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Finite canonization

SAHARON SHELAH

Abstract. The canonization theorem says that for given m, n for some m* (the first one
is called ER(n;m)) we have

for every function f with domain [1,...,m*|", for some A € [1,...,m*]™, the
question of when the equality f(i1,...,in) = f(J1,...,Jn) (Where i1 < -+ <ip
and j1 < ---jn are from A) holds has the simplest answer: for some v C
{1,...,n} the equality holds iff /\ i = Jo.

Lev

We improve the bound on ER(n,m) so that fixing n the number of exponentiation
needed to calculate ER(n,m) is best possible.

Keywords: Ramsey theory, Erdos-Rado theorem, canonization

Classification: 05, 05C55

§0. Introduction

On Ramsey theory see the book Graham Rothschild Spencer [GrRoSp]. This
paper is self-contained.

The canonical Ramsey theorem was originally proved by Erdés and Rado, so
the relevant number is called ER(n,m). See [ErRa], [Ra86] and more in the work
of Galvin. The theorem states that if m and n are given, and f is an n-place
function on a set A of size > ER(n,m), then there is an A’ € [A]"™ such that f is
canonical on A’. That is, for some v C {1,...,n} and for every iy < --- < i, € A’
and j1 <---<jp €A

FGr, . vin) = (-0 dn) &\ i = e
lev
Galvin got in the early seventies by the probability method a lower bound which
appeared in [ErSp, p.30], ER(2;m) > (m + o(1))™.
Lefmann and Ré6dl [LeRo93] proved

m3
2m® < ER(2:m) < 227 .

I thank Alice Leonhardt for the beautiful typing.
Written 4/June/94 - Publ. No. 564.
Latest Revision - 4/Aug/95
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Lefmann and Rédl [LeRo94] proved:

(i) 202m2 < ER(Q; m) < 2c;(m2 log m)

(ii) Jn(cpm?®) < ER(n+1;m) < 3y (CZ%)
See more on this in [LeR094] and below for the definition of 3.
We thank Nesetfil for telling us the problem; which for us was finding the right
number of exponents (i.e. the subscript for 3 in (i¢) above) in ER(n;m) (for a
fixed n). We prove here that this number is n.
Why is the number of exponentiations best possible? Let r*(m) be the first r
such that: r — (m)?, now trivially ER(n;m) > r*(m) when m is not too small,
and r{*(m) needs n — 1 exponentiations when ¢ is not too small.

§1. The finitary canonization lemma

Notation.. R, N are the set of reals and natural numbers respectively. The letters
k,?¢,m,n will be used to denote natural numbers, as well as i, j, a, 3,7,(,£. We
let € be a real (usually positive).
If Ais a set,
[A]" = {u C A:|u| = n}.
We call finite subsets u, v of N neighbors if:
ul = [ol, [u\v] =1
and
[k eu\v,lev\uymeunv=k<m={<m)]
For m € N, we let [m] = {1,...,m}.
For a set A of natural numbers and ¢ € N, A < ¢ means (Vj € A)(j < i). We

similarly define ¢ < A.
With i, A as above

As; denotes the set {j € A:j > i}.

We use the convention that A, ¢ is A.

Let J,,(m) be defined by induction on n : Jg(m) = m and Jy,41(m) = 2-(7),
Usually, ¢; denotes a constant. ([l

1.1 Lemma (Finitary Canonization). Assume n is given, then there is a constant
¢ computable from n, such that if m is large enough:

If f is an n-place function from [m®] = {1,...,m®} and m® > 3,,_1 (em®Zn—1)
then for some A" € [{1,...,m®}|™, f is canonical on A’; i.e. for some v C
{1,...,n} for every iy < --- < ip from A" and j; < --- < j, from A, we
have

Fir-oyin) = fGL -0 dn) < N e = de-

lev
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The proof is broken into several claims.

Explanation of our proof.

We inductively on n* = n®, ... 1 decrease the set to A, while increasing the
amount of “partial homogeneity”, i.e. conditions close to: results of computing f
on an n-tuple from A, « are not dependent on the last p = n® — n* members of
the n-tuple. Having gone down from n® to n*, we want that: if uy,us € [Ap«]"
are neighbors differing in the ¢-th place element only then: if £ < n*, the truth
value of f(u1) = f(u2) depends on the first n* elements of u; and ug only; if
£ > n* the truth value of f(u1) = f(u2) depends on the first n* elements of ug
only. Lastly if £ = n*, it is little more complicated to control this; but the truth
value is monotonic and we introduce certain functions, (the h’s) which express
this. Arriving to n* = 1 we eliminate the h’s (decreasing a little) so we get the
sufficiency of the condition for equality, but we still have the necessity only for
u1, ug which are neighbors. Then by random choice (as in [Sh37]), we get the
necessity for all pairs of sets. The earlier steps cost essentially one exponentiation
each, the last two cost only taking a power.

1.2 Claim. Assume

(o m > 20+2)es(m)
t>0,n*>1, k(x) >0 (c1 is defined in the proof from k(x), n*)
and m* is large enough (relative to 1/e,t, k(x),n*)
()1 ACN, |A|>m
fi. a function with domain [A]"" for k < k(x),
hy, is a function from [A]"" to N for k < k(x), and
g is a function with domain [A]"" such that Rang(g) has cardinality < t.

*
n

Then we can find A*, j* such that:
(¥)2 A* C A, |A*| > m* and j* € A gyp(a+) and we have:
if k < k(x),u e [A*]"" ! and v € [A*]" 7L, then

*
>sup(uUv

frwU{i}) = fi(wu{i}) & fr(uU{i™}) = fr(v U{i"})

(o) if u,v are neighbors, then for all i € A ) we have

(B) if u = v then for every ig < i1 from AL () W€ have!

p(u)
fe(wU fio}) = fr(uU{ir}) & fr(uU {io}) = fr(uU{j*})

(v) forallie Aisup(u)

g(uU{i}) = g(wU{j"})

1This is used later to define the hy, for the “next step”.
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() either for all i € A* = {j*} we have

>sup(u
or for all i € Aisup(u) U {j*} we have
hi(u) < i.

1.2 A Remark. (1) We could have also related f, (u), fx,(u) for various k1, ko,
this would not have influenced the bounds.

PROOF: Standard ramification. For B C A we define an equivalence relation Eg
on Asgup(p) as follows. We let:

io Ep i1 iffig, i1 € Asgup(p) and for every u, v € [B]""~1, d € Rang(g), w € [B]"
and k < k(x) the truth value of the following is the same for ¢ € {0,1}:

() fr(uU{ip}) = fr(vU{ip}) if u,v are neighbors
(B8) fre(uU{ig}) = fr(w) if u = w\{max(w)}
(7) g(uU{ig}) =d

(0) hi(u) = ig.

Clearly Ep is an equivalence relation and Ej is the equality (as n* > 1).

For i € Ao gup(B) We let i/Ep denote the equivalence class of i via Ep.

Note that if B C B*, then i/Eg« C i/Ep.

We now define a tree T' by defining by induction on ¢ € N objects t<y, <, and
(A; i € t<y) such that: a

(a) (t<,,<g)is atree, t<, a subset of A, <, a partial order on t; such that for
every « € t<,, {y : y <; x} is linearly ordered
(b) tSZ - t§£+1 and <¢+1 i tSZ =<y
(c) t<o = {min(A)}, Apin(4) = Asmin(4)
(d) tS(Z—i—l)\tSZ is the (¢ 4 1)-th level of (tS(Z—i-l)a §g+1)
(e) ifig <p 91 <e <y ig € t<, (so {ip,...,i¢} is a branch) then
(@) Ai, =i0/Efg,...i0 1}
(B) the set of immediate successors of iy in (t<(py1), <p41) is
Yi, = {min(j/Egg 4,,..4,)) 0 J € Ai, but j # i}

This is straight. Let ty = t<\ U t<m and T = Utgg.
m<t 4
Note also that ¢ <, 7 = ¢ < j and that

& if we consider the definition of E;,;<, ;) restricted just to A;\{j} we may
restrict ourselves: for clause (o) only to the u,v € [{i:i <, j}]"* ~1 with
max(u Uwv) = j, and for clause (3) only to those
we{i:i<gi})" Y wel{i:i<, 5} with max(w) = j.

For (v) and (§) we may assume max(u) = iy.
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Now it is easy to see that

(x)3 A={Jte
‘

(¥)4 if j € ty then the number of immediate successors of j in (t<pi1,<¢41)
necessarily they are all in ¢ is at most
y y 41

(20 0Y s () ) () k1),

[Why this inequality? The four terms in the product correspond to the four clauses
(@), (B), (), () in the definition of Ep for the branch B = {ip,...,iy = j} of
(t<p,<). The power k(x) in the first two terms comes from dealing with f; for
each k < k(x) and “2 to the power z” as we have 2 choices of yes/no. Now
the first term comes from counting the possible u U v (from clause («)). At the
first glance their number is |[{ig,...,i,}]™ | as being neighbors each with n* — 1
elements they have together n* elements, but by ) we can restrict ourselves to
the case iy € u U v, so we have to consider |[{ig,...,i;_1}]" | = (nf_l) sets
u U wv; then we have to choose u U v\(u Nv) (as we do not need to distinguish
between (u,v) and (v,u)). As u,v are neighbors we have n* — 1 possible choices
(as the two members of (uUwv)\(uNv) are successive members of ©Uwv under the
natural order).

For the second term, we should consider u, w as in clause (3), and so as
u = w\{max(w)} we know w gives all the information, and by ) above
max(w) = iy, so the number of possibilities is (nf_l).

For the third term we have a choice of one from < ¢(= |Rang(g)|) for each
u € [{ig,...,ig}]™ ~L, but again by ), with max(u) = iy, so the number is
(n*z—2)’

Lastly, in the fourth term the number of questions “hj(u) > 4" is again
(nf_z) - k(*), but by the properties of linear orders there are (nf_z) ck(x)+ 1
possible answers. So ()4 really holds.]

Clearly (with cg = k(*)/(n* — 2)! + k(x)/(n* — 1))

e 1\ k() k()
()5 (2(71*[1)*" —1) « (2(n*el)) x tlns=2) () - k() +1)
< ok ()" 71/ (n*=2)!  gk(x)£7" ~1/(n* 1)1 o olog(t)e™ —2/(n*—2)!

OV (%) [ (n* — 2)1 < 200t™ TH(1+e)

(any positive ¢, for £ large enough; actually we can replace ¢ by e.g. 1/51_5, e >0).
So (for some constant cg)

449



450 S. Shelah

(14+e)co Y p" 1

l
1 -1 9
(6 [tepr] < g J] 200" = =cf -2 P
p=1
< g o(Feeo(t+ )" /n® — 2 g(lke)d(t+1)"

4

1

But

@ if ap > 0,ap < apy1 and p > £* = 2ap < apy1 then

J4
Zap < 2ap+ Z ap
p=0

p<L*

hence (possibly increasing e, which means for (x)s5 using large /)
(97 eyl < G+ Y - 20FAHIT < f oG ED" 41 <

p=0
o(1+e)er ((+1)™

So (increasing ¢ slightly)
()8 t<m=| <m <|A]

so there is a j* € tyx41. Let A" = {i: 0 <pry1 5} (s0 |A*| =m* + 1), then
A*, j* are as required (actually we could have retained ¢g instead c¢q). 019

1.3 Claim. Assume

()9 (a) n® >n* > 1, k(x) >0
(b) we have the function m(—) satisfying m(n + 1) > o(14e)eim(n)"+1 ¢ .
n € [n*,n®), c1 from 1.2
(¢) t > 0 and m(n*) is large enough relative to k(x),n*, c1,1/e.

()10 A CN, |A] > m(n®) +1, g is a function with domain [A]"® and range
with < t members; f;, is a function with domain [A]"® (for k < k(x)), and
for simplicity P({0,1,...,n® —1}) N Rang(fy) = 0.

Then we can find A’ € [A]"(")+1 and j; € A for £ € [n*,n®) satisfying

A < jre < jheiq <...,and functions ¢', g, hy, (k < k(x)) with domain (AN
such that (letting w* = {j; : £ € [n*,n®)}):

(¥)11 for all u € [A']"

(a) forw e [A;sup(u)]
g(uUw) = g'(u) = g(uUw")
(b) for k < k(x) we have hy(u) € N and gj(u) € {v:v C (n*,n®)}

Q ok
TN we have
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(c) Hfwi,wg€ [Agsup(u)]"(@_"* and k < k(%) and: (note: |u| =n*)
{i € wy: ful +]iNwi| € gp(u)} = {i € w2 : |ul +[i Nwal € gp(u)}
and [min(w; Uwg) < hg(uw) = min(wi) = min(ws)] then

Se(wUwi) = fi(uUws).
(d) Assume k < k(x), wy Uwa U {i,j} C A, u<wy <i<j<wyand
lwy Uws| =n® —n* —1:

(i) if wy # 0 then
frlwUwy U{i} Uwa) = fr(u Uwr U{jt Uwsz) & [uUwi| ¢ gg(u)
(ii) if wy = 0 then
fr(wU{i} Uws) = fr(uU {j} Uwa) & hy(u) <.

*

(e) for k < k(x) and neighbors ug,u; € [A'|" and

/ ® _p*
we [A>max(u0Uu1)]n "

fe(ug Uw) = fi(ur Uw) iff fr(uo Uw™) = fi,(ug Uw®).

we have:

Remark.. (1) Note particularly clause (d). So gi(u) is intended to be like the v
in 1.1, only fixing an initial segment of both {i, : £ < n®} and {j, : £ < n®} as u.
But whereas the equality demand in clause (d) is as expected, the non-equality
demand is weaker: only for neighbors.

(2) Note that we can in some clauses above replace A’ by A’ U w*.

PRrROOF: We prove this by induction on n® — n*. If it is zero, the conclusion is
trivial.

Use the induction hypothesis with n®, n* + 1, f, (k < k()), g now standing for
n®, n*, fi, (k < k(x)), ¢ in the induction hypothesis. We get A’ € [A]m(n"+1)+1
and functions ¢', gi, by (for k < k(x)) and j; for £ € [n* 4+ 1,n®) satisfying (*)11
of Claim 1.3. Now we apply 1.2 to n* +1 and m = m(n* + 1),A’,g®,f§),h?
(k < k(x)) where we define the function ¢® with domain [A’]" T1 by ¢®(u) =
(¢'(w), gk (u) : k < Kk(x)),hY = hy, and the function f with domain [A/]" 1 is
defined by

fi ) = fiwL {ji : L€ [0+ 1,n)}).

We get there A* € [A]™(")+] and j* € (A)squpa+. Let jur =: j*. Now we
have to define hy, with domain [A*]"" (for k < k(x)). For u € [A*]" let

Bl = {i € ALy P U L)) # P U (7))
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By clause () of Claim 1.2, Bk is an initial segment of A*
max(BE) 4 1.

Lastly, for u € [A*]"" we have to define gj(u). By 1.2 (§), the answer to
“h?(u U{j}) < jn+" does not depend on j € ALy, Let g}? be the “old” g
(with domain [A/]”" +1) and let

oew) = g (U {jn+}) if A (uU{j}) < jn-
b g}? (nU{jn*}) U {jn+} otherwise.

Ssup(u)” Let hk(u) =

Now A%, gk, hg, Jps Jpxy1,--- are as required. O3

1.4 Claim. (1) Assume m(1) > (k(*) -m(0))F*)+ and A’ C N, |4’] > m(1) and
for k < k(x), hy, is a function from A’ into N, hy(i) > i.
Then we can find A” C A’, |A”| > m(0) such that
()12 for each k < k(x) we have:

either (Vi,j € AN[i < j = hy(i) > 4]
or (Vi,j € AN[i < j= hy(i) <3

(2) If m(1) > dkm(O)zk(*), A C N, |A] > m(1), gy is a function from A to
{1,...,d}, and fy is a function from A to N for k < k(*) then we can find
A" C A, |A’| > m(0) such that:

& for each k, fy, | A’ is constant or one to one and g, | A’ is constant.

PROOF: (1) We can find A1 C A’, |A;] > m(1)/k(x)¥(*) such that for all i, j € A1,
Gk < k(%) = [he(i) < (i) = he(j) < hy(5)]-

So without loss of generality

(%) L <k <k(x) & i€ Ay = hyp(i) < hy(3).
By renaming we can assume A; = {1,2,...,m(0)k*)+1},
Now if for some £,0 < £ < m(0)**)+1 —m(0), and
(Va) (a € [0, £+m(0)) = ho(a) > £+m(0 )) then A” = [¢,04+m(0)) is as required
for all hy by ().
If not, then we can find ay € [1,m(0)F®*1) for ¢ = 1,...,m(0)*™), strictly
increasing with ¢ such that ho(ay) < o1 1. We repeat the argument for hq, etc.
(2) Also easy. 014

Remark.. We can use m(1) > k(x)! - m(0)**)*1 instead. The only point is the
choice of A.
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1.5 Claim. Assume we have the assumptions of 1.3. If we first apply 1.3 getting
A" and then apply 1.4 to get A” C A’ such that for each k and u € [A"]"" either
hi(u) < min{¢ € A” : u < £} or hy(u) > max(A”) (we assume now n* = 1 so
u={j}), and in addition

()13 M2 =" (2n® — %) (BTN ) < |47

then there is A* € [A”]™ such that (in addition to (¥)11(a)—(e) +(x)12) we have

(¥)14 for all u € [A*]"

(f) if wi,wy € [AX

>sup(u)]n®_n*7l€ < k(*) then

fe(wUwr) = frluUwsz) < {i €wr :[iNwi|+[u| € gr(u)} =
{i € wa : [iNnwa| + |u| € gg(u)}-

Remark.. Here we are rectifying the gap between the equality ((*)11(d)) and the
inequality ((x)11(e)) demand.

PRrROOF: First note that

(¥)15 for all u € [A”]"" the implication < holds.
[why? just use clause (c) of (x)11 of Claim 1.3].

So we are left with proving =.

Choose randomly m members of A”. We shall prove that the probability that
the set they form has exactly m members and satisfies clause (f), is positive. This
suffices. Let us explain. We fix n* among these elements and call the set they
form u.

In clause ()12 for £ = 1,2 we let vy =: {i € wy : |u| + |i Nwy| € gg(u)}.

By (*)15 the problem is that = may fail.
Let z1,...,%m be random variables on A”. The probability that \/ T = j
i#]
is < () - ﬁ

Now for k < k(x)L, w € [{1,...,m}"", wi,ws € [{1,..., mN\u"" ",
v1 € wi,vy C wo defined as above, and a possible linear order <* on u* =
u U wy Uws, we shall give an upper bound for the probability that

/\ (b1 < Uy & xp, < xy)
01, 0o €u*

and they form a counterexample to clause (f) (of Claim 1.5). So in particular
u<wg,u <wy.
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Choose ¢ € v1\va (as v1 # vg and |v1| = |gr(u)| = |va| it exists). We can first
draw x; for j # £. Now we know fi(u U wsg); note: we may not know wso as
possibly £ € wy, but as £ ¢ ve, by the choice of A’ it is not necessary to know ws.
Now there is at most one bad choice of z; (the others are good (inequality) or
irrelevant (<* is not right) by (d) 4+ (e)) so the probability of this is < ﬁ So
if we fix the set u* = v Uw; Uws and concentrate on the case |u*| = 2n® — n*,
we have 2n® — n* possibilities to choose ¢ € v* and then having to choose z; for

. 2(n®—n*)—-1 o

1 # £, we know u and have < ( n® ) ways to choose wa, so the probability
® _pnF)—

of failure is < (2n® —n) (2(nn® _nn,z 1) : |A_1"\

So the probability that some failure occurs is at most (the cases |u*| < 2n® — n*
and 27 = x9 are swallowed when m is not too small)

m2n ()20 — n) (2<n® —n*) - 1) 1

AT

n® — n*

Now by assumption ()13 this probability is < 1 so the conclusion is clear. [ 5

Before we state and prove the last fact, which finishes the proof of the theorem,
we remind the reader of the following observation. The proof is easily obtained
by induction on 4.

1.6 Observation. (1) J,(kx) > k3Jp(x) when x,k > 2 and £ > 1.
(2) Jp(kz) > (3y(x))* when z > 2, k> 2 and £ > 1.
1.7 Fact. Assume that n®,n*, m(n*), k(x),e,t and c1 are as in (%)g (a) and (c).

Let us define

co = Max{(1+¢)c1, 2}

c3 =n® x (c2)? (in fact n® x ¢y suffices)

and the function m(—) as follows: for n € (n*,n®] by
n +1ch—n )

m(n) = Jp—px(m

where
m(n*) = m.

Then (*)g (b) holds.
PROOF: We need to check that for n € [n*,n®)

m(n +1) > 2 +em(n
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or equivalently
logy(m(n +1)) > (14 ¢)ey m(n)" L

so it is enough that
logs (m(n + 1)) > ca m(n)"*

i.e.

l0gy(Jn41—ns (m"™ 1)) > cam(n) ™+

i.e., when n > n*

D (e (e Y HLY > ep(T e (B H YL,
It suffices by the above observation that

Jn—n=(c3 - cg_"*m”*"'l) > Jn_pe(ca(n + l)cg_"*m”*"'l),

which is true by the definition of ¢g when n > n*.
For n = n* we need that

m(n* + 1) Z 2(1+E)Clmn*+1

i.e.
g™ Fles > 2(1+e)01m"m,

which is true as ¢c3 > cg > (1 +¢)cy. Oq.7
1.8 Proof of Lemma 1.1. So m,n,¢ are given. Let

(a) n* =1,n® =n, k(x) =1,t =1, 1 asin 1.2, and cg, c3 as in 1.7
(b) mg=m

my = k(x) - (2n® — n*) - (2(”® —n*) - 1) (m0)2n®—n*

n® — n*

) <2n - 3) e

n—1

my = (k(x)mp)FHL = (1m7)?

mg = (m1)? - 280 = 2(my)?

(c) we define function m(—) with domain [n*, n®]:
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for £ =1 we let m(1) = ms

for £ > 1 we let m(f) = Jyp_1 (51 - (m3)?).

So we are given m® > m(n). In Claim 1.3 from the assumption (*)g, clauses
(a), (c) hold and clause (b) holds by Fact 1.7. Also assumption (*)19 of 1.3
holds (with {1,...,m®} standing for A, fo the given function f (in 1.1), and g
constantly zero).

So there are A € [{1,... ,m®}]m(1)+1, g, 9o, hg satisfying the conclusion of 1.3
i.e. (¥)11. A here stands for A’ in 1.3. Note |A| = m3+ 1. Now apply 1.4 (2) with
A, m3, ma, fo, go, 1 here standing for A, m(1), m(0), fo, go, k(*) there and get
A’ e [A]™2F1, Next we apply Claim 1.4 (1) with A’, mg, m1, hg, 1 here standing
for A’, m(1), m(0), ho, k() there and get A” € [A']™ satisfying the conclusion of
1.4 (1) i.e. (¥)12. Lastly apply Claim 1.5 and get A* € [A”]™0 = [A”]™ satisfying
the conclusion of 1.5;i.e. (x)14. Now A* is as required.

1.9 Remark. We could have applied 1.5 in each stage, or just for n = 3, this saves,
somewhat.
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