rank B, s = rank A + rank B — k, U € C™*™,
V € C"*™ are unitary and P € GL,.
Remark. Proofs, properties of the GSVD and a numerically stable algorithm for
the computation of the GSVD can be found in [9]-[10].

Let
X11 X12 X13 X4\ T
X1 X22 Xa3 Xoa | s
X311 Xs2  Xszz Xsa| k—r—s’
Xan Xa2 Xu3 Xa) n—k

(4) Plxp* =

(5) UCVv*=1Cau  Coa Coz| s
Cs1 Cs2 C33) m—r—s
n—k+r s k—r—s
Lemma 4. Consider the matrix equation (1). Let P~1XP~* UCV* be as in

(4) and (5), respectively. Then (1) is consistent if and only if Cy; (i = 1,2,3) and
Cs3; (j = 2,3) vanish, in which case the general solution is

X11 61125_1 , 0113 X1a

Xo1 54 CoS™" 8§, Coz Xoy %
6 X=P A A P
(©6) X31 X32 X33  Xsg

X1 Xy X4z Xy
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where X;1, Xi4 (i = 1,2,3,4), X35, X4 (j = 2,3) are arbitrary complex matrices
whose orders are given by (4).

PRrROOF: Obviously, the matrix equation (1) is equivalent to
UAPP'XP*P*BV* = UCV™*.

Hence by (2)—(5), (1) is equivalent to

O X198 X13 Ci1 Cr2 (i3
(7) O SaX92S SpXoz | = Cor Cop Cos
@) @) @) C31 C32 Cs3
Accordingly, the lemma follows from (7). O

Now we give the main result of the present paper.

Theorem 3. Under the conditions of Lemma 4, the matrix equation (1) has a
Re-nnd solution if and only if Cy; (i = 1,2,3) and C3; (j = 2,3) vanish, and
SleggS ~! is Re-nnd. In that case, the general Re-nnd solution of (1) is

B M N \
®) X_P(—N*+T*(M+M*) D+T*MT)P’

where
Do +T5(S; Co0S™ )Ty C1957! C
2 20y L22 2 12 13
M = F Syt Coa5™1 S31Cas :
X3 G Dy +TFS 08Ty

with F=—S71C% + (S5 C2S™ 1+ S71C5,S 1y,

G = —C3387 + T (S, Co2S™ 1 + 57105, 57 Y,
X31 € {X3; € Ch—r=$)xr | \f ¢ EFY Dy € EF="=5 Dy € E", D € E"k,
Ty € Csx(k=r=s) ', c Cs%7 T e Ck*(n=k) N e Ck*("=K) are all arbitrary.

PROOF: If the matrix equation (1) has a solution X € E™, then by Lemma 4 Cj;
(i=1,2,3) and C3; (j = 2,3) vanish and X has the form of (6). Hence

X171 CppS!t Cis ¢ Xu

—1 -1 -1 : .
Xo1 5, CnS Sa'Cus @ X | (M N .
X31 X32 X33 : X34 ...........
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By Theorem 1, M and

def.

9) Xag —T*MT D

are all Re-nnd where T is an arbitrary solution of the matrix equation
(10) (M + M*)X = Ny + N.
By Theorem 2,

<X11 _61125_1_1> and (&]10225_1 521023>
Xo1 84 028 X392 X33

are all Re-nnd. Hence by Theorem 1, on the one hand, both 5210225_1 and

(11) X111 — T;SZlcQQS_lTQ ﬂ Do

are all Re-nnd where T3 is an arbitrary solution of the matrix equation
(12) (S3102287 1+ 57105,8 71X = S71CT, + Xo1.
On the other hand,

(13) X33 — T7S; Ca 87Ty def.

D;

is also Re-nnd where T7 is any solution of the matrix equation
(14) (S3 022871+ 57105,8 1) X = S, Cos + X2

Consequently, by (10)—(14), X has the form of (8).

Conversely, assume Cj1 (i = 1,2,3) and C3; (j = 2, 3) vanish and 8210228_1
is Re-nnd. Then by Theorem 1 and Theorem 2, there exists X3; € Clh—r=s)xr
such that

M N
~N*+T*(M + M*) D +T*MT

is Re-nnd. Hence the matrix X of type (8) is Re-nnd. It is easy to verify that the
matrix X of type (8) is a solution of the matrix equation (1). O
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