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Remarks on special ideals in lattices

LADISLAV BERAN

Abstract. The author studies some characteristic properties of semiprime ideals. The
semiprimeness is also used to characterize distributive and modular lattices. Prime
ideals are described as the meet-irreducible semiprime ideals. In relatively complemented
lattices they are characterized as the maximal semiprime ideals. D-radicals of ideals are
introduced and investigated. In particular, the prime radicals are determined by means
of C-radicals. In addition, a necessary and sufficient condition for the equality of prime
radicals is obtained.

Keywords: semiprime ideal, prime ideal, congruence of a lattice, allele, lattice polyno-
mial, meet-irreducible element, kernel, forbidden exterior quotients, D-radical, prime
radical
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1. Introduction

The notion of a semiprime ideal was introduced by Rav in [8] in the following
way: An ideal I of a lattice L is said to be semiprime if the implication

(anbel & ancel)=an(bve)el

is true for every a,b,c € L.

In a recent paper, a new method was used to characterize the semiprime ideals
by means of lattice quotients. For a detailed description of the method see [3],
whereas for a comparative study of this technique against a classical background
see [1]. The semiprime ideals in lattices have been studied in [6], [2] and [4].

For completeness we include some definitions here.

Let a,b be elements of a lattice L. If a < b, we say that these elements form
a quotient b/a of L. We write b/a ~y, d/c if either

b=aVvd & aNnd>c

or
a=bAc & bVe<d.

If there exist quotients y;/x; such that

b/a=1yo/z0 ~w Y1/T1 ~w -+ ~w Yn/Tn = dc,
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we write b/a &2y, d/c.

A quotient b/a is called an allele if there exists a quotient d/c satisfying b/a ~,
Ay d/c and such that either b < ¢ or d < a. The set of all the alleles of L will be
denoted by A(L).

Let C'(L) denote the smallest congruence 6 of L for which the quotient lattice
L/6 is distributive. It can be shown [1] that (a,b) € C(L) if and only if there
exist a; € L satisfying

(1) a=aAb<a;<az---<am=aVbd

and such that a;11/a; € A(L) for every i =0,1,...,m — 1.

Proposition 1. Let I be an ideal of a lattice L. Then the following conditions
are equivalent:

(i) the ideal I is semiprime;
(ii) for any a,a,b of L,

bhael & brael & ava>b)=bel,

(iii) there is no allele b/a of L with a € I and b ¢ I;
(iv) for any x,y of L,

(el & z<y & (z,y) e C(L)) =>yel;
(v) for any x,y of L,
(xel & (z,y) € C(L)) = yeI;
(vi) the ideal (I|74(r) generated by I in the ideal lattice Id(L) is semiprime.

PROOF: (i) < (ii). Clearly, any semiprime ideal satisfies (ii).

Suppose now that tAy € Tand Az € 1. Puta=y,a=zand b=zA(yVz).
From (ii) it follows that x A (y V z) € I.

(i) & (iii). This is Main Theorem of [3].

(iii) & (iv) and (iv) < (v). Immediate.

(i) < (vi). This has been proved by Rav [8]. O

Corollary 2. (i) Let € L. Then the principal ideal (z] is semiprime if and only
if there is no allele y/x with y > x.

(ii) An ideal X of L is semiprime if and only if there is no ideal Y satisfying
X SYandY/X € A(Id(L)).

PROOF: (i) Suppose that (z] satisfies the condition and let g/i be an allele with
i € (z]. Since (i,q) € C(L), (z,x V q) € C(L). By the assumption and (1),
xzV ¢ € (z] and so ¢ € (z]. Thus (z] is semiprime.

The remainder follows from Proposition 1 (i).

(ii) Use (i) and Proposition 1 (v). O
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2. Properties characterizing semiprime ideals

First we need some notation.

Let I be an ideal of L and let M C L. By M} we mean the set of all a € L
such that a Am € I for every m € M. We write mj} (or simply m*) instead of
[m};.

Note that the ideal I is semiprime if and only if m7 is an ideal of L for every
m € L.

Given an ideal I of L, let v and 6 be relations defined on L in the following
way:

Y (a,b) € Y & a7 =0b7; (a,b) €0 < (anb)] = (aVb)].

The relation 1) was used by Rav in the proof of his Main Theorem in [8]. Note
that 6 C ¢. However, the converse inclusion need not be true.

Theorem 3. The following conditions are equivalent for any ideal I of a lattice L :
(i) The ideal I is semiprime.
(i) The relation v satisfies ¢ > C(L).
(iii) The relation 6 satisfies § > C(L).
(iv) The relations 0 and 1 satisfy 0 =1 > C(L).

PROOF: (i) = (iv). Let a* = b* and let z € (a Ab)*. Then 2z Aa Ab € I, which
gives z Aa € b* = a*. Hence z Aa € I and, similarly, z Ab € I. Since I is
semiprime, it follows that z A (a V b) € I. Consequently, z € (a V b)* and this
implies (a Ab)* = (aV b)*. Thus 6§ = . By [8, p. 109], L/0 is distributive and so
0> C(L).

(iv) = (iii). Trivial.

(iii) = (ii). Use 0 C ¢.

(ii) = (1 Let /i € A(L) be such that i € I. Then (i,q) € C(L) C v, and,
therefore, ¢* = i* = L. This yields ¢q € I. (I

Theorem 4. An ideal I of a lattice L is semiprime if and only if
(2) (aVB)Ad; D lav(bAd;
for every a,b,c € I.

PROOF: Suppose I is semiprime and let z € [aV (bAc)]*. Then zA[aV (bAc)] € I,
and, a fortiori,
xAchael & cAhcAbel.

Since [ is semiprime, x A ¢ A (a V b) € I. Therefore, = € [(a V b) A c]*.

Suppose that (2) is valid and let a Ac € T and b A ¢ € I. Replace a in (2) by
a A c. Then
(3) {llanc) VoA Dllanc)V (bA)*.
Since (aAc)V (bAc) € I, it is readily seen that {[(aAc)Vb]Ac}* = L. Accordingly,
[(anc)Vb]Ac € I, and, by (2), ¢ € [bV(aAc)]* C [(bVa)Ac]*. Hence (aVb)Ac € I.

O
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Theorem 5. An ideal I of a lattice L is semiprime if and only if the following
implication holds for every a,b,c € L:

(4) [(cAa)] D (cAb)T & (cVa)] D(cVb)] = a] Db}

Proo¥F: First we shall suppose that I is semiprime. Then we can consider the
quotient lattice L/ where 1) was defined above. If x/v, y/v € L/, then z/¢) <
y/% if and only if 27 D y7. Hence the antecedent of (4) can be rewritten as

¢/ Najip < c/yNb/Y & cfpVali <c/PVb/Y.

This, together with a result of M. Molinaro [7, p. 75|, implies that a/v < b/4.
Thus a* D b*.

Finally, let (4) be valid and let z,y and z be arbitrary elements of L. Let
a=(xVy)ANz,b=xV (yAz)and c=y. Then

cha=yANz<cAb=yA[zV (yAz)]
and
ceVa=yVizVyAz]<eVb=zVy.

Consequently we have
(eha)* D(eAb)* & (eVa)* D(cVb)*.

By assumption, a* D b*. From Theorem 4 we see that I is semiprime. (Il

Theorem 6. An ideal I of a lattice L is semiprime if and only if for any lattice
polynomial p(x1,22,...,xy) and any choice of elements ay,as,...,an € L the
relations

plag,a,...,an) € I & a1C(L)agC(L)...C(L)ay
imply a1,a2,...,an € I.

PROOF: Let I be semiprime and let p(a1,as,...,an) € I. Then

I =plar,az,...,an)/¢ = plar /v, a2/, ... an/v)
=plar/,a1/v,...,a1/Y) = a1/y.

Thus a; € I and the same is true for the other a;.

Now suppose that the stated implication is true and let p(z1,z2) = 1 Axg. If
a < b are such that a € I and (a,b) € C(L), then p(a,b) = a € I. We therefore
have from Proposition 1 (iv) that I is semiprime. O
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3. Semiprimeness as a descriptive tool

Theorem 7. A lattice L is distributive if and only if every principal ideal (a]
(a € L) is semiprime.

PROOF: Let I = ((a Ab) V (a A c¢)] be semiprime. Since a A b and a A ¢ belong to
I, wegetaN(bVe)e I ThusaA(bVe) < (aAb)V(aAc)and we conclude that
aN(®Ve)=(aAb)V(aAc).

Evidently, every ideal of a distributive lattice is semiprime. ([

Theorem 8. A lattice L is modular if and only if for any a,b,c € L, the ideal
(aV[bA (aVc)]] is a semiprime ideal of the sublattice generated by a,b,c in L.

PROOF: Suppose that L is modular and let M denote the sublattice generated
by a,b,c. Then, by modularity, I = (aV [bA (aVe)]] = ((aVb)A(aVc)]. Now M
is isomorphic to a quotient lattice of the free modular lattice Moag (see [5, p. 64])
with three generators z,y, z. However, a closer inspection of the quotient lattices
of Mg shows that in any of these quotient lattices the ideal corresponding to
((x Vy) A (xV 2)] is semiprime. Hence also our ideal I is semiprime.

Conversely, suppose the ideal I = (a V [b A (a V ¢)]] is semiprime. Note that
aN(aVe)elIandbA (aVe) e I. Consequently, (aVb)A (aVe) € I Thus
(avb)A(aVe)=aV[bA(aVc)] and L is modular. O

Theorem 9. Let I be a semiprime ideal of a lattice L. Then I is prime if and
only if I is a meet-irreducible element of the ideal lattice Id(L).

PRrROOF: One easily shows that each prime ideal is a meet-irreducible element in
Id(L).

It remains to show that every semiprime ideal I which is meet-irreducible in
Id(L) is also prime. To do this, consider b, ¢ € L satisfying bA ¢ € I.

We first note that the inclusion in I C (I'V (b]) N (I V (c]) can be replaced by
the equality sign. Indeed, let = € (I'V (b]) N (I V (¢]). Then there exist 4,5 € I
and by < b, ¢; < csuchthat 2 < (iVb1)A(jVer). Hence x < (hVbi)A(hVer)
where h=1i1V j €1l But by Acg <bAce€l. Therefore, hV (by Aey) € 1.

Now L/C(L) is distributive, and so (hV (by A c1), (R Vb1) A (hV e1)) € C(L)
Since I is semiprime, we have, by Proposition 1(iv), (hVb1) A (A V1) € I
Consequently, x € I. Combining this with the meet-irreducibility of I we can
derive easily that either be IV (b =T orce IV (] =1. O

Corollary 10. Let (a] be a semiprime ideal of a lattice L. Then (a] is prime if
and only if a is a meet-irreducible element of the lattice L.

PROOF: Use the fact that a is a meet-irreducible element of L if and only if (a
is a meet-irreducible element of Id(L). (]

By [8, p. 108], any semiprime ideal of L is the kernel of a congruence of L.
Hence the following lemma can be applied to semiprime ideals.
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Lemma 11. Let I be an ideal of a lattice L which is the kernel of a congruence
0 of L.

Then
(INTDKANJ & IVJDKVJ)=IDK

for any ideals J, K of L.

ProOOF: Let k € K. Since K C IV J, there exist ¢ € I and j € J such that
E < iV j. At the same time, j Ak € JAK C I. Hence (i,j A k) € 0 and,
consequently, (j,4V j) € 8. From j < jV k <iVj it follows that (j,jV k) € 6.
But then (j Ak, k) € 6. Since I is the kernel of § and jAk € I, weget ke I. O
Lemma 12. Let I be a semiprime ideal of a lattice L and let a,b € L be such

that a ANb € 1.
Then either (a] VI # L or

(@VI=L & bel.
PROOF: Suppose that (a] VI = L. Put J = (a], K = (b] and use Lemma 11. It
follows that b€ K C I. 0

The following theorem generalizes a result of Chevalier [6, p. 383] stated for
orthomodular lattices.

Theorem 13. Let L be a relatively complemented lattice. Then a proper ideal
I of L is prime if and only if it is a maximal semiprime ideal of L.

ProorF: It is well-known that in a relatively complemented lattice every proper
prime ideal is maximal.
What remains to be shown is that any maximal semiprime ideal I # L is prime.
Let I be an ideal having these properties and let a A b € I for some a,b € 1.
Suppose first that

(5) (@VI£L & a¢l.

Then (a] V I is not semiprime and, by Proposition 1 (iv), there exist p € (a] V I
and g ¢ (a] v I such that (p,q) € C(L) with p < ¢g. But p € (a] V I means that
p < aVifor asuitable ¢ € I. Now

p<qn(aVvi)<q & (p,q) € C(L).
Hence (¢ A (a Vi),q) € C(L) and, therefore,
(6) (aVi,qVaVi)eC(L).

Let r™ be a relative complement of a V i in the interval [i,a ViV g]. From (6)
we can see that (i,77) € C(L). If ™ belonged to I, then 7+ V a Vi would belong
to (a] V I. But then

¢g<aVvivg=rtvavie(aVI,
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a contradiction.

Thus 7t ¢ I, i € I and, moreover, (i,r+) € C(L). But this contradicts
Proposition 1 (iv).

We may therefore assume that (5) and a similar statement for b are not true.

However, if (a] VI = L or (b] VI = L, then we can use Lemma 12. Thus either
a € I or b €I and we are done. d

We now turn our attention to the prime radicals. Recall [8, p. 111] that the
prime radical rad(I) of an ideal I in a lattice L is the intersection of all the
semiprime ideals of L which contain I.

There is a simple way how to generalize this notion [4]: Given any lattice L,
let D(L) denote a congruence of L and let D be the class of all these congruences.
We shall say that an ideal I of L is an ideal with forbidden exterior quotients in
D, if the implication

(a<b & (a,b) e D(L) & acl)=bel

is true for any choice of ¢ and b in L.

From Proposition 1 (iv) we conclude that an ideal I is semiprime if and only if
it is an ideal with forbidden exterior quotients in C where C' denotes the class of
all congruences C(L).

If I is an ideal of L, we put

p(I)={xeL;(F)iel & (i,x) € D(L)}
calling it the D-radical of 1.

Proposition 14. The D-radical of an ideal I is equal to the intersection of all
the ideals with forbidden exterior quotients in D containing I.

PROOF: Straightforward. (]

Corollary 15. The C-radical of any ideal I in a lattice L is equal to the prime
radical of 1. O

Let I and J be ideals of a lattice L. If I'p(I) C I'p(J), then it is clear that
for any ¢ € I there exists j € J such that (i,j) € D(L). From this remark we
could deduce directly a simple characterization of the case where I'p(I) = T'p(J).
However, there is another approach which seems to be more fruitful:

Theorem 16. The following two conditions on ideals I,J of a lattice L are
equivalent:

(i) 'p(I) =Tp(J).
(ii) For any i € I and any j € J there exist i1 € I and j; € J such that

i<iy & j<ji & (i1,j1) € D(L).
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PROOF: Suppose first that Tp(I) =T'p(J) and let i € I, j € J.

Since i € I'p(I) C T'p(J), there exists jo € J such that (7, j2) belongs to D(L).
Then (i V j,j2 V j) € D(L). It follows from jo V j € T'p(J) C I'p(I) that there
exists ig € I such that (i2,j V j2) € D(L). Hence

(7) (i Vig,iVjVjs)€D(L) & (iVj\Via,iVjVijs) € D(L).

Now i Vig € I'p(I) C T'p(J) and so there is j3 € J with (i V ia,53) € D(L).
Therefore,

(3) (iVigVj,j3Vj) € D(L).

Put i1 =9 Vig, j1 = 7V j3. Then using (7) and (8), we get (i1, 1) € D(L) and
it is evident that + <i; and j < j1.

Next suppose conversely that I and J satisfy the condition (ii). By symmetry,
it is sufficient to prove that I'p(I) C T'p(J).

Let x € I'p(I). Then there exists ¢ € I with (z,4) € D(L). Let j be an element
of J. By the assumption, there are iy > 4, j; > j such that (i1,j1) € D(L).
However, from (z,i) € D(L) we obtain (z Vi1 V j1,41 V j1) € D(L). Similarly,
(¢1,71) € D(L) implies that (i1Vj1,71) € D(L). Therefore, (xViiVj1,71) € D(L)
and, consequently, zVi1Vj; € I'p(J). Since I'p(J) is an ideal, we have z € T'p(J).

(]
Corollary 17. Let a,b be elements of a lattice L.
Then
(i) the D-radical T'p((a]) is equal to the D-radical T'p((b]) if and only if
(a,b) € D(L);

(ii) the prime radical rad((a]) is equal to the prime radical rad((b]) if and only
if (a,b) € C(L).

ProOF: (i) Suppose I'p((a]) = T'p((b]). By Theorem 16, there are aj,b; such
that
a<a; & b<by & aj €(a] & by € (b & (a1,b1) € D(L).

Hence (a,b) € D(L).

Conversely, suppose (a,b) € D(L). For any i € (a] and j € (b] we then can put
i1 = a, j1 = b and use Theorem 16.

(ii) Now immediate. O

REFERENCES

[1] Beran L., Orthomodular Lattices (Algebraic Approach), Reidel, Dordrecht, 1985.

2] , Distributivity in finitely generated orthomodular lattices, Comment. Math. Univ.
Carolinae 28 (1987), 433-435.

3] , On semiprime ideals in lattices, J. Pure Appl. Algebra 64 (1990), 223-227.

[4] , On the rhomboidal heredity in ideal lattices, Comment. Math. Univ. Carolinae 33

(1992), 723-726.




Remarks on special ideals in lattices 615

[5] Birkhoff G., Lattice Theory, 3rd ed., American Math. Soc. Collog. Publ., vol. XXV, Provi-
dence, 1967.

[6] Chevalier G., Semiprime ideals in orthomodular lattices, Comment. Math. Univ. Carolinae
29 (1988), 379-386.

[7] Dubreil-Jacotin M.L., Lesieur L., Croisot R., Lecons sur la théorie des treillis, des structures
algébriques ordonnées et des treillis géometriques, Gauthier-Villars, Paris, 1953.

[8] Rav Y., Semiprime ideals in general lattices, J. Pure Appl. Algebra 56 (1989), 105-118.

DEPARTMENT OF ALGEBRA, CHARLES UNIVERSITY, SOKOLOVSKA 83, 186 00 PRAGUE 8,
CzECH REPUBLIC

(Received December 21,1993)



		webmaster@dml.cz
	2012-04-30T15:13:07+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




