Commentationes Mathematicae Universitatis Carolinae

Serpil Pehlivan; Brian Fisher
Lacunary strong convergence with respect to a sequence of modulus functions

Commentationes Mathematicae Universitatis Carolinae, Vol. 36 (1995), No. 1, 69--76

Persistent URL: http://dml.cz/dmlcz/118733

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1995

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/118733
http://project.dml.cz

Comment.Math.Univ.Carolin. 36,1 (1995)69-76

Lacunary strong convergence with respect
to a sequence of modulus functions

SERPIL PEHLIVAN1, BRIAN FISHER

Abstract. The definition of lacunary strong convergence is extended to a definition of
lacunary strong convergence with respect to a sequence of modulus functions in a Banach
space. We study some connections between lacunary statistical convergence and lacunary
strong convergence with respect to a sequence of modulus functions in a Banach space.
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1. Introduction

By a lacunary sequence 6 = (k) where kg = 0, we mean an increasing sequence
of positive integers with h, = k, —k._1 — 0o asr — oco. The intervals determined
by 6 will be denoted by I = (ky—1, k] and the ratio k,/k,._1 will be denoted
by gr. The sequence space of lacunary strongly convergent sequences Ny was
defined by Freedman et al. [4], as follows:

Ny = {z = (z;) : T’li)rgohr_l Z |z; — 1] =0 for some [}.
i€l

Let ||z]g = sup,(h;* > icr, |Til), whenever x € Ny. Then (N, |.[lg) is a BK-
space. NGO denotes the subset of all sequences which are lacunary strongly con-

vergent to zero. (N§,||.|lg) is also a BK-space.
There is a strong connection between Ny and the sequence space |o1|, which is
defined by

n
lo1] = {z = (%) : nli_{léon_l Zl |#; — 1| =0 for some [}.
1=

In the special case 8 = (2"), we have Ny = |o1].
The well known space ¢, the space of all almost convergent sequences was
defined by Lorentz [9]. Later [¢] the space of strong almost convergence was
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introduced by Maddox [10] and also independently by Freedman et al. [4]. This
sequence space was defined as follows:

ptn
(6] = {z = (2;) : lim n~! Z |x; — 1| = 0 uniformly in p, for some [}.
n—oo
i=p+1

We denote the space of all sequences which are strongly almost convergent to zero
by [¢o]. In [15], the spaces [¢p] and [¢] were extended to [éo(f)] and [é(f)].

Let X be a Banach space. We define s(X) to be the vector space of all X-valued
sequences, loo(X) the vector space of all bounded X-valued sequences and ¢(X)
the vector space of all convergent X-valued sequences. Thus z = (x;) € loo(X),
if sup ||z;|| < oo, where x; € X for i € N. Consequently loo(X) becomes a
Banach space with the natural coordinatewise operations and ||z|| = sup; ||z;| for
z € loo(X).

The notion of a modulus function was introduced by Nakano [13]. We recall
that a modulus f is a function from [0, 00) to [0,00) such that (i) f(xz) = 0 if
and only if x = 0, (ii) f(z +y) < f(z) + f(y) for z,y > 0, (ili) f is increasing
and (iv) f is continuous from the right at 0. It follows that f must be continuous
on [0,00). Connor [2], Maddox [11], [12], Kolk [8], Pehlivan and Fisher[16] and
Ruckle [19] used a modulus function to construct sequence spaces.

Now let S be the space of sequences of modulus functions F' = (f;) such that
lim,,_, g+ sup; fi(u) = 0. Throughout this paper the sequence of modulus functions
determined by F will be denoted by F = (f;) € S for every i € N.

The purpose of this paper is to introduce and study a concept of lacunary
strong convergence with respect to a sequence of modulus functions in a Banach
space.

2. Inclusion theorems

We now introduce the generalizations of the lacunary strongly convergent se-
quences and investigate some inclusion relations.

Definition 2.1. Let F' = (f;) be a sequence of modulus functions in S. Let X
be a Banach space. We define the spaces

No(X) = {z = (2;) € 5(X) : lim_ hy 'l — 1] = 0 for some I € X},

i€l

No(X,F) ={z = (2;) € s(X) : Tli}rgohr_l Z fi(llx; = 1]|) = 0 for some | € X},
i€l

NYCXLF) = o= (2) € 5(X) ¢ limm bt 3 fi(lail) = 0).
i€l

Ng(X), Ng(X, F) and Ng(X, F) are linear spaces. We consider only Ny(X, F).
Suppose that z; — [ in Ng(X, F), y; — I’ in Ny(X, F) and «, are in C. Then
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there exist integers K and M, such that |a| < K, and |y| < M. We have
het Y filllami +vyi — (@l +41)])
i€ly
< Kahyt Y fillles =) + Myt Y7 filllzs =Vl
i€l 1€,
This implies that ax +~y — ol +~I' in Ng(X, F). Note that if we put f; = f for
i € N then Ny(X, F) = Ng(X, f). We write Ny(X, f) = Ng(X) for f(z) =

Proposition 2.2 ([16]). Let f be a modulus and let 0 < 6 < 1. Then for each
lull = 8, we have f([lul]) < 2f(1)6~"|ull.

PROOF:
FUlully < fO+{lull/o]) < £ + F({llull/6]) < F@ + [[ull/6) < 2f (D)lull/6.
where [||u]|/d] denotes the integer part of ||ul|/é. O

Theorem 2.3. Let X be a Banach space and let F = (f;) be a sequence of
modulus functions in S. If x = (x;) is lacunary strongly convergent to | in X,

then x = (x;) is lacunary strongly convergent to | in X with respect to F, i.e.
NQ(X) C N@(X, F)

PROOF: Let F = (f;) be a sequence modulus functions in S and put sup; f;(1) =
M. Let z € Ng(X). Then we have
Ap(X) = bt Z l; — 1] = 0 as r — oo, for some [ € X.
i€l

Let £ > 0 and choose § with 0 < § < 1 such that f;(u) < e (i € N) for every u
with 0 < u < §. We can write

h_IZfz |z — 1) _h_ Z filllzi = 1) +h_ Z filllzi = 10)

i€l i€l i€l
llz; =<8 llz; =Ll >6

< hy Y(hpe) + by 12M 6 h A (X)),
by Proposition 2.2. Letting r — oo, it follows that x € Ny(X, F). O

Theorem 2.4. Let X be a Banach space and F' = (f;) be a sequence of modulus
functions. If limy o0 inf; f;(u)/u > 0, then Ny(X, F) = Ny(X).

PRrROOF: If limy, oo inf; f;(u)/u > 0 then there exists a number ¢ > 0 such that
fi(u) > cu for u> 0 and ¢ € N. We have z € Nyg(X, F'). Clearly

he 'Y fillles = 1) = byt Y ellai = 1| = chi ' Yl =1,

i€l 1€l i€l
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therefore © € Ny(X). By using Theorem 2.3 the proof is complete. O

We now give an example to show that Ny(X, F) # Ng(X) in the case when
limy, oo inf; fi(u)/u = 0. Consider the sequence fj(z) = z¥/(*1) (i > 1, 2 > 0)
of modulus functions. Now define z; = hyv if i = k, for some r > 1 and z; = 0
otherwise, where v € X and |jv|| = 1. This yields

B ST filllzl) = B, (ellol) = B the O S0 s 00
i€l

and so z € Ny(X, F). But

bt ST il = b the o — 1 as 7 — oo
i€l

and so x ¢ Ny(X).

Proposition 2.5. If f; = f for i € N, then [¢(X, f)] C Ng(X, f) for every
lacunary sequence 6, where

C(X. )] = fo = (@) € s(X) : limymoon L 0y iy — ) = 0, for some
I € X uniformly in p}.

To show that Ng (X, f) strictly contains

n

co(X, )] = {w = (&;) € s(X) : lim 0> f(lleispl) = 0 uniformly in p},

n—00 ;
=1

we proceed as in [4; p. 513]. We define z = (z;) by x; = v if kg < i@ <
kr—1 + [V/hy] for some r and z; = 6 otherwise, where v € X and |jv|| = 1. Tt
follows that = ¢ [é9(X, f)]. However = € Ng(X, f) since

bt Y flzall) = B VR 1 (1) = 0 as 7 — oo

iely

If f; = f for i € N we can show as in [4] that |o1(X, f)| = No(X, f) if and
only if 1 < liminf, ¢, < limsup, ¢ < 0o, where |01(X, f)| = {z = (z;) € s(X) :
limp—oon 13" f(Jl2s —1]|) = 0 for some I € X}.

Proposition 2.6. Let X be a Banach space. Let 8 = (k;) be a lacunary sequence
with liminf, g, > 1 then for any modulus f, |01(X, f)] C Ng(X, f).

PROOF: It is enough to show that |0y (X, £)|° € NJ(X, f). Suppose liminf, ¢, >
1. There exists § > 0 such that ¢, = (k,/kyr—1) > 146 for sufficiently large r. We
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have, for sufficiently large r, that (kr/h,) < (14 6)/0 and (hy/ky) > §/(1 + 0).
Now write

1Zf lill) = k1Y Fllaill) = (e /he)he D F(leil)

Zelr ielr
> (8/(L+ )yt > F(llill),
i€l
from which we deduce that |o1(X, f)|° € N2(X, f) for any modulus f. 0

Proposition 2.7. Let X be a Banach space. Let 8 = (k;) be a lacunary sequence
with lim sup,. ¢ < oo then for any modulus f, Ny(X, f) C |o1(X, f)|-

PROOF: Let z € Ng(X, f) and € > 0. There exists jg such that for every j > jg

Hy =07 ST f(llll) < e

1€l

We can also find M > 0 such that H; < M for all j. If limsup, g < oo then
there exists B > 0 such that ¢, < B for every r. Now let n be any integer with
kr—1 <n <kp. Then

w3 Sl <k‘1Zf il = K {30 £l + -+ 3 £l }

1€l i€l
=k 1{2 > Sl + Z S flleil}
Jj=liel; =jo+1 i€l;
<k._ 12 Zf lzill) + e(kr = kjo )k
Jj=1i€l;

= kY {hiHy + hoHa + ...+ hjoHjo Y + (ke — kjg )k
<k sup Hikj, + e(kr — kjo)k, ) < Mk kjy +¢B

1<i<jo
which yields that 2 € |o1(X, f)|°. 0
The next result follows from Proposition 2.6 and 2.7.
Theorem 2.8. Let § = (k,) be a lacunary sequence with 1 < liminf, ¢,

A

lim sup,. ¢, < oo. Then |o1(X, f)| = Ng(X, f). In particular we have Nor (X, f)
oL (X, f)I-
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3. Some results on X-lacunary statistical convergence

We now introduce natural relationship between lacunary strong convergence
with respect to a sequence of modulus functions in Banach space and lacunary
statistical convergence in a Banach space. In [3], Fast introduced the idea of
statistical convergence, which is closely related to the concept of natural density
or asymptotic density of subsets of the positive integers N. These ideas were later
studied in [1], [5], [17] and [18]. If K is a subset of the positive integers N, then
Ky, denotes the set {k € K : k < n} and |Ky| denotes cardinality of K. The
natural density of K is given by 6(K) = lim, 0o n YKy, see [14]. A sequence
x = (z;) is statistically convergent to [ if for every & > 0,

. -1
Jim n” K ()] = 0,
where K(¢) ={i € N : |z; — 1| > ¢} and | K (¢)| denotes cardinality of K (g). The
set of all statistically convergent sequences is denoted by St.

Recently Fridy and Orhan [6], [7] introduced the following definition of lacunary

statistical convergence.

Definition 3.1. Let 6 be a lacunary sequence. Then a sequence x = (x;) is said
to be lacunary statistically convergent to a number [ if for every € > 0,

. -1 .
T,ll)rgo h. " |Kg(e)| =0,

where Ky(e) = {i € I, : |z; — 1] > ¢}. The set of all lacunary statistically
convergent sequences is denoted by Stg.

Some results on Stg-convergence and St-convergence were given in [7]. It was
shown there that St = Sty if and only if 1 < lim, inf ¢, < lim, sup ¢, < co.

Definition 3.2. Let 0 be a lacunary sequence. Then a sequence x = (x;) € s(X)
is said to be X-lacunary statistically convergent to an [ € X if for every € > 0,

Jim B € 4 sl = 1] 2 €)= 0.

The set of all such sequences = = (z;) is denoted by Stg(X).

In the next section we establish inclusion relations between Stg(X) and
Nyg(X, F).
Theorem 3.3. Let F' = (f;) be a sequence of modulus functions in S. Let X be
a Banach space. Then Ny(X,F) C Styg(X) if and only if inf; f;(u) > 0, (u > 0).

ProoF: If inf; f;(u) > 0 then there exists a number o > 0 such that f;(u) > « for
u>0andi € N. Let € Ng(X, F),e >0and Ky(X,e) ={i €I, : |z; 1] > &}
then

Wty filllr =) = bt Y filllw = 1) = ahy EKp(X€)]

i€l i€Ko(X,e)
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and it follows that z € Sty(X).

Conversely we can select subsequence k;; of the lacunary sequence and choose
a number z > ¢ > 0 such that fj(z) = 0 for i € I,,. Now define a sequence
x = (v;) by putting z; = zv if i € I,,; for some j =1,2,... and x; = 0 otherwise,
where v € X and ||v|| = 1. Then we have x € Ny(X, F) but © ¢ Sty.

Theorem 3.4. Let F' = (f;) be a sequence of modulus functions in S. Let X be
a Banach space. Then Stg(X) C Ny(X, F) if and only if sup,, sup; fi(u) < co.

PrOOF: We suppose T'(u) = sup; fi(u) and T" = sup, T'(u). Let z € Stg(X).
Since f;(u) < T for i € N and u > 0, we have

Y Sl =iy =p S il =+ DD il — )}

i€l i€l i€l
lz;—tll=e lz;—tll<e

_1{T|{z’ el zi—1] >} + hrT(s)}.

Taking the limit as ¢ — 0, it follows that x € Ny(X, F'), proving the sufficiency.
Conversely, suppose that sup,, sup; f;(u) = co. Then we have 0 < u; < ug <
. < Up—1 <up < ...such that fi (ur) > hy for r > 1. We define the sequence

x = (x;) by ; = upv if ¢ = k, for some r = 1,2,... and x; = 0 otherwise, where

v € X and ||v]] = 1. We have € Stg(X) but x ¢ Ny(X, F). O

Corollary 3.5. Let F' = (f;) be a sequence of modulus functions in S and let
X be a Banach space. Then Ny(X,F) = Stg(X) if and only if inf; f; > 0 and
sup,, sup; fi(u) < oo. In particular, if f; = f is a modulus function, we have
Ny(X, f) = Sty(X) if and only if f is bounded.
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