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The criteria of strongly exposed points in Orlicz spaces

TINGFU WANG, DONGHAI JI, ZHONGRUI SHI

Abstract. In Orlicz spaces, the necessary and sufficient conditions of strongly exposed
points are given.

Keywords: Orlicz spaces, strongly exposed points
Classification: 46E30

Let X be a Banach space, S(X), B(X) denote the unit sphere and unit ball
of X, respectively. X* denotes the dual of X. x € S(X) is called an exposed
point of B(X) provided there exists f € S(X™*), such that for all y € B(X) \ {z}
fly) < f(z) =1. z € S(X) is called a strongly exposed point of B(X) provided
there exists f € S(X™*) such that for z, € B(X), f(zn) — f(z) = 1 implies
||z, — z|| — 0. Obviously, a strongly exposed point is an exposed point.

The exposed points in Orlicz spaces have been discussed (see [1]). In this paper,
we will give the criteria of strongly exposed points in Orlicz spaces.

For the sake of convenience, we still present the full proofs. The symbols
used in this paper have the same meanings as [2]. M (u), N(v), denote a pair
of complemented N-functions. p(u), g(v), denote their right-hand derivatives
respectively. “M € Ag” (“M € V3”) means that M (u) satisfies the Ag-condition
(Va-condition) for large u. For the set of > -measurable functions over a finite
nonatom measure space (G, >, i).

{x(t) :Jc>0 such that Ry (%) - /GM (@) dt < oo}

endowed with Luxemburg norm ||z||(5s) = inf{c > 0 : Ry (%) < 1} and Orlicz

norm |[z||ar = sup{ [, #(t)y(t) dt : Ry (y(1)) < 1} = inf{ (1 + Ray(kz)) : k > 0},
we denote them as L( M)s Ly, respectively, and call them Orlicz spaces. In
addition, for an element z € Ly (or L(yy)), we denote

1
Kar() = {1 0 falas = 1 (4 Raglia) |
Ear(e) = lim [l = anllar = inf {e>0: Ry (T) <oof = [l —anay
where x, (t) = x(t) if |z(t)| < n and x,(t) = 0 if |z(¢)| > n.
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Theorem 1. x € S(L(yp)) is a strongly exposed point of B(Lyy)) if and only if
(i) M € Ay;

(ii) p{t e G:z(t) e R\ Sy} =0;

(iii) denote {a;}, {b;} as the sets of all those left extreme points and right ex-
treme points of affine segments of M (u), respectively, satisfying p_(a;) =
p(a;), p—(b;) = p(b;), then
pft € G :|z(t)| € {bj}} =0, or
p{t € G:|z(t)| € {a;}} =0, and there exists T > 0 such that
fG (14 7)p=(z(t)) dt < co.

PRrROOF: Necessity. Since a strongly exposed point is a strongly extreme point,
by Theorem in [2], (i) and (ii) are trivial. If (iii) were not true, we only need to
discuss the following two cases:

(I) there exist affine segments of M (u), [a, ¢] and [d, b], such that p_(a) = p(a),
p—(b) = p(b) and uGa = u{t € G : [a(t)] = a} > 0, Gy — pu{t € G+ [a(t)] = b} >
0, without loss of generality, we assume z(¢t) > 0 for all t € G. Take E C G,
F C G} such that

M(a)uE + M(WuF = M ( (a+ c)) WE + M (%(d + b)) Wa

Put 1
' (t) = x(t)xe\p\F + Jlatoxe+3 (d +b)XF,

then z # 2/, Ryf(2') = Rpr(x) = 1, so |2/ (t)]| (ar) = 1. Take a support functional
y(t) of z(t), and k € Kn(y), then p_(z(t)) < ky(t) < p(z(t)). Noticing

p—(z(t)) = p—(2'(t)) < ky(t) < p(x(t)) = p(2/(t)) whenever t € G\ E\ F;

ky(t) = p(a) = p(%(a +¢)) = p(2/ (1)) whenever t € E;
1
ky(t) = p(b) = (—(d + b)) =p(a'(t)) whenever t € F}
we have [ 2/ (t)y( = [ z(t)y(t) dt = 1, hence z(t) is not a strongly exposed

point of B(L(M))

(IT) there exists an affine segment [a, b] satisfying p—(b) = p(b), uGp = u{t €
G : z(t) = b} >0, and for any € > 0, [ N((1+&)p—(x(t)))dt =

Take y € S(Ly) satisfying [~ z(t)y(t)dt = 1 and take k € Ky(y), then
p—(2(t)) < ky(t) < p(x(t)). Clearly, for any € > 0, [ N((1+ ¢e)ky(t))dt = oo,
so {n(ky) = 1, hence [[(ky(t))xa\a, [N — 1 (n — 0), where G, = {t € G :
ky(t) < n}. By Hahn-Banach theorem, there exist {um};2; C S(L(pp)) such
that un(t) = un(t)xg\q,» and fG\Gn un(t)ky(t) dt — 1 (n — oo). Obviously, for
n large enough, Gy C Gy, ¢ = (M(b) — M(a))puGp < 1. Put

zn(t) = 2(t)Xa,\@, T aXG, T cun(t),
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then Rps(zn) < Ryr(zxa,\a,) TM(a)puGp+cRyr(un) = Ryr(zxa,) < Ru(x) =
1, hence we have ||lzn | (3s) < 1, and ||z — 2 (a7) = (0 — a)llxg, || (ar) > 0. On the
other hand,

/ (D ky(t) dt = / 2(6)ky(t) dt + ap(B)uGy + / un (£ (t) dt
G Gn\Gp G\

n

— [ (Ml + Nk (o)) de
Gn\Gyp
+(M(0) + N )Gy + (M) ~ M(a)Gy(1+ o(7)

/ M(z dt—l—/ (ky(t))dt—!—o(%)—>RM(x)—|—RN(k:y)

=1+ Ry(ky) =k

Le. [gon(t)y(t)dt — 1. So x(t) is not a strongly exposed point of B(Lyp))-
Combining (I), (IT), we obtain that (iii) is also necessary.

Sufficiency. Still assume z(¢) > 0 for all ¢t € G, only discuss the following two
cases.

(I) p{te G:x(t) € {bj}} =0.

Denote E; = {t € G : x(t) = a;}, denote the set of all discontinuous points
of p(u) as {rn} (either r, is an extreme point of affine segments or not), denote
en ={t € G : z(t) = rp}. For every n, take g5, > 0 such that p_(r,) + en < p(rp),
and put Go = G\ (U; Es) \ U,.€n),

W) = P OG0+ S0~ +en)¥ens 900) = o
From
1
1 [ )i = |W<>|N(/G\unen (O (@lt) dt+ 3 ralp—(ra) +nlien)

1
~ WOly (/G\U _ (M(0) + Nip-(a(0)) dt

+Z (ra) + N(p—(ra) + n))tien )

= T T M _
- HW(t)HN /GM( (t))dt+/GN(W(t))dt) > RO > ly@®)|y =1

we get [oa(t)y(t)dt =1, k= [W(t)|[lxy € Kn(y(t). For {an(t)}nZy C S(L(arn);
Jozn(t)y(t) dt — 1, in order to prove ||z, — zl[(ary — 0, by M € Ag (see [2]), we

only need to prove z, — x £ 0. Noticing

0 1+ Ry(ky) - /G (£ (1) di = /G (M (an () + N(ky(t)) — e ()ky (1)) db,
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for any F' C G, we have
/F (M(zn(®)) + Nky(t)) — an(Oky() dt — 0 (n — o0).

Now we prove z,, — x £, 0 in three steps:
(1) 2n(t) — z(t) 2 0 on Gy.

Otherwise, there exist € > 0, o > 0, such that u{t € Go : |an(t) — z(t)| > €} > 0.
Since

1> Ryf(en) > / M (zn(t)) dt > M(D)pG(lzn ()] = D),
G(lzn|2D)

we can take D large enough such that u{t € G : |z,(t) > D} < ¢, p{t € G :
|z(t)| > %} < ¢ Since for t € Gy, z(t) # Tn, (t) # a;, there exist open segments
On, 0} such that ry, € 0, a; € 0, p{t € Go : x(t) € (U, 0n) U (U,;0)} < §- Denote
Gn = {t € Go : [z (t) —2(t)] > &, 0 < x(t), zn(t) < D, x(t) & (U,0n) U (U,07) }

then puGn > §. Notice that the function M(u) + N(v) — uv is continuous and

positive on the closed bounded set {(u,v) : |[u —v| > €,0 < u,v < D,v €
Snr\ U,n0n \ U;0.}, hence, there exists 6 > 0 such that for all (u,v) belonging to

this set, we have
M (u) 4+ N(v) —uv > 6.

So, for all t € Gy, we have
M(zn(t)) + N(ky(t)) — an()ky(t) = M(zn(t)) + N(p(x(t))) — zn()p(x(t)) = 6

we arrive at a contradiction

0 — [ (Va0 + N(ky(0) - an(Oky(0) de > G = 2
G7L

(2) z —z(t) 2 0 on e,
If there exist € > 0, 0 > 0, such that e, = p{t € e, : 2 (t) > rp + ¢} > o,
since p(zg(t)) > p(rn) = p—(rn) + €n + T whenever ¢ € e,,;, we have

M(zp(t)) + N(p—(rn) + en) — 2k (t)(p—(rn) + €n) > The  whenever ¢ € ep.

So we get a contradiction

0— / (M (1)) + N (ky (1) — 2 (0)ky(t)) dt

> /e (M(z(t)) + N(p—(rn) + en) — 2k (t)(p—(rn) +n)) dt > meo  (k — o)
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hence pu{t € ep, : xp(t) > rn +e} — 0 (k — 00). By the same argument, we can
prove p{t € e, : xx(t) <rp —e} — 0 (k — 00). So

ai(t) —2(t) 250 (on en).
(3) n(t) —z(t) 0 (on Ey).
From the result of (1) and (2), it is easy to know 2, (t) — z(t) - 0 on G \ U, E;.
So by Fatou theorem, it follows

lim Rpf(zn(t)xe\U,E) = Bu(@@)xe\U, 5

n—oo

in view of Ry (zy(t)) <1, we deduce

(*) Hm Ry (zn(t)xy, g,) < Bu(z(t)xy, B,)-

n—oo

Notice that for all ¢t € E;, x(t) = a;, and a; is a left extreme point of affine
segments of M (u), analogously to the proof of (2), we can get that for any ¢ > 0
p{t € B : xn(t) <z(t)—e} — 0 (n — 0). So

lim Ry (vn(t)xE;) > Ry (z(t)xE,) = M(a;)uE;.

n—oo
If there exist ig, g > 0, o9 > 0, such that u{t € E;;, : x,(t) > x(t) + €0} > 00,
noticing M (u) is increasing monotonously, we deduce

im Ry (en(t)xE,,) > By (z(t)xs,,),

n—oo

hence o
im Ras(zn(t)xy,g;) > Bu(e()xy,g,)

n—oo

which contradicts (x), i.e. z,(t) — z(t) = 0 on E;.

(1) p{t € G : x(t) € {an}} = 0, there exists 7 > 0 such that [, N((1+
T)p—(z(t))) dt < co. Denote the set of all discontinuous points of p(u) as {r,},
denote e, = {t € G : x(t) = m}, Ej = {t € G : x(t) = b;}. Take 5, > 0 such
that p—(rn) +en < p(rn),

/G\U . N((14 7)p—(x(t))) dt + Z N1+ 7)(p=(rp) +en))pen < 0.

Put Go = G \ UjEj \ Un€n, W(t) = p—(x(t))XG\Unen + Zn(p— (Tn) + En)Xena

y(t) = % Then k = |[W(t)||y € Kn(y(t)) and [ 2(t)y(t) dt = 1. For z,, €

B(Lay)s fan(t)y(t)dt — 1 (n — o0), it is enough to show 2 (t) — z(t) £ 0
on G.
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First we prove

(1) lim {sup R (2 ()xs)} = 0.

o—

Otherwise, there exist € > 0, 6, C G, ud, — 0, such that Rys(znXxs,) > € > 0,
we get a contradiction

0 / (M(2n(8)) + N(ky()) — 2 (t)ky(t) dt
On

2/ (M(@a(t)) = 7= (O)(1 +7)ky(t)) dt
2/ (M(an(t) = = (M(@a(®)) + N((1 + 7)ky(1)) dt
_ /5 n Mt de - /5 n SN (1 k(o) de

T

TE 1 TE
— ——Ry((1+7)ky(t)xs,) — :
T 1+7

Similarly to the proof of (I), we can get zn(t) — z(t) - 0 on G \ U,Ej = Go U
(U,.en)- Using (1) we deduce

Jim Ry (an (Oxa\y, ;) = Ru(@(t)xe\y, B,);

moreover, by [ zn(t)y(t)dt — 1, we know lznll(ary — 1, so Ry(an) — 1 =
RM(ZE), thus

(2) nli_)moo RM(lUnXUjEj) =Ry (xXUjEj)'

Noticing b; is a right extreme point of affine segments of M (u), using the same
method as above, we can get that for any € > 0, pu{t € Ej : op(t) —2(t) >} — 0
S0

lim Ry (2zn(t)xE;) < By (z(t)XE;)-

n—0o0

If there exist jo, € > 0, 0 > 0, such that p{t € Ej; : ,(t) < x(t) — e} > o, then

lim Ry(zn(t)xm,,) < Ru(x(t)xe,, ),

n—oo

combining with (1), we get a contradiction

lim Ry (en(t)xy, ;) < Bu(e()xy, g;)-

n—~0o0
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Corollary 1. L,y has strongly exposed property, i.e. all points in S(L(M)) are
strongly exposed points of B(Lyy)) if and only if

(i) M(u) € Ag;

(ii) M(u) is strictly convex.

Theorem 2. z € S(Lyy) is a strongly exposed point of B(Lyy) if and only if

(i) M(u) € Ay and K ys(x) = {k} is a singleton set;

(ii) p{t € G : ka(t) € (R\ Spr) U {a;} U{b)} = 0}, where {a}}, {V}} denote
the sets of all continuous left extreme points and right extreme points of
affine segments of M (u) respectively;

(iii) there exists y(t) € S(L(yy)) and 7> 0, such that [, x(t)y(t) dt =1,

Ry ((1+7)y(t)) < oo;

(iv) Rn(p—(kxz(t))) = 1 implies p{t € G : kx(t) € {bj}} =0,
Ry (p(kx(t))) = 1 implies p{t € G : kx(t) € {a;}} =0,
where {a;}, {b;}, denote the sets of all discontinuous left extreme points
and right extreme points of affine segments of M (u) respectively.

PROOF: Necessity. Without loss of generality, we assume z(t) > 0, since a strongly

exposed point is a strongly extreme point, we get (i) and uf{t € G : kx(t) €

R\ Sy} = 0. If there exists b; satisfying uGy = p{t € G : kx(t) = b} > 0, take
J

a < b}, E C Gy, such that p(a) = p(b}), 0 < u(Gy \ E) < pGy.. Put
J J J
, a
' (t) = a(t)xe\e + TXB
Ry (p(kxz(t))) > 1 and for any € > 0,

) =
< RN( ((1 —e)kz(t))) < 1, we have k € Ky(z'). Take
Jo z(t)y(t) dt = 1, obviously

p—(k2'(t)) = p—(kz(t)) < y(t) < p(kx(t)) = p(k2'(t)) whenever t € G\ E
= p(ka'(t)) whenever ¢ € E.

noticing Ry (p(kz'(t
Ry (p(1 — e)ka'(t))
y(t) € S( L(N ) with

So y(t) is a supporting functional of z’(t), in view of m # x, which contradicts

that z(t) is an exposed point of B(Ljs). So we have
u{t € G : kx(t) € {b;}} =0.

If there exists a} such that G, = p{t € G : kx(t) = a}} > 0, take b > af,
E C G satistying p— (a}) = p(a}) = p(b), 0 < w(Gy \ E) < pGyy. Put

2

b
' (t) = x(t)xq\g + TXE:
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for any 7 > 0, we have

Ry =7k < [ NG((1= ko) di + Np(a)b

< tim ([ N@((U-r/m)ka))dt) + lim N(p((L - 7/m)a}))uE
G\E

- n}iinm/ N(p((1— 7/m)kz)) dt < 1.

Notice that Ry (p (k:x’)) = Ry(p(kx)) > 1, we get k € Kp(2'). For any y €
S(L(ny) with  [qa(t)y(t)dt = 1, similarly to the above we can get
fG(”:f(’%)y( )dt = 1. Noticing W # x, and the arbitrariness of y(t), we get

a contradiction that x(¢) is not an exposed point of B(Lyys), so u{t € G : kz(t) €
{al}} = 0. Thus we have showed that the condition (ii) is necessary

If (iii) is not necessary, then for any y(t) € S(L(y)) with Jez(t)y(t)dt =1 and
e >0, Ry((1+¢)y(t)) = oo. Hence {n(y) =1 aﬂd limp—o0 HyXG’\Gn” nM =1
where G, = {t € G : |y(t)| < n}. By Hahn-Banach theorem, there exist u,(t) =
un(t)xa\G,, satistying [lun|[ar =1, fG\Gn un(t)y(t) dt — 1. Put

ea(t) = 5 (0xG, + unl)

then

1
12 g, las + ualan) = lonlas > [ an(o(o) e

. %( /G ety de + /G - wnydt) — 1.

So ||znllyr — 1, fon(t)y(t) dt — 1, noticing ||z — zn|lpr > H%QUXGnHM —
%Hng = %, we obtain that y(¢) is not a strongly exposed functional of z(t).

Now we prove that (iv) is necessary. Otherwise, we only need to consider the
following two cases.

(1) Ry(p—(kz)) =1 and there exist b; satisfying p—(b;) < p(b;), and uGy; =
p{t € G : kz(t) = bj} > 0. Take a < bj, E C Gy, such that p_(a) = p(a) =
p—(b5), 0 < p(Gp; \ E) < uGp,, put

a
o' (t) = 2()xe\p + TXE-

From Ry (p—(k2')) = Ry(p—(kz)) = 1, we derive that k € Kjs(2'), and y =

p—(kz) = p_(ka') is the unique support functional of z(¢). Obviously
fG ||if(||tM dt =1and ”x,” # x, s0 x(t) is not a strongly exposed point.
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(2) Ry(p(kx)) =1 and there exist a; satisfying p—(a;) < p(a;), pGa; = u{t €
G : kx(t) = a;} > 0. Take b > a;, E C Gg; such that p(b) = p—(b) = p(a;), 0 <
pE < uGa,. Put 2/(t) = x(t)xe\p + £x&- From Ry (p(ka')) = Ry (p(kz)) = 1,
we derive that k € Ky ('), and y = p(kx’) = p(kz) is the unique support
functional of z(t). Obviously we have W # x, and [ ”il,%y(t) dt =1, so
x(t) is not a strongly exposed point of B(Ljy).

Sufficiency. First we prove that if y € S(Lps) with [, 2(t)y(t)dt = 1 and
for some 7 > 0, Ry((1 + 7)y) < oo, there exist {xn}o2; C S(Lps) such that
Jo zn(t)y(t) dt — 1, then

(3) lim sup Rys(knxnxe) =0,
pe—0 n

(4) lim sup Ry (p(knznxe)) =0,
pne—0 p

where ky, € Kpr(xn).
Otherwise, there exist e;, satisfying pe; — 0 and € > 0, such that for some
{2ni}?2) C{an}d2 , Ry(kninixe;) = €, so it follows a contradiction:

0—1+ RM(km,xm) - km’ / xnz(t)y(t) dt
G
- /G (M (Fitens(£)) + N(y()) — kngzniy (1)) dt
> / (M (bnizni () + N((2)) = Fngzoni(H)y () dt

i

> / (M (Epizzi (1))

%

- H_—Tkmwm(l +7)y(t)) dt

> [ (M (hnsns(9) — 1 O nirai() + N(1+ Ty(0)) e
=1 :; — R (kniwnixe;) — ﬁRN((l + T)YXe:)
e By((+7une) | 7

— 147 1+7 147’

the contradiction shows that (3) is true. Noticing that M € Ag, and
limy,e o sup,, [, knan (t)p(knan(t)) dt = 0, we get (4).

In the following, we prove the sufficiency in three cases.

(@O Ry(p-(kx)) =1, p{t € G : [kx(t)| € {b;}} = 0.
In these cases we have that y(t) = p—(kx(t)) is the unique support functional of
(t). For any {zn(t)}52, C S(Las) with [ xn(t)y(t) dt — 1, take ky € Kpy(zn),
and denote E; = {t € G : kx(t) = a;}. Analogously to the proof of the sufficiency
of Theorem 1, we can get knx,(t) — kz(t) £ 0 on G\ U,E. Since p_(t) is not

729
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decreasing and continuous on the left hand, we have

lim Ry(p—(knzn)Xxe\U,E;) = By (- (kz(t))xe\y, E,):

n—0o0

moreover, by Ry (p—(knzy)) < Ry(p—(kx)), we have

(5) lim Ry (p—(knwn)xy,5,) < By (- (k)X 5,)-

n—~o0

For every ¢ and any € > 0, in view of that a; is a left extreme point of affine
segment of M (u), we have

i{t € By : knn(t) < k(t) e} — 0 (n— oo),

hence o
lim Ry (p—(kntn)xe,) = By (p-(kz)xE,)-

n—oo

If there exist ig, € > 0, o > 0, such that
it € Ejy : knan(t) > ka(t) + ¢} > o,

then L
lim Ry (p—(knen)XxE;,) > By (p-(kx)XE,),

n—~o0
and hence o
lim Ry (p—(knzn)xy,E,) > BN (0-(k2)Xy EB,)-

n—~o0

This is in contradiction with (5). So knan(t) — kz(t) © 0 on (J,E;. Combining
(3) we get

kn =14 Rpyr(knan) — 1+ Ry (kx) =k (n — 00),

hence () — z(t) 45 0. By M(u) € Ay, we deduce ||z, — z||p; — 0 (n — 00).
() Ry(p(kx)) =1, p{t € G : kx(t) € {a;}} = 0.

In this case, y(t) = p(kx) is the unique support functional of z(t). For any

{zn(t)}o2 C S(Lar) with [ xzn(t)y(t)dt — 1, take ky, € Kpf(xy), and denote

F; ={t € G : kx(t) = bj}. Similarly, we can get knzn, £ kzon G\ U, F}j. Since

p(u) is not decreasing and continuous on the right hand, by (4) it follows

lim Ry (p(knwn)Xe\U, Fy) < B (p(kx) X\, Fy)-

n—oo

Noticing Ry (p(knzn)) > 1 = Ry(p(kz)), we have

(6) lim Ry (p(knan)xy, ry) = By (p(k2)x . F,)-

n—oo
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Since b; is a right extreme point of affine segment of M (u), for any € > 0 and

every j, we have
pft € Fj : knan(t) > kx(t) + €} =0,

hence
lim Ry(p(knzn(t))xF;) < By (p(kz(t)XF;)-

n—o0

If there exist jg, € > 0, 0 > 0, such that
pit € Fjy : knap(t) < ka(t) —e} > o,

then
im Ry (p(knen(t)xr,) < By (p(ke(t)xr, ),

and hence
lim Ry (p(knan()xy, 5;) < R 0(hx(D)x, £,

n—oo

which contradicts (6). So knxy —ka - 0. From (4), it follows k,, — k, and hence
2n —x 5 0. Noticing M € Ag,we get ||z, — z||pr — 0.

(M) Ry (p—(kx)) < 1< Ry(p(ka)).

By the condition (iii) of this theorem, there exist y(¢) € S(L(y)), and 7 > 0,
such that [ z(t)y(t)dt =1, Ry((1+ 7)y) < co. Denote all discontinuous points
of p(u) as {rn} (including {a;}, {b;}), denote e, = {t € G : kx(t) = rp}. By
R(y) = 1, for all £ € G, p_ (ke(t)) < y(t) < plka(t)), and

y(t) = p—(kz(t)) = p(kxz(t)) whenever ¢t € G\ U, én,
we have
U, {t € en :y(t) > p—(ra)}) > 05 u(U,{t € en : y(t) <p(ra)}) > 0.

Denote e}, = {t € ey, : y(t) = p—(rn)}. For ry take ey, > 0, such that p_(ry)+ep <
p(ry) and

/ N1+ 1)y dt—i—ZN (Tn) + en)peh, = 1.
A\Uyen

Constructing a function z(t) satisfying the following conditions

whenever t € G\ U, éen,
)+ én whenever t € e,

p—(rn) < z(t) < y(t) whenever t € ey \ e,
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and such that Ry (z) = Ry(y) =1, we can get Ry ((1+ 7)z) < oo and

uf{t € en:z(t) =p—(rn)} =0.

Similarly to the above, we can construct a function wu(t) satisfying Ry (u(t)) =
Ry(z) = Bn(y) = 1, Ry ((1 4 7)u(t)) < oo, and

p—(rn) < u(t) < p(rp) whenever t € ep.

Obviously, u(t) is a support functional of z(t). For {xy(t)}72; C S(Lys) with
Jozn(t)u(t)dt — 1, take ky € Kpr(zp), then kpap(t) satisfies (3), (4). Analo-
gously to the proof of the sufficiency of Theorem 1, we can get

knan(t) — kz(t) -5 0.

By (4), we have k;, — k, hence we have 2, (t) — z(t) - 0. In view of M (u) € Ag,
we deduce ||zn, — z|/ps — 0. O

Corollary 2. L, has the strongly exposed property if and only if
(i) M € Ay;
(il) M (u) is strictly convex;
(iii) there exist ug > 0, 7 > 0, D > 0, when u > uy,
N((1+7)p(u)) < DN (p(w)).

ProOF: Sufficiency. For z(t ) 6 S(Las), by (i) and (ii) of the corollary, it imme-
diately follows that (i), (ii) and (iv) of the Theorem 2 hold. Notice that when
u > ug, N((14+7)p(u)) < DN( (u)), it follows N((14+7)p—(u)) < DN(p—(u)). If
Ry (p—(kx)) = 1, then z(t) has the unique support functional y(t) = p—(kz(t)),
so

/G N((1+ 7)y(t)) dt = /G N((1+ P)p—(kx(t))) dt
< N((+7)p- ()G + D [ Nlp-(ka(e))
— N((1 4+ P)p ()G + D < 0.

If Ry (p(kz)) = 1, for the same reason, we have

/N (T +7)y(t)) dt = /N (14 m)p(kx(t))) dt < 0.

If Ry(p—(kx)) <1< Ry(p(kzx)), take Gg < G such that

| No-Gea@)de+ [ Nplhat) i =1,
G\Go G'0
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put
y(t) = p—(kz())xa\G, + P(kz(t)) XG>
then y(t) is a support functional of z(¢), and

Ry((1+7)y) —/G\G N((1 +7)p-(kx(t))) dt + . N((1+ 7)p(kx(t))) dt

< N((1+ 7)p(ug))uG + D < oc.

Combining the above, we get that the (iii) of Theorem 2 is true, so z(t) is
a strongly exposed point of B(Lyy).

Necessity. By (i) and (ii) of Theorem 2, it immediately follows that (i) and
(ii) of the corollary hold. If (iii) is not true, then there exist uy, , oo, such that
N((1+ %)p(un)) > 2" N (p(un)). Take a sequence {Gp}>2; of subsets of G with
G; NG = () whenever i # j, such that N(p(un))uGn = 2% Put

y(t) = > plun)xa, -
n=1

For any € > 0, take ng so that nlo < g, then

RN((1+2)y) = 3 N(( -+ )plum))uCn > D2 N1+ % )plun) G
n=1

n>ng

> Z 2" N (p(up)) nGp = oo.

n=ng
But
o0
Ry(y) =Y N(p(un))nGn =1,
n=1

put

Zoo—l UnXG
x(t) = n= " then z(t) € S(Lyy).
0 131 unXxa,, | (1) € S(Lar)

By Ry (p(|| 22021 unXa, M) = By (2nZy plun)xa,) = By (y) = 1, we know
kx = || > oneq unXa, l|lars since Ry (p(kzx)) = 1, 2(t) has the unique support func-
tional y(t), but y(¢f) does not satisfy (iii) of Theorem 2, so x(t) is not
a strongly exposed point of B(Lyy). O

Remark. Under M € Ay, the condition (iii) is equivalent to M € V.
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