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Set valued measures and integral representation

XUE XIAOPING, CHENG LIXIN, LT GOUCHENG, YAO XIAOBO

Abstract. The extension theorem of bounded, weakly compact, convex set valued and
weakly countably additive measures is established through a discussion of convexity,
compactness and existence of selection of the set valued measures; meanwhile, a charac-
terization is obtained for continuous, weakly compact and convex set valued measures
which can be represented by Pettis-Aumann-type integral.

Keywords: set valued functions, set valued measures, Pettis-Aumann integral
Classification: 28A45, 46G10

Z. Artstein ([2], 1972) introduced the concept of set valued measure in R™ and
studied its convexity, the existence of selection and the Radon-Nikodym Property
(RNP, for simplicity) corresponding to the Aumann integral (defined by Aumann
[1], see also [6], [9] for further properties). Hiai [7] generalized Artstein’s results to
bounded variation set valued measures on Banach spaces. In 1985, Papageorgiou
[10] studied the representation of set valued operators and later on ([11], 1987)
he paid attention to distribution theory of set valued functions and measures.

In the present paper, as a generalization and development of Artstein’s, Hiai’s
and Papageorgiou’s work, the extension theorem (§3) of bounded, weakly com-
pact, convex set valued and weakly countably additive measures and a charac-
terization (§4) of continuous, weakly compact and convex set valued measures
which, defined on a complete and finite measure space, can be represented by
Pettis-Aumann type integral are given.

Notation. The letter X will always denote a real Banach space, X’ its dual, (-, -)
the bilinear conjugate operation. P, (X) is for the set consisting of all nonempty
subsets of X and Pyee(X) (C Py(X)) for all of weakly compact convex subset

of X. The symbol “—7” (“ﬂﬂ’ and “w—>”) means to be “norm convergent to”
(“weakly convergent to” and “weakly * convergent to”, respectively). For A C X,
co(A) (co(A)) denotes the (norm closed) convex hull of A and cl(A4) (c1¥(A))
stands for the norm (weak) closure of A; o4, defined by o4(z') = sup{(2/,z) :
x € A} for 2/ € X', is called the support function of A. The symbol H denotes the
Hausdorff metric, that is, H(A, B) = max{sup,¢ 4 d(a, B), supyec g d(A,b), where
the metric d is deduced by the norm}, in particular, H(A,0) is denoted by |A4|
for simplicity. €2 is always a nonempty set, 7 and ¥ an algebra and o-algebra,
respectively, both F and ¥ consist of subsets of 2.
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1. Properties of set valued measure
Let M : F — Py(X) be a mapping.

Definition 1.1. (a) M is called finitely additive (set valued) measure on F, if it
satisfies () M (@) = 0 and (ii) M(F1 U Ey) = M(Ey) + M(FE?) for all E1,Fy € F
with 1 N Ey = §;

(b) M is said to be countably additive measure provided it is finitely additive
and for any mutually disjoint sequence {E,} C F, M(Up_1 En) = Y ooy M(Ey)
= {z € X; for each positive integer n, there is x, € M(E,) such that Y >°
unconditionally converges to z}.

(c) We say M is weakly countably additive provided for any 2/ € X', o M(,)(:v’ )
is a real valued measure on F.

(d) We call M bounded provided there exists C € R such that |[M(E)| =
{llz|;x € M(E)} <C for all E € F.

(e) Let {An} C Pa(X). D02, Ay is said to be unconditionally convergent if
VI, € Ap, forn=1,2,..., 3% | z, is an unconditionally convergent series.

n=1

Definition 1.2. M is called strongly additive provided it is finitely additive
and Y -2 ; M(Ep) unconditionally converges for any mutually disjoint sequence
{E,} C F.

Lemma 1.3. Let {Ap} (C Py(X)) be a uniformly bounded set sequence. If
for any subsequence {Ay,} C {An} there exists a weakly relatively compact
set A C X such that 33,704, (2') < 0a(a’) for all 2’ € X', then 35774 Ap
unconditionally converges.

Proor: Clearly, > o |oa, (z/)] < oo for all 2/ € X'. For any zy, € Ay, n =
1,2,... and positive integer m, we have

Dol en) <Y loa, @)+ Y loa, (=)
n=1 n=1 n=1

Therefore > o2 ; [(2/, zp)| < co. By the Orlicz-Pettis theorem (see, for instance,
[5]), it suffices to show that for any sequence {zp,} with z,, € Apn,, > 1 Zn,
weakly converges. Set ym = Y- Tn,,, we know that SUP,, [(z/, ym )| < oo for
any 2/ € X’. This and the Resonance Theorem imply that there exists y € X”
such that g, ~> y in X", we claim that y € X. Since (y, 2y = 052 ony, 2') =
Dk (@ an,) < 2052104, (27) < 04(a) for some weakly relatively compact
A € Py(X) and for all 2’ € X/| that is, y is continuous according to the Makey’s
topology by o 4(2'), we obtain y € X, and this says that y, — y in X. Thus
the proof is complete. O
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Corollary 1.4. Let M(X — Pyee(X)) be a bounded countably additive set
valued measure, then M is strongly additive.

PROOF: Let {E,} C X be any disjoint sequence. Set E = [J32 E,, (€ X), then
M(E) is weakly compact and convex set satisfying oo M(E) (@) = opm) (@)
by the countable additivity of M. It is easy to observe that oy~ pz( En)(x/) =
Y ome1 OM(By)(2') for all 2” € X'. And Lemma 1.3 implies that 37 M(Ep) is
unconditionally convergent. (|

Corollary 1.5. Let M(X — Pyee(X)) be a bounded mapping. Then M is
countably additive if and only if M is weakly countably additive.

Definition 1.6. Let M(F — P,(X)) be bounded and finitely additive, we say
M is of o-bounded variation (set valued) mapping, if there exists an F-partition
{En} of Q such that

|M|(En) =SUPp, Y |[M(A)] <o for n=1,2,...
A€ll,
where II,, denotes any finite F-partition of FE,.

For A C F with M(A) # {0}, A is called an atom of M, if either M (B) = {0}
or M(A\ B) = {0} whenever B € F with B C A. We say M is non-atomic if M
has no atom.

Proposition 1.7. Let X posses the Radon-Nikodym Property (RNP) and let
M(X — Py(X)) be a countably additive, non-atomic and o-bounded variation
mapping, then cl M (E) is convex in X for all E € ¥.

PROOF: Suppose that {E,} is a X-partition of Q with |[M|(Ey) < oo for n =
1,2,..., then, for any F € &, cl M(ENEy,) is a convex set (see, for instance, Hiai
[7, Theorem 1.2]). The convexity of the set cl M (F) will be proved if we show
that for any € > 0, z; € M(E) for j = 1,2, and « € (0, 1), there exists x € M(E)
such that ||az; + (1 — a)xg — || < e.

Since z; € M(E) = Y72 M(E N Ey) for j = 1,2, there must be {a: } cX
with ZC(]) € M(ENEy) forn=1,2,... such that z; =77, xsf) is uncondition-
ally convergent for j = 1,2. For any fixed € > 0 and for each positive integer n,
there is z(, o) € M(E N Ey) satisfying Ha:z:g) +(1- a)a:g) —ZT(n,e)ll < gw. Next
we prove that > > T(p,e) is unconditionally convergent series. For all § > 0,

choose a positive integer N such that || > 02 anxn H < ¢ for j = 1,2, whenever
m > N, where e; = 1 fori=1,2,.... Further

m—+k m—+k m+k
[ Z EnT(ne) | <af Z Enx || +( o)l Z Enfn H+
m-‘,—k

+||Zen (ne) — (aa) + (1— )P < 54+ 27m+He
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for any integer k¥ > 0 and o > N. This explains that }_, z(,.) (€ M(E)) is
unconditionally convergent. It is easy to see that [[az1+(1—a)z2—3_, ¢, 0)ll < e,
which completes our proof.

Proposition 1.8. Let M(X — P4(X)) be bounded, countably additive and
weakly relatively compact valued. Then coM is also countably additive.

PrROOF: Let {En} (C X) be any mutually disjoint set sequence, then from
O'M(U - En ( ) Z O'M(E ( ,) it follows that UﬁM(Ufzozl En) (.I,) =
Yoo 1 0 oM (E,) (@ x'). So oM () is weakly countably additive. This and Corol-

lary 2.5 imply that €6 M (-) is countably additive.
O

2. Compactness of set valued measure

Let M (X — Py(X)) be a countably additive measure, m is said to be a selection
of M provided m is a single X-valued measure satisfying m(E) € M (FE) for any
E € X. For A C X, we say that x (€ A) is exposed point of A if there exists
z’ € X' such that (z/,x) > (2/,y) whenever y € A\ {z}.

Lemma 2.1. Suppose that (¥ — Pyee(X)) is countably additive and suppose
that x is an exposed point of M (). Then there exists a selection m of M such
that m(Q2) = x.

PROOF: Suppose that 2/ € X' satisfies (2/,z) > (2/,y) for all y € M(Q2) \ {z}.

Since M(Q) = M(E) + M(Q2\ E) for any E € %, there exist v and v with
u € M(E) and v e M(Q\ E) such that £ = u + v. Since

(@', y) + (@, 0) = (2’ 2) > (2, w) + (2, v)

for all w € M(FE) \ {u}, we have
(2.1) (2’ u) > (2, w) for we M(E)\ {u},
that is, u is an exposed point of M (E). We denote by u(E,2") the unique exposed
point of M (E) satisfying inequality (2.1) and define m(¥ — X) by letting m(E) =
w(E,2'), then oy, gy (2') = 3, (g (2') for all E € X. It remains to show that m
is a single valued measure.

Let {En} C ¥ be any mutually disjoint sequence, since M (|J Ey,)
(=021 M(Ey)) is convex and weakly compact, by Corollary 1.4, >->° | M (Ep)

unconditionally converges. This further implies that Y > ; m(Ey,) is uncondition-
ally convergent to a point of M (|J Ey). Note

o0

TsmEn) (@) =Y (2!, m(En)) Z oM(E) (@) = 05 (e, (@) =

n=1

_UM(UEn) a: mUEn
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and note that both Y >° ; m(Ey) and m({J;2; Ep) are in M(Jo2; Ep), by the
uniqueness of y € M(UyZ; En) satisfying (z',y) = o g,)(z’) we obtain that

o m(En) =m(Uy>q En), which completes our proof. O
Theorem 2.2. Suppose that M (X — Pyee(X)) is bounded and countably addi-

tive. Then for any E € ¥ and x € M(E) there exists a selection m of M such
that m(F) = x.

Proor: Without loss of generality we can assume that £ = Q. Since M(Q) is
convex and weakly compact, it must be the norm closed convex hull of its exposed
points (see, for instance, Amir and Lindenstrauss [3]). Let @ denote the set of all
exposed points of M(Q2). Then for any x € M () and ¢ > 0 there exist z; € Q
and a; >0 for j =1,2,...,n with 377, a; = 1 such that ||z — X% ajzj <e.
Lemma 2.1 implies that there exist selections m; of M, satisfying m;(Q2) = x;
for j = 1,2,...,n. Define m(X — X) by m(E) = 3°7_; ajm;(E), it is easy to
observe that 7 is also a selection of M with ||(Q2) — z|| < €. In particular, we
obtain a selection sequence {m*)} such that ||m®)(Q) — z|| — 0 by letting ¢ = %
for K = 1,2,... . Now we consider the product space [[ = [[gcx M (E) which
is equipped with the product topology and M (FE) with the weak topology for all
E € 3. The sequence {[]pcx m¥)(E)} in [] has a subnet, which is still denoted
by {IIzes m¥)(E)} for simplicity, converging to some point [zex m(*)(E) in
I, since [] is compact according to the product topology. This explains that
m*)(E) = m(®)(E) € M(E) for any E € ¥ and m(®)(Q) = 2. It remains to
show that m(°°) is an X-valued measure.

Assume that {Ep} is a mutually disjoint sequence in 3. By a simple argument
we know > 0% 1 |0y, )(2")| < oo for all 2’ € X'. For any € > 0 and for any fixed

’ el /
z € X', choose a positive integer ng such that 3, |on (g (@) < 5, then we
have (n > ng)

o0

D Bn) =Y mBE) =@, Y mB (E)] <
j=1

j>n

< S oary) @) + oz, (—)l] < =,
i>n
by taking the net limit we get |(z/, m(®) (U2, Ey)) — (<, T m(®)(E;))| < e.
The arbitrariness of ¢ says that >27_; m(oo)(Ej) 2 m(®) (U2, Ey), this and
the Orlicz-Pettis theorem imply that  >° ; m(o°) (Ey) unconditionally converges
to m(oo)(U;L’ozl Ey). So we have shown that m(%) is an X-valued measure with
m (o) Q) == O
Corollary 2.3. Suppose that M (X — Pyee(X)) is bounded and countably ad-

ditive. Then the range of M, namely M (%) = Ugcx, M (E), is relatively weakly
compact.
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PROOF: Using an argument similar to Hiai [7, Corollary 2.4], it is immediately
obtained by Theorem 2.2. O

Lemma 2.4. Suppose that {E,} is a mutually disjoint sequence in ¥, sup-
pose that {Ap} is any sequence in 3 and suppose, further, that m(¥X — X)
is strongly additive. Then for all ¢ > 0 there exists a positive integer kg such
that || Z]Zikl m(An N Ey)|| <e forn=1,2,..., and for any integers ki, ko with
ko < k1 < ko.

PROOF: Suppose, to the contrary, that there is g > 0 such that the integer kg
does not exist.
Inductively, by letting kg = 1,2, ..., we obtain three positive integer sequences

{nj}, (kS } and (K2} with kS < K2 < k.| satisfying

Tj+1

)

7Lj

(2.2) 1S m(An, N E)l| = <o.
gL
J

2

The strong additive implies that the series Z;’il(zk Jk(l) m(An; NE})) uncondi-
=k

(2)

k
tionally converges by noting that {Uk (1) (An; N Ey)} is also a mutually disjoint

"
=k,

sequence in X. This contradicts (2.2). (]

Remark 2.5. Under the condition of Lemma 2.4, one can show that for any
€ > 0 there is an integer kg > 0 such that

[e.e]
I Z m(Ap, NEL)|| <e for n=1,2,....
k=ko+1

Lemma 2.6. Suppose that X has RNP and suppose that m(¥ — X) is o-
bounded variation X-valued measure. Then the range m(X) of m is relatively
compact.

PROOF: Suppose that {Ey} is a X-partition of Q satisfying |m|(En) < oo for
n = 1,2,..., then m restricted to X|p, = {E N E,; E € ¥} is of bounded
variation and m(X| g, ) is relatively compact (see, for instance, Uhl [12]). We
will show that m(X) is relatively compact. It suffices to prove that {m(F,)}
has convergent subsequences for any {F,} C X. For every fixed integer k >
1, there is a subsequence {F), .} of {Fy} such that m(F, ; N E}) converges.
Since m(Fy, N E) € m(X|g,) and m(X| g, ) is relatively compact, by a stan-
dard diagonal process one can claim a subsequence {Fjy,} C {Fj,} such that
{m(Fnn N Ey)} converges for k = 1,2,... . Suppose m(Fnn N E;) — xy, for
k=1,2,..., due to Lemma 2.4, for any € > 0 there is an integer ky > 1 such
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that || Z]Zikl m(Fpn N Eg)|| <eforn=1,2,... whenever ky < k1 < kp. Hence

I sz 2| = limp— oo || sz m(FnnNEg)| <e, that is, > 72 ; x5 converges. Set-
ting © = > 72 ¥k, as follows, we show m(Fy, ) — z. Let integer kg > 1 satisfy
(by Remark 2.5)

(23) | > mPanNE)ll <e/3 and || Y ayl <e/3 for n=1,2,...
k>ko k>ko

and let integer n, > 1 be such that
(2.4) [m(Fpn O Ey) — 2| < % for k=1,2,... ko
0

whenever n > ng. Combining (2.3) and (2.4) together we obtain

ko 0o
lm(Fan) =2l < D Im(Funn Br) =zl +1 Y- mEFannB)l+1 Y apll <e

k=1 k>ko k>ko
Therefore m(Fy, n) — . O

Theorem 2.7. Suppose that X has RNP and suppose that M (X — P,(X)) is
compact-valued, countably additive and of o-bounded variation. Then the range
M(X) of M is relatively compact.

PROOF: Since M is compact-valued, the Mazur Theorem says that coM (E) is
compact and convex for all £ € ¥. By Proposition 1.8, @M is countably additive
and it is easy to observe it is of o-bounded variation. It follows from Theorem 2.2
and the fact we just mentioned that there exists a o-bounded variation selection
m of coM. therefore m(X) is relatively compact by Lemma 2.6. Note that
oM (E) +coM(Q\ E) =M (). This implies that M(FE) C coM () — m(Q\
E) c oM (Q2) — m(X), and that M (X) is relatively compact. O

3. Extension of set-valued measures

Suppose that m-(F — X,7 € T) are finitely additive, we say {m,}, cp are
uniformly strongly additive provided ) 2, m,(Ey) converges unconditionally
and uniformly for 7 € T, for any mutually disjoint sequence {FEy} in F. Using an
argument similar to the one for vector-valued measure ([5]), we have

Lemma 3.1. Suppose that M(F — Pyee(X)) is finitely additive. Then the
following versions are equivalent:
(i) M is strongly additive;
(i) {oarey(@); 2’| < 1,2" € X'} are uniformly strong additive;
(iii) for any mutually disjoint {Ey} in F, limp oo |[M(Ep)| = 0.
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Lemma 3.2. Suppose that M (F — Pyee(X)) is bounded and finitely (strongly)
additive. Then for any x € M(A) and A € F there is a bounded and finitely
(strongly, respectively) additive measure m(F — X) satisfying m(A) = x and
m(E) € M(E) for all E € F.

PRrROOF: The proof is very much like of Theorem 2.2. (]

Lemma 3.3. Suppose that M(F — Pyee(X)) is bounded and finitely additive.
Then M is strongly additive if and only if for any monotone non-decreasing se-
quence {Eyn} in F there is a relatively weakly compact set A in X such that

ProoF: Sufficiency. Suppose that {4} in F is any mutually disjoint set se-
quence. Let E, = [Jj_; Ak, clearly, {E,} is monotone non-decreasing, by the

hypotheses we obtain that there is a relatively weakly compact set A in X such
that limp—co opr(g,) (') = ga(a’) for all 2’ € X'. So one direction is shown
by noting that lim oy (g, ) (2") = limn—oo Df—1 oar(a,) (@) = 201 oara,) (@)
and by Lemma 1.3.

Necessity. Suppose that {Ey} in F is monotone non-decreasing. The strong
additive of M implies that opr(p,)(z') = S TM(Byi1\Ey) (@) where Eg = 0
and that the series Y371 orr(g, ,,\E,) (%) converges for all 2" € X'. Therefore,
limn o0 0p1(5,) (') = 3020 O0r(Ey 0\ ) (&)- Since | 35 _g onr(m,  \1y) (@) —
05732 o M(Ers1\B) () < 12550 oM(Br 0\ B ()] + 1200 00 (B \ B (=)
for all positive integers n, we have >332 o onr(g,  \By) (@) = Osnr(E, 1\ By (@)
taking A = 3370 M(Epy1 \ Ey), then limpoo opr(p,)(2') = ca(2’). Since
M (Ejy41 \ Ey) is weakly compact and Y 72 M (Ej4+1 \ E);) unconditionally con-

vergent to A, A must be relatively weakly compact.
O

Lemma 3.4. P,(X) = {A C Pyee(X); A is contained in a fixed weakly com-
pact and convex set W} is complete corresponding to H (where H denotes the
Hausdorff metric).

PROOF: Suppose that {4} in P,(X) is a Cauchy sequence, then there is a
bounded set A in X such that A, Ny by noting that {B C X; B is bounded,
closed and convex} corresponding to H. Since H(A, B) = SUP|,/<q |oa(z’) —
op(a’)| (see, for instance, [4, Theorem II-18]), limy o0 0 4, (2/) = 04 (2) for all
x’ € X'. The fact that A, C W implies o4(2') < oy (2) for all 2/ € X’ which
implies that A C coW = W. |

Theorem 3.5. Suppose that ¥ is a o-algebra generated by F and suppose that
M(F — Pyee(X)) is bounded and weakly countably additive. Then the following
versions are equivalent:
(i) there is a unique extension M(X — Pyee(X)) of M which is countably
additive;
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(ii) there exists some non-negative real valued measure j on ¥ such that M
is continuous to p, that is, lim, gy _o [M(E)| = 0;

(ili) M is strongly additive;

(iv) M(F) is relatively weakly compact.

PRrROOF: (ii) = (iii). By Lemma 3.1, it is easy to observe that this direction is
true.

(iii) = (iv). Lemma 3.2 implies that there is a strongly additive m(F — X)
such that m(E) € M(E) for all E € F, and m(F) is relatively weakly compact
by [5]. We obtain M (F) C M(Q2) — m(F) by noting M (E) + M(Q\ E) = M(Q)
for any E € F, hence M (F) is also relatively weakly compact.

(iv) = (iii). Let {En} be a monotone non-decreasing sequence in F. By the
boundedness and finite additivity, limn—cc o7 (g,) (@) = 3020 Oar(Eyr\En) (&)
for all 2’ € X’ where Ey = (). Now we show that lim,, UM(En)(LL'/) = UISM(En)(:E/)
for all 2/ € X’ as follows, where s M(E,) = {z € X; x = w — limy zy,, for
some xp, € M(Ep,) and for all integers k > 1}. Relatively weak compactness of
M (F) says there is a weakly compact set W such that M (F) C W, in particular,
M(Ep) CW forn =1,2,.... For any 2’ € X', choose z,, € M(Ey,) such that
UM(En)(,’E/) = (2!, xp) for n = 1,2,... . Without loss of generality we can assume

that 2, — (otherwise we can choose a weakly convergent subsequence since W
is weakly compact and {x,} in W), that is, € Is M (E,). Thus

lim oy (g, ) (2') = (@', 2) < 015 () ().

On the other hand, for any y € IsM(Ey), there is {yn, € M(Ey,)} such that

Yny, . 4, so we have
(' y) = lim(a’, yn,) < limopy ) (@)

That is, o1 () (¢') < limp 0y, (2'), and further we have limy, oy7(g,)(2") =
U]SM(En)(LL'/). Since M(Ey) C W, it implies that IsM(E,) C W, and M is
strongly additive by Lemma 3.3.

(i) = (). {opy(@) + 2’ € X',[]a’|| < 1} is uniformly strongly additive

by Lemma 3.1. The Carathéodory-Hahn extension theorem implies that there
is a unique countably additive extension EM(,)(:EI ) of o () on X. According to
[6, Lemma 1, p.26 and Theorem 4, p. 11] there exists a non-negative real valued
measure £ on X such that lim,z)_0 o () (') = 0 uniformly on B = {2/ €
X5 ||2'|| <1}, that is, lim, gy_q |M(E)| = 0.

(ii) & (iv) = (i). Let u be a non-negative real valued measure satisfying (ii),
and let W be a weakly compact and convex set in X such that M (F) C W. We
define the pseudo-metric p on X by p(E1, E2) = u(E1 A Eg) for E1, Ey € ¥ where
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A denotes the symmetric difference operation. We denote by X(u) the pseudo-
metric space equipped with p on . Since ¥ is generated by F, the pseudo-metric
space F(u), the restriction of p to F, is a dense subspace of 3(u1). Next, we define
the mapping M: F(u) — Py (the family of nonempty weakly compact sets which
are contained in a weakly compact and convex set W equipped with the Hausdorff
metric H) by E — M(FE), we will show that M is uniformly continuous on F(u).
First, we prove the following inequality

H(M(Eq), M(E2)) < H(M(E2 \ (E1 N E2)),{0})
(3.1) + H(M(E1\ (E1 N E)),{0})
= [M(E2 \ (E1N Ep))| + [M(E1\ (E1 N E2))l.

For x; € M(E;) (j = 1,2), by Lemma 3.2 there exists a finitely additive set
function m such that m(E2) = x9 and such that m(F) € M(E) for all E € F.
Due to the equation m(E1) + m(E2 \ (E1 N E2)) = m(E3) + m(E1 \ (E1 N Ey)),
we have
d(xeg, M(F1)) = inf ro —z|| < ||z — m(E
(z2, M(En)) ZGM(El)H 2 —zf| < [lzg — m(E1)]|
< [m(E2 \ (Ex N E2))|| + [lm(E1 \ (E1 N Ey))|
< [M(E2 \ (E1 N E2))| + [M(Ey\ (E1N Ep))

and similarly we have
d(z1, M(Eg)) < [M(E2 \ (E1 N E2))| + [M(E1 \ (E1 N Eg))|.

Combining the two inequalities together we proved that (3.1) holds. Both (ii) and
inequality (3.1) imply that M is uniformly continuous.

Note that (P, (X), H) is a complete metric space (Lemma 3.4), hence there
is a uniformly continuous extension M[%(u) — (Py(X), H)] of M from F(u) to
E(p). Let {En} be any mutually disjoint sequence in ¥, then
H(M(UpZy Br), 3f=1 M(Ey)) — 0. Since H(A, B) = SUP |, <q oa() —
op(2')], we have TR, En)(:zr’) =3, JM(En)(aﬁ. That is, M is weakly
countably additive, it follows from Corollary 1.5 that M is countably additive.

]

4. Integral representation and set valued measures

In this section, X will always be a separable Banach space, (2, %, ) denotes a
complete and finite measure space and F'(2 — Py(X), the family of all nonempty
and closed sets in X) denotes a set valued function. The graph of F' is denoted
by GRF = {(w,z) € Q x X;2 € F(w)}. For A C X, we write F~1(4) = {w €
Q; F(w) N A # 0}. By [6], the following versions are equivalent:

(i) F is measurable;
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(i) for any A € Pp(X), F~1(A) € 5;
(iii) there exists a sequence {f,} of measurable functions from Q to X such
that F(w) = cl{ fn(w)};
(iv) GRF € ¥ x B(X), where B(X) is the Borel o-algebra on X.
We call a measurable function (2 — X) a measurable selection of F provided
o(w) € F(w) p a.e.; such a o is said to be a weakly integrable selection if it is
Pettis-integrable. We set

Swr = {0 :0 is a weakly integrable selection of F'}.

For A € %, the Pettis-Aumann type integral of F is defined by (W) [ A Fdu =
{Pettis- [, o(w) du;0 € Swp}. F is said to be weakly integrable bounded pro-
vided for each 2’ € X, |2/ F(w)| = supge p(v) [(2', 2)| = f(w) € L' ().

All theorems and terminology about topological linear spaces of this section
are referred to [13].

Lemma 4.1. Suppose that o(X' — R) is a sublinear functional (Minkowski
gauge) which is continuous relative to the Makey topology 7(X’, X). Then there
is A € Pyee(X) such that 04 = 0 on X' and A = {z € X;(2/,z) < o(a’) for all
e X'}

PROOF: Since o(z’) is continuous about 7(X’, X), it must be continuous by
the norm topology. Therefore there is a closed and convex set A” such that
A" = {2 € X" (2" 2"y < o(2!) for all 2/ € X'}. First, we show A" = A.
Clearly, A C A”. On the other hand, for any 2"/ € A”, we have (2", 2') < o(2).
That is, 2" is a 7(X’, X) continuous linear functional on X', hence 2" € X and
further we have 2’/ € A. Thus A” = A.

It remains to show that A is weakly compact. Clearly, A is bounded, convex
and closed, therefore it is also weakly closed. Suppose, to the contrary, that A
is not weakly compact, then, by James’ theorem, there exist 2, € X’ such that
(xh,x) < oa(xp) for all z € A. Let {zo} be a net in A such that (z(,zq) —

o4(z'), then there is a subnet {xg} C {za} such that zg 7, & for some
2" € X", since {4} is bounded. It is easy to observe that (2", z() = o4(x()
and for all 2’ € X', (2" 2') < o4(2'), that is, 2" € A” = A. This contradicts our
hypotheses. O

Lemma 4.2. Suppose that (2 — Py(X)) is measurable and suppose Sy # 0.
Then oy f, Fap(®’) = [40p@) (@) du for all A€ ¥ and 2’ € X'.

ProoOF: Without loss of generality we assume A = . The measurability of F'
implies that op(,(z') is also measurable and oy Jo Fap(@) < Joopw) (@) du.
For each integer n > 1, let £y = {w € Q;0p(,) (') < n} and define a measurable
function f, (2 — R) by

Fulw) = { Opw)@) &, for we By,
n, otherwise.
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Next, define Hy(w) (@ — Pr(X)) by

Hy(w) = {z € F(w); (2, 2) > fa(w)}.

Since O(w,z) = (2/,2) — fn(w) is continuous to x and measurable to w, 6 is
a Carathéodory function, it must be ¥ x B(X)-measurable, that is, GrHy =
GrF N{(w,z) € Q@ x X;0(w,z) > 0} € ¥ x B(X). Hence Hy(w) is measurable
and there exists a measurable selection o, of Hy, for n = 1,2,... . Define again

On,k by

on(w),w € Ay = {w € A [on(W)[| <k},
o(w), otherwise

o k(w) = {

where o € Sy, hence 0, j, € Sy p. Since
/ 2oy (W) dp = / 2 op (W) du + / 2'o(w)du,
Q Qn,k Q\Qn,k

we have

)2 [ don@dut [ o)

Since p(2\ 2, 1) — 0 as k — oo and since o(w) is Pettis-integrable, by letting k
tend to positive infinity in the above inequality we obtain

w0y fy @) = [ Fu)di= [ (@) = ) dut mn(@\ Bn)
2 / (Opw) (@) - %) dp.

Also, letting n go to infinity we have

OW) fo Fau(®) 2 /Q o p(w) (') du

which completes the proof. O

Definition 4.3. A bounded set valued measure M (X — Pyee(X)) is said to be
p-weakly compactly separable, provided there exists a X-countable partition {2, }
of  such that K, = {ﬁ,x € M(A),u(A) > 0,A C Qp} is relatively weakly

compact forn =1,2,....

Theorem 4.4. Suppose that X' is separable and suppose M (X — Pyee(X)) is
a set valued measure of u-continuity. Then there exists a measurable and weakly
integrable bounded set valued function F(X — Pyee(X)) such that

M(A) = (W) /A F dy
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if and only if M is u-weakly compactly separable.

PROOF: Necessity. Set Qp = {w € O;n — 1 < |F(w)| < n}. The measurability
of F implies that Q,, € ¥ and that (J72; Qp, = Q, that is, {Q,} is a X-countable
partition of Q. Let K, = {ﬁ,x € M(A), u(A) >0,A C Qpand A € X} and for
any fixed 2’ € X' let Ry(w) = {2 € F(w),0p(,)(2") = (2/,2)}, then Ry (w) # 0
for all w € . Therefore there exists a measurable selection o of R,/. Since
lo(w)]] < |F(w)| < n on Qy, o(w) is Bochner-integrable on €y, for n =1,2,....
Choose any o9 € Sy and define o1 by o1(w) = o(w), if w € Qp, = op(w),
otherwise, hence o1 € Sy p. For any A C €y, according to the fact we have just
proved and Lemma 4.2, we have

@D o) = [ or@dn= [ @ol)de= @' [ o) d.

Without loss of generality we can assume that S, = %; uw(A) >0,AeX AC

Qn} is relatively weakly compact, since o1 is Bochner-integrable on ), where
m(A) = [, 01(w)dp. The Krein-Smulian theorem implies that €o(Sy,) is weakly
compact and convex. Thus, by (4.1), of, () = 05, (2') = 055(g,)(2'), and there
exists z,, € ©0(Sp) C €0(Ky) such that o, (2/) = (2/,ap) for n = 1,2,... .
This and the James’ theorem say €o(Kp,) is weakly compact. Because F(w) is
weakly integrable bounded, |07 4y(2)] > [q [2/F(w)| dp for all A € %, and M is
bounded by the Resonance Theorem.

Sufficiency. Suppose that M is p-weakly compactly separable. Let {Qy} be a
Y-countable partition on € such that K, = {ﬁ,x € M(A),Ae 3 uA) >0
and A C Qp} is relatively weakly compact, then M(X, = X|q, — Puee(X))
is of bounded variation and p continuous and which implies o M(,)(x/) is also of

bounded variation and p-continuous on ¥, for all 2’ € X’. Since R has RNP, for
each fixed integer n > 1 there exists o (2, w) € L1(,) such that

(42) T () = [ ontal ) dn.

Note that o4y (2")| < Cnu(A), where Cy, = supgef, [|z]|, we know that the
variation |or(4)|(2") of opr()(2') on A satisfies [opray|(2") < Cnp(A)l[2"]| for
A C Qpand A C . By (4.2), we have |op)|(2') = [ |on(2’,w)ldp, so
lon (2, w)| < Cull2’|| 1 a.e. on Qy, that is, pn(2',w) € L®(Qy). By [8], there
is a positive and linear lifting L on L%°(€,) such that for each f € L*(Qy,),
f(w) = L(f(w)) is bounded and measurable function satisfying

(4.3) /A Fw) d = /A F@)dn and sup [T < o
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Write ,,(z',w) = L(pp(2’,w)), then (4.3) and

/Awn(w’l+wévw)du§/Ason(:v’pw)duﬂL/Ason(wé,W)du

together with
/ on(ax’,w)dy = a/ on(z' ,w)dy  (for a > 0)
A A

imply that $,,(2/,w) is a sublinear functional on X’. Let W), = (K, U (—Kj)
then Wi, is absolutely convex and weakly compact. We obtain |o74)|(z')
ow, (@ )u(A) for all A Cc X, M(A) C p(A)W, by noting lonr(a (:17 )|
ow,, (2)p(A). It follows from the Makey-Arens theorem that for fixed w, cpn(:v , W)
is continuous on X’ corresponding to the Makey topology, by Lemma 4.1, for ev-
ery w € Qp there exists Fj,(w) € Pyee(X) such that Fp(w) = {z € X; {2/, 2) <
P (2 w) for 2’ € X'} and

~—

IN A

(4.4) T (w) (@) = (2, w).

Now define F' on Q by F(w) = Fp(w) for w € Qp, equation (4.4) implies that
UFn(w)(xl ) is measurable, this and [4] imply that Fj(w) is measurable. This
implies that F'(w) is measurable. Hence there is a measurable selection o(2 — X)
of I which is Bochner-integrable by noting [|o(w)|| = sup),/|<1 {2/, o(w))] < Cp
on Q. By (4.2) we have

W [ @) < o).

This and the Separation Theorem say [, o(w)du € M(A). Since [pq o(w)du €

M(ENQy,) for any E 6 X, Z L M(E ﬂQn) unconditionally converges by Corol-
lary 1.3, in particular, Y ~° ; f Enq,, 0 (W) dp is unconditionally convergent. o(w)
is Pettis-integrable by noting

Z /Eﬂﬂn w)du} = Z /Eﬂﬂn a /E oo () dy

that is, o € Sy p. Lemma 4.2 implies that

(4.5) ow) f, Fdu(@) :AUF(M)(x/) dp

and on the other hand, combining (4.2)—(4.4) together we have

(4.6) /A Op(w) (@) dp = oppeay(z')



Set valued measures and integral representation 283

and (4.5), (4.6) and the Separation Theorem imply

(@.7) M(A) = d (W) /A Fdp).

The weak integrability of F' can be followed by
[ F@ldu< o] swp lople) < o
llz"lI<1

It remains to show that (W) [, F'du is closed. Suppose that {on(w)} C Swp
such that zg = limp 0o [4 on(w) du. Let {z},} be a countably dense set in X’
(X' is separable). The inequality |2}o(w)| < |2} F(w)| and the Dunford theorem
(see, for instance, [5, Theorem 15]) imply that {z}on(w)} is relatively weakly
compact set in L'(u). So there exists a weakly convergent subsequence (we still
denote it by {#} oy (w)}). By the Mazur theorem, there exists a function sequence
{f1x(w)} satisfying f1 j(w) € co{og(w),op11(w),...} such that 2/(f j(w)) is
norm-convergent in L'(p), this implies that there exists E1 € ¥ with pu(E1) =0
such that 2/ (f1 x(w)) is pointwise convergent on Q \ Fi. The convexity of F
implies that fi ;(w) € F(w) and clearly, it also satisfies |24 f1 g(w)| < |25 F(w)|
which implies that there exists a function sequence {fs ;(w)} and Ez € ¥ with
1(E2) = 0 such that f; (w) € co{f1 x(w), f1 g+1(w), ...} and such that x5 fo 1 (w)
pointwise converges on Q0 \ Fy... . Inductively, we obtain a function sequence
{fnk(w)} and set sequence {E,} C ¥ with pu(Ey,) =0 for n =1,2,..., such that

(@) fat1kW) € co{ fn kW), frgr1(w), .. };

(b) @}, fnk is pointwise convergent on Q\ E,.
Let gp(w) = frr(w), and let Eg = (U,Z; En, therefore for w € Q\ Ep,
limg,_, o 7}, gx(w) exists (for n = 1,2,...) by combining (a) and (b). For any
:El € Xl? |$/TLgk1 ((U) - ;v'ng(w)| < |‘x;L - .’L',” Hgkl (w)” + |$/rLgk1 (w) - x;zglm (w)| for
any integers k1, ks > 1, the density of {#/,} in X’ implies that lim_, ., 2’gz(w)
exist for all 2/ € X’ and w € Q\ Ey. Let K(w) = c(F(w) U (—F(w))),
then K (w) is absolutely convex and weakly compact for every w € Q\ Ej.
Since |limy, o0 @'gr(W)| < 0 (y)(2) for fixed w, limy .o 2'gg(w) is continu-
ous corresponding to the Makey topology on X’. Thus, there exists a func-
tion g : (Q\ Ey — X) satisfying (z/,g(w)) = limj_ o 7'gi(w). Again by the
Mazur theorem we know g(w) € F(w). Choose any o € Sy p and define o1 by
o1(w) = g(w), w € Q\ Ep; = o(w), otherwise; let { By} be a E-countable partition
and let o1 be Bochner-integrable on By, then, by (4.7), ka o1(w)dp € M(By).
So Y pey kanE o(w) is Pettis-integrable, that is o1(w) € Sy p. On the other
hand, (z',20) = limp—oo [y 2'on(w)dp = [42'g(w)dp = [, 2'01(w) dp, there-
fore zg = [, o1(w)dp € (W) [, F dp, which completes our proof.

(]



284

Xue Xiaoping, Cheng Lixin, Li Goucheng, Yao Xiaobo

REFERENCES

[1] Aumann R., Integrals of set-valued functions, J. Math. Appl. Anal. 12 (1965), 1-12.
Artstein Z., Set-valued measures, Trans. Amer. Math. Soc. 165 (1972), 103-125.

&

[3] Amir D., Lindenstrauss J., The structure of weakly compact sets in Banach spaces, Ann.

Math. 88 (1968), 35-46.

[4] Castaing C., Valadier M., Convex Analysis and Measurable Multifunctions, Lecture Notes

in Math. 580, Springer-Verlag, 1977.
[5] Diestel J., Uhl J., Vector Measures, Amer. Math. Soc., no. 15, 1977.

[6] Hiai F., Umegaki H., Integrals, conditional expectations and martingales of multivalued

functions, J. Multivariate Anal. 7 (1977), 149-182.

[7] Hiai F., Radon-Nikodym theorems for set-valued measures, J. Multivariate Anal. 8 (1978),

96-118.

[8] Ionescu-Tulcea A., Ionescu-Tulcea C., Topics in the Theory of Lifting, Springer-Verlag,

Berlin, 1969.

[9] Papageorgiou N., On the theory of Banach space valued multifunctions, J. Multivariate

Anal. 17 (1985), 185-227.

[10] Papageorgiou N., Representation of set-valued operators, Trans. Amer. Math. Soc. 292

(1985), 557-572.

[11] Papageorgiou N., Contributions to the theory of set-valued functions and set-valued mea-

sures, Trans. Amer. Math. Soc. 304 (1987), 245-265.
[12] Uhl J., The range of vector-valued measure, Proc. Amer. Math. Soc 23 (1969), 158-163.
[13] Wilansky A., Modern Methods in Topological Vector Spaces, McGraw-Hill Inc., 1978.

(Xue Xiaoping, Li Goucheng, Yao Xiaobo)
DEPARTMENT OF MATHEMATICS, HARBIN INSTITUTE OF TECHNOLOGY, HARBIN 150001,
CHINA

(Cheng Lixin)
DEPARTMENT OF MATHEMATICS, JIANGHAN PETRO. INSTITUTE, HUBEI 434102, CHINA

(Received November 28,1994)



		webmaster@dml.cz
	2012-04-30T16:20:11+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




