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Homology theory in the AST 11
Basic concepts, Eilenberg-Steenrod’s axioms

JAROSLAV GURICAN

Abstract. Homology functor in the spirit of the AST is defined, its basic properties are
studied. Eilenberg-Steenrod axioms for this functor are formulated and established.

Keywords: alternative set theory, set-definable, homology theory, simplex, complex, Sd-IS
of groups

Classification: 55N35

0. Introduction.

In this paper which is the direct continuation of [G1] we start with developing
of one kind of a homological theory in the AST which can be based on algebraic
results from [G1].

It is necessary to emphasize the fact that topological phenomena in the AST are
studied by means of indiscernibility relations (or at least m-symmetries) and not by
means of topological structures (i.e. open and closed sets, convergence etc.).

There is no doubt that a figure in some indiscernibility relation can be considered
as a topological object, but this very different approach to topological phenomena
allows a different and very natural possibility to develop a homology theory. Our
approach is based on ideas of the simplicial theory, relevantly reformulated into the
AST. We start from simplexes which are infinitesimally small (i.e. which lie in one
monad) and without any (linear) structure. A nontrivial difference is that we need
infinite summation (to cover more than a part of finite number of monads) and
this is the main reason for the whole paper [G1] in which we prepared the most
important algebraic facts for the first steps in a homological theory (in the AST).
This approach seems to be one of the most natural for the AST . Of course there
are (except direct transferring of some classical approaches to the AST) also other
possibilities but (as I believe) we shall discuss them later.

1. Generalized symmetries.
The notion of the generalized symmetry plays a similar role in our considerations

as that of the geometrical simplicial complex in classical homology theories.

Definition 1.1. Class R is said to be a generalized symmetry on A iff
1) 0¢R
(2) #AucCv & veR)=ueR
(3) (Vz € A)({z} € R).
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Lemma 1.2. Let S be a relation such that (Vo € A) ([z,z] € S). Then r(S) =
{u; u? C S} \ {0} is a generalized symmetry on A.

PRrROOF: Clearly, the property which defines r (—) is hereditary on subsets. There-
fore (2) of 1.1 is satisfied. The rest of 1.1 is obvious.
O

Lemma 1.3. Let M be a codable class of generalized symmetries on A. Then
(UM and (\ M are also generalized symmetries.

Theorem 1.4. Let R be a generalized symmetry on A which is a w-class. Then
there is a sequence {Ry;n € FN} such that for each n, R, is set-definable class
and generalized symmetry on A, Ry4+1 C Ry, and finally R = ({Rn;n € FN}.

PrROOF: As R is a m-class, there is a sequence {Sp;n € FN} of Sd-classes such
that Sp,+1 € Sy, Then (1) and (3) of 1.1 are satisfied for all n. Denote R,, =
{y;u#0 & (Iv e S,) (uCv)}. Each Ry, is an Sd-class and also it is clear that
for each n Ry,41 € Ry, and (1) and (3) of 1.1 are satisfied. All we have to prove
is that R = ({Rn;n € FN}. Clearly R = (\{Sp;n € FN} C N{Ry;n € FN}
(because S, € Ry). Let u € (({Rp;n € FN}. It means that for each n there is
u, € S, such that u C u,. By the axiom of prolongation and the theorem on
prolongation of a countable sequence of Sd-classes, we obtain a € N \ FN such
that u C uy € S € R. Hence u C uy € R. As R is a generalized symmetry, we
have u € R, which proves the last inclusion. O

Theorem 1.5. Let S be a m-symmetry, {Sp;n € FN} be its generating sequence
(i.e.Sd(Syn),Sn+1 € Sn, S={Sn;n € FN}). Thenr (S) = {r(Sn);n € FN}.

PrROOF: Take u € r(S). We have u # () and u? C S. Therefore for each n u? C S,,
and hence u € r(Sy). Sou € N{r(Sy);n € FN}. Let u € (" {r(Sy,);n € FN}.
Then for every n u? C S, and hence u?> C ({Sy;n € FN} = S. Therefore
uer(S). O

Lemma 1.2. and Theorem 1.5. show that any generalized symmetry can be
obtained from every symmetry and that the given construction commutes with
countable intersections.

2. Definition of a homology theory.

In this section, we shall assume that R would be a generalized symmetry which
is a m-class.

First of all let us remember that there is a set-definable (even without parameters)
bijection F : N — V.
Definition 2.1. Denote R() = {u;u e R & card (u) = v+ 1}. The elements of

R(") are said to be v-dimensional (unordered) simplexes of R.
Denote

R%‘/] = {[$07x17_.,7x1j];{$0,1171,..-,$y}GR &

& (Yi,9 €v+1) (L <p=>F1z)<F! (a:w))}
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The elements of Rgﬂ are said to be ordered v-dimensional simplexes of R
ordered by F.

Clearly R®) and R%/} are m-classes. Therefore ( F R%j]) ,69) is a commutative
m-group with injective projections (with i.p. — cf. [G1, Definition 3.2]). This fact
allows the following definition.

Definition 2.2. Let G be a commutative w-group with i.p. Then we shall define
a chain complex of groups {C, (R,F,G),0,,v € Z} as follows:

C,(RF,G)=G% = (7 (RY) ¢)ec.

The elements of C, (R, F, G) are said to be v-dimensional chains in the order-
ing F with coefficients in G.
A boundary operator 9, : C, (R,F,G) — C,_1 (R,F, G) will be defined first

for G = (Z,+). So that we give a definition for C, (R,F,Z) = (.7: (R[I;f]) ,@).

Let [zg,z1,...,21] € R%/}. Put
(1) Oy ([0, 2]) = > (1) [z0,..., 75, ... 2]

([zo, - .. ZBy , x| stands here as usual for [z, ..., TB_1,TB41,--- ,Ty)).

C,_1 (R,F,G) is a commutative m-group and therefore the sum on the left side
of (1) is its correctly defined element and moreover the map 0, can be linearly
extended to a total homomorphism (for which we shall use the same assignment).
If G # (Z,+), we use the boundary operator

2) o, =0, olg: (F(RY),0) 06— (F(RY V), 0) e 6.
Obviously, for v < 0 it holds that R[I;‘/] = (), hence (.7-" (Rgﬂ) ,@) is a trivial

group in this case and we use also trivial homomorphisms dy, 0_1,... (i.e. for all

admissible x 0y () = 0,...).

Remark. We shall use the sign 0 instead of {0} for trivial groups.

An easy computation shows that if G = (Z,+), we have foreachv € Z 9,10
9y = 0. Therefore also 8/,_; 00, = (9y—1 ®Idg) o (9, ® Idg) = (Oy—109y) ®
Idg = 0®Idg = 0in a general case. These equalities allow the following definition.
(If it makes no confusion, we should use the assignment 9, also instead of 9.,.)

Definition 2.3. Put
Z, (R, F,G) =ker(0,) ={z e C,(R,F,G);9, (z) =0}.

The elements of this group are said to be v-dimensional cycles.
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Put

B, (R,F,G) =Im (ay+1) —
— {2 €C, (R, F,G);(Fy € Cpp1 (R, F, G)) (9,41 (v) = )}

The elements of this group are said to be v-dimensional boundaries.
By the above assertion, B, (R, F, G) is a subgroup of Z,, (R, F,G) and we can
put

(3) H, (R,F,G)=7Z,(R,F,G) /B, (R,F,G)

and call it the v-th homology group (of the generalized symmetry R in the
ordering F with coefficients in G). Ifc,d € C, (R, F, G) are chains such that
c—de B, (R,F,G), we shall write c ~ d (or ¢ —d ~ 0) which is the abbreviation
of ¢ is homological to d, or that ¢ and d are homological.

Now we shall prove that H, (R, F,G) is “independent” on the Sd-ordering F.
First we give a proof for G = (Z,+). We shall write C, (R,F), Z, (R, F), B, (R, F)
and finally H, (R, F) instead of C, (R, F,(Z,+)), ...

We give one combinatorial lemma first.

Lemma 2.4. Let v be a natural number, g = [go, 91, - - -, gv] be a permutation of
the set v+ 1 (i.e. g is a bijection g : v+1 — v+ 1, g(a) = go). Let h = g1

Denote i(g) = i{[g0,91,---,9,]) and i(g,v) = ¢ <[go,gl, e /h(\V)’ e ,gy}> for
0 <~ < v number of inversions (i.e. the number of such pairs 1 < ¢ that g, > g,)
in the permutation g and (g,v) respectively. (By (g,v) we mean the function
(g,7) : v — (v+ 1)\ {v} with values as it is indicated above.) Denote by

¢ (g,7v) the formula (i{g,v) —i{g) =h(y) — v mod 2) and
¥ (g) the formula (Vv € dom (g)) ¢ (g,7) .

Then for each permutation g, ¥ (g).

PRrROOF: First of all we prove a simpler version of this lemma.

Let g be a permutation such that ¢ (g). Let f be a transposition such that
dom (f) = dom (g). Then ¢ (fo g).

Take0<a< pf<vandletf=10,...,5,...,a,...,v] = (af). Let us remember
that £~ = f and that h = g~!. Now let v ¢ {a,3}. Then h(f(v)) = h(y) and
for g =1[90,.--,9as---+9ps-- -, gv] where g, = @ and g, = § we have

fog: [907"'7ga—1vgbaga+15'"agb—lvgavgb—i-la"')glj]'
But v = g. for some ¢ € {0,1,...,v} \ {a,b} and

(4) i<[907"'7§\ca'"agtla"'vgba"'agVD5—6
?_é7;<[907-'-7§\Ca'"7gba'-'7gaa'-'7gl/]> mod 2
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or in a more precise and shorter expression i (g,~v) # i (fog,v) mod 2. (By the
first expression one can think only about the case ¢ < a < b, but its meaning is quite
general.) Indeed both (g, ~) and (f o g,~) are permutations of the set (v + 1) — {v}
in this case. Being a transposition f changes the parity of the number i (g,~).
Therefore (4) holds. Now we have

i(fog,y)—i(fog)=i(fog,y) —i(g) +i(gy) —i(g +i(g) —i(fog)=
=1+h(y)—v+1=h(k(y)) — v mod 2

because v (g). Hence ¢ (g,~) in this case.
Now let v = a. Clearly the difference

i<g77>_i<fog77>:i<[g0""’EE""’gb7""gy]>_i<[g0""’gb7""§;""’gy]>

depends only on the part gq4+1,...,8p—1 and on the value of g;. In this moment
we consider the case g = «, g, = 8. The second case is quite similar. The permu-
tation (g,~) can be obtained from (f o g,v) by means of sequence of the transpo-
sitions (gp—1,8p), (80—2,90) - - - » (8a+1,8p). The number of these transpositions is
b-1)—(a+1)+1=b—a+1, hence

i{g,v)—i{(fog,v) =b—a+1mod 2

Hence we have

i(ffog,y) —i(fog) =i(fog,y) —i(g,7) +il(g,7) —i(g) +i(g) —i(fog) =
=b—a+14+h(y)—y+1=b—a+h(y)—y=h(k(y)) — v mod 2

because h (k (7)) = b, h(y) = a and i(g) # i(f o g) mod 2. Therefore ¥ (f o g).
The simpler version of the lemma is proved. It is clear that if I = [0,1,..., V]
is the identical permutation, then v (I). Because for each permutation holds the
equality g o I = g, we have ¢ (g) for each transposition. And because each set
permutation can be written as a set composition of transpositions, the lemma follows
by the induction. O

Theorem 2.5. Let R be a w-symmetry, let F1,Fo : N — V be two Sd-bijections,
let G be a commutative w-group with i.p. Then H, (R, F;,G) 2 H, (R,F3,G)
for every v € N.

PROOF: There are Sd bijections H, G : N — N such that H (i) = j if and only if
Fi (i) =F2(j) and G (i) = j if and only if Fy (j) = F2 (¢). From this definition it
follows that F; (i) = Fo (H(¢)) and F1 (G (i)) = Fa (i).

Let us define maps 1 and w as follows:

n: {CV (RvFl)val/vV € Z} - {CV (R5F2) aaI/vV € Z}
by the equality

1 () Fy) = (—1){[GG0)-GG)) (1) Fy where
(V)Fo = [F2(jo),...,Fa(jn)]...(le. jo<j1 <---<jy) and
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w:{Cy (R,F9),0,,veZ} —{C,(R,F1),0,,vEZ}
by the equality
w ((v) Fg) = (—1)HHG0)-HGID (1)) By | where
(v)F1=[F1(j0),---,F1 ()]

and by means of the linear extension [G1, Theorem 1.8], of course. We have to
prove that both these maps commute with boundary operators, i.e. that

(1) dony =ny_100 and Oowy =wy_100.

Let (v) F1 = [F1 (ig),...,F1 (iy)] and at the same time let (v) Fo =
[F2(jo),---,F2(ju)]. Then

M-100 () F1) = 1,1 (Z (<1)° [F1 (o) -+ Fi (ig)s . Fi M) =
5=0

5 o a0 T e,
B=0

because F1 (zﬁ) =Fy (H (zﬁ)) and

dom ((v)F1) =0 ((~1)1G00)-G0D (1) Fy ) =
— (_1)i([G(j0),--.,G(ju)]> (Z (_1)5 {Fg Go)s-- - F?(]\ﬁ)7 .. Fy (]V)}) '

Now it is enough to prove that

(_1)i<[G(jo),---vG(E(TB))’”"G(j”)]>+B <v ~ {F1 (15)}> Fy =

= (1) GU0) GG [Fy (jo) ..., Fa (), - - F2 ()]

or equivalently that

—

@ i([GGo).- .G (H(ip)),....G()| )+ 5
=i (G (jo),---,G(u)]) + I (H(ig)) mod 2,
Because 79 < i1 < --- <14y and jo < j1 < --- < jy, they are increasing sequences.

Therefore it holds for each permutation oy < a3 < --+ < i, of the set {0,1,... v}
that

i{[ao, .- o)) =i {llag, - ian]) =5 ({Jags - - -+ Jau]) -
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Therefore it is clear that it is enough to prove (2) for the case when G, H are
permutations of the set {0,1,...,v} such that H = G~!. But it holds that
I(H(ig)) = H(ig) in this case and hence (2) holds according to 2.4. Hence
domny =ny—100. A proof for w is similar.

Now we can also assume that [ig,...,i,] = [jo,...,Jv] =[0,...,v] (because each
of these sequences is increasing). It holds that

010 ((0) F) =, (1) I6G0- GG () ) =
- (_1)i([G(jo),~~-7G(ju)}>+i<[H(jo)7~~~7H(ju)}> (v) Fy and also
i([G (j0)s---, G (G)]) =i (H (o)., H{)])

because H and G are inverse maps.
Hence
wyomny, =1d [Cu(R7F1)-

Using similar arguments we can also prove that
mowy,=1Id | Cy (R,F2).

So that
n:{C, (R, F1),0,,v€Z} - {C, (R, F3),0,,v €Z}

is a chain isomorphism and therefore it holds for every v € N that
H, (R,F1) = H, (R,F2).

Now we can obtain general result for arbitrary commutative m-group with i.p. of
coefficients using extensions of the maps w and 1 by ®1Idg (cf. [G1, Theorem 3.12]).
O

In the view of the previous theorem we shall omit an assignment for an ordering
in the assignments of C, (R,F,G), Z, (R,F,G), B, (R,F,G) and H, (R,F,G)
as well. We shall write usually only C, (R, G), Z, (R, G), B, (R, G) and finally
H, (R,G) or even only C, (R), Z, (R), B, (R) and H, (R).

Definition 2.6. Let R and S be two generalized symmetries. Let G be an Sd
map such that (Vu € R) (G"u € S) and [JR C dom(G). Then G is said to be
a simplicial map from R to S.

Let R and S be two generalized symmetries (which are m-classes). Let F, Fo
be two Sd bijections F1,Fo : N — V. Let G be a simplicial map from R to S
such that G | (JR is the “nondecreasing” map between the given orderings Fi
and Fy (precisely if ¢,k € N are such that F; (¢),F1 (k) € R and ¢ < k then

-1 —1
Fy! (G (F1 (1) < Fy ! (G (Fy (1)),
Let us put
_ G''v)Fy if card(v) = card (G"v
G ={ € | (")
0 otherwise.
This map G can be [G1, Theorem 1.8] linearly extended to the total homomorphism
(which we shall call G as well) G : C, (R, F1) — C, (R, Fa).
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Theorem 2.7. The homomorphism G from the previous considerations is a chain
homomorphism between the chain complexes {C, (R,F1),0,,v € Z} and
{C, (R,F3),0,,v €Z}.

PROOF: Take v € N, let card (G"u) < v—1 = card (u)—2. Clearly oG ((u) F1) =
0 = God ({u) F1) in this case. It is obvious that 9o G ((u) F1) = 0 = God ((u) Fp)
provided card (G"u) = card (u) as well. Finally let card (G"u) = card (u) -1 = v.
Let (u) F1 = [F1 (i9),...,F (iy)] . There is just one pair of indexes {j, k} (j # k)
with G (F1 (ij)) = G (Fy(ig)) in this case. By G ((u)F1) = 0, we have 0 o
G ((u) F1) = 0. It holds that

O (W) F1) = (=1 [F1 (o) -, F1 (i), ... F1 (i) +

.

+ (—1)k [Fl (i0) ..., F1(ig),...,F1 (Zy)} +s

where s is a sum (with both possible signs + and -) of ordered simplexes in which
both vertices F1 (i;) and Fq (i)) occur. Hence G (s) = 0. By the assumption that
G is nondecreasing, it follows that j and k are such that |j — k| = 1. Moreover

— o —

[Fl(io),...,Fl (i),.... Fy (iy)} - [Fl(io),...,Fl (in), . F1(i)].

Inasmuch

—

(—1)j [Fl (i0),...,F1 (ij), ..., Fq (ZV)} +

+(~1)F {Fl (i0)+-- - F1 (ip)s .. F1 (i) =0

and G (9 ((u) Fy)) = 0. O

Composing nondecreasing G with a chain homomorphism of the kind 7 (cf.
the proof of the Theorem 2.5.) we can prove 2.7 provided G be any simplicial
map. An easy computation shows that G ® Idy is a chain homomorphism be-
tween chain complexes {C, (R,F1,H),d,,v € Z} and {C, (R,F2,H),d,,v € Z}
(H is a commutative m-group with i.p.). Hence any simplicial map G from R
to S induces the homomorphism (more precisely a sequence of homomorphisms)
G.:H, (R, F;,H) - H, (S,Fy,H).

Theorem 2.8. For any R, Id. : H, (R,F,G) — H, (R,F,G) is an identity
homomorphism.

Theorem 2.9. Let R, S and U be generalized symmetries, let G be a simplicial
map from R to S and H a simplicial map from S to U. Then H o G is a simplicial
map from R to U and (Ho G), = Hy 0 G,.

PRroOF: It is clear that H o S is a simplicial map. To prove the second assertion

it is enough to prove that (H o G) = H o G. For this, we shall make the following
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computation:
(HoG) ((u)Fy) = ((HoG)u)F3 = (H'G"u)Fs = H (<E”u> Fg) -
—H(G((w)F1) ~HoG ((u)Fy) .
O

As the result of this section we have constructed a functor from the category of
generalized symmetries which are 7-classes with simplicial maps to the category of
abelian groups with homomorphisms.

3. Invariance theorem for homology.

The main aim of this paper is to introduce homology theory for m-symmetries
and m-equivalencies. Homology functor created so far can be used to this end by
means of the operator r(—) defined in 1.2. Let G be a commutative 7-group with
i.p. in the whole section. First of all we give one important lemma.

Lemma 3.1. Let Hi,Hy : V — V be two Sd functions. Let u = [zg, ..., 2] be an
v-tuple. Let us put

v

D(u) = Z(—l)j [Hl (z0),....,H1 (CL']) ,Ho (acj) , ...y Ho (CL‘V)} .
0

This expression defines (by the linear extension) homomorphisms between groups
C, (R,F1,G) and Cy41 (S,F2, G) provided H|v UH)v € S for every v € R.

Then for every chain ¢ € C, (R, F1,G), the equality Hy(c) — Hy(c) = (Do d +
0o D)(c) holds.

PRrROOF: By an assumption both H; and Hy are simplicial maps. The rest of the
proof can be found in [A,pp.285-287] (we must apply operator ®Idg in a general
case). O

Theorem 3.2. Let S be a m-symmetry, let u, v be sets such that u C v C
S"u. Let g : v — u be a function such that g | u = Idy, (Vz,y € v)(zSy =
(zSg(y) & g(x)Sg(y))). Let F : N — V be an Sd bijection. Then

H, (r (S N u2) ,F, G) ~H, (r (S N v2) ,F, G) for every v € N.

PrOOF: By 2.5 we need not care about an ordering. The identity i : u — v is a sim-
plicial map from r (S N u2) tor (S N v2). We state that iy : H, (r (S N u2) ,F, G)
—H, (r (S N v2) ,F, G) is an isomorphism.

Injectivity: Let ¢,d € Z, (r (S N u2) F, G) be two chains nonhomological in
C, (r (S N u2) JF, G). We claim that they are nonhomological in

C, (r (S N v2) ,F, G) as well. For the contrary, let e € C, 41 (r (S N v2) ,F, G)
be a chain such that d(¢) = ¢ — d. By assumptions, g is a simplicial map from
r (S N v2) tor (S N u2), hence g is a chain homomorphism. Because g | u = Idy,
we have g(c) = ¢ and g(d) = d. Therefore

¢—d=7g(c—d) =god(e) = d(g(e))-
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This means that ¢ and d are homological in C, (r (S N u2) ,F, G) — a contradic-
tion. Hence i4 is an injection.

Surjectivity: It is enough to prove that for any cycle z € Z, (r (S N v2) ,F, G)
there is a cycle d € Z, (r (S N u2) ,F, G) such that z and d are homological in
C, (r (S N v2) ,F, G). Let d = g(z). Because g is a chain homomorphism, it holds
d(d) = 9(g(z)) =8(0(z)) = g(0) = 0. Therefore dis acyclein Z, (r (SN u?) ,F, G)
We are about to find e € Cpq1 (r (SN u?) F, G) such that d — z = 9(e). Take
H; = Id and Hy = g in the Lemma 3.1. According to the assumptions these

maps fulfil the assumptions of 3.1 and so we have a homomorphism D. Let us put
e = D(z). We have

d—z=8(z)—2z2=Dod+0doD)(z) =D(9(z)) + (D(z)) = D(0) + 9(e) = I(e)
so that z and d are homological (in Cy, (r (SN v2),F, G)). Hence iy is a surjective
map. O

Corollary 3.3 (Invariance theorem). Let S be a m-equivalence, let u, v be such
that FigS(u) = FigS(v). Then H, (r (SN u?) ,F,G) 2 H, (r(SNv?),F,G) for
every v € Z.

PROOF: By the assumptions, u C uUv C S”u and the m-relation R = {[z,y];y €
u & 2Sy} has dom (R) D uUv. Therefore there is a selector f of the relation R
such that dom (f) = v \ u. Let us put

f(x) it zreviNu
g(z) = .
T if z€u.

By the definition of g we have Sy = g(x)SzSySg(y). As S is an equivalence,
we have Sy = g(z)Sg(y). g | u = Idy as well. Finally it holds that xSg(z) so
that xSy = 2SySg(y). Again because S is an equivalence we have xSy = xSg(y).
Therefore S, u, uUv and the function g fulfil the assumptions of 3.2 and therefore

H, (r (Smu2) ,F,G) ~H, (r (Sm(uuV)2),F,G) .

Similarly we can prove that

H,,(r(Sﬂv2) )% ( ( (uuwv) ),F,G).
H, ( (va ) F,G).
O
Corollary 3.4. Let S be an indiscernibility relation, let u be a set. Then for every
v e NNFN,
H, (r (Sﬂuz) ,F,G) ~0
PROOF: Take v ¢ FN. Let v be such that FigS(v) = FigS(u) and card(v) < ~. It

means that C, (r (S N v2) ,F, G) = 0 for v > . Therefore Hy (r (S N v2) ,F, G)
~0and by 4.3 H, (r(SNu?),F,G) =0 as well. O

Hence
H,,(r(Smu ) F, G) S
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4. Eilenberg-Steenrod’s axioms.

We are going to define relative homology theory (i.e. theory of couples figure-
subfigure). It is well known that such a theory would satisfy seven so called
Eilenberg-Steenrod axioms. Therefore first of all we give precise formulations and
proofs of these axioms. This will enable us to use many useful and well known facts
and results about homology theories.

We shall consider the category of pairs of sets (u,v) satisfying v C u for our
aim. Morphisms of this category are functions f : (u,v) — (z, w) — it means that
f is the function f : u — z satisfying f”v C w. We shall write u and f : u — z
instead of (u,0) and f : (u,0) — (z,0), respectively.

First we have to define relative homology groups. In this section, we shall work
with the indiscernibility relation R on the set u unless something else is explicitly
stated. Therefore we assume that R = R N u? and moreover that whenever we
take the generating sequence {Ry,;n € FN} then R, C u? holds for every n €
FN. Restricting to some subset z C u, we shall write Int;(A) (or A,) instead of
Int (A) Nz, A, instead of ANz etc. In addition we shall use some fixed commutative
m-group G with i.p. and some fixed ordering F of V.

The basic idea is to use a construction like C,, (r (R)) /Cy (r (RN a?)) fora C u.
It is important to emphasize that each group of this kind allows the infinite set

(]
summation in our case. For this, let us recall that C,, (r (X)) = G*X)r . Now let
{ea; A € a} be a set of elements of C,, (r (R)), let f: o — Z be a set function. Put

{b)\;/\GOL}—{C)\ [r(Rﬂa2)E:];/\€a} =
:{b)\; (x € dom (b)) < [z € dom (c)) &(Vy € x)(y € a)]) &

& (va € dom (b)) (b () = ex(@)) }
Next let us put

{ax; A €a} = {aA; (x € dom (ay) < [z € dom (c)) &(Fy € x)(y ¢ a)]) &

&(va € dom (ay))(ax(2) = ex(@)) } -

According to the above definitions one can see that both {a); A € a} and {by; A € o}
are the sets of elements of C, (r (R)). Obviously for each A € o cy = a) + by,
and finally

Do FNex =D FNax+ Y fF(V)ba

AEa AEQ A€

as well. It is also easy to see that this summation is independent on the “selection
of representants”.
Let a C u. We shall define relative homology groups of the couple (u, a).
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Definition 4.1. Let a C u. Let us put
C, (R,u,a) = G, (r (R)) /C, (r (R N a2)) .

Therefore, “simplexes” of C, (R,u,a) are those “simplexes” of C, (r (R)) at
least one vertex of which does not belong to a. The boundary operator

dy:Cy(r(R)) — Cp_1 (r(R))

maps the subgroup C,, (r (R N a2)) into the subgroup C,,_1 (r (R N a2)) and there-
fore it induces the homomorphism

0y :Cy(Ryu,a) > Cy_1 (R,u,a) .

This homomorphism is a boundary operator in the new chain complex of groups
{CV (R,u,a),0,,v € Z}. We shall frequently write 0 instead of 0. The men-
tioned chain complex of groups we shall frequently write as C(R,u,a). We shall
write H, (R, u,a) for homology groups of this chain complex of groups or simply
H, (u,a).

Let us write C (R) instead of the chain complex of groups {C,, (r (R)),dy,v € Z}
and C (Rﬂ a2) instead of {C,, (r (Rﬂ az)) ,Op, U € Z}.

If 7 and p are homomorphisms of chain complexes of groups induced by the
inclusion map and by the natural projection respectively, then

0 —— C(Rna?) —— CR) —2— C(R,u,a) —— 0
is a short exact sequence.
Now we shall prove the following

Theorem 4.2. Let a C b C u be such that Fig(a) = Fig(b). Then the short
exact sequences

(%) O—>C(r(Rﬂa2))iC(r(R))iC(R,u,a)HO and
(#%) O—>C(r(Rﬂb2))iC(r(R))EC(R,u,b)HO

are homotopically equivalent. (i are inclusions, p; and Py are competent projec-
tions.)

PROOF: According to the theorem on the selection of m-relations there are the

following functions:

f:b—a suchthat zRf(z) & fla=1Ida
h:u—u suchthat hlaU(uxb)=Idy )
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with h [ b =f.
Let 49, i1, t2 and ¢ be convenient inclusions. Let us consider the following dia-
gram:

0 —— C(rRNa?) —2— C(rR)) 2~ CR,u,a) —— 0

N

0 —— C(r(RNb2)) —2— C(rR)) —2— CR,u,b) —— 0.

One can easily verify that the left square of this diagram commutes in both direc-
tions. Moreover, following the Theorem 3.2 we have the next relations:

(1) foip~Id (2) dgof~TI (3) hoi~Id (4) ioh~Id.

We consider identities with convenient domains in the previous relations.

Next let us define v, : C, (R, u,a) — C, (R, u,b) as follows:

u (x+C,, (r (Rmﬁ))) —i(z) + C, (r (Rme))

and similarly W, : C, (R,u,b) — C, (R, u,a) as follows:

W, (o €, (r (ROD7))) =Buo) + ©, (r (RAa2)).

Now we verify correctness of these definitions.
Let 2 — 2’ € C, (r (RNa?)),ie 2’ =2 +y where y € C, (r (RNa?)). Then

v (x’+ C, (r (Rma2))) —i@@)+Cy (r (Rme)) _

+ily )+Cy( (RﬂbQ)) -

)
)

=i(@)+Cy (r (RNB?Y)) =
(z+C0 (r(RNa%))).

Similarly, let z—2’ € C,, (r (RN b?)), i.e. 2’ = 2+y, wherey € C, (r (RN b?)).

W, (a:’+C,, (r (Rmb2)))

By (+') +Cy (r (RNa?)) =

V(@) + By (y) + Cy (r (RNa?)) =
+Cu( (Rﬂaz)):

= (x+C,, (x(RNDB?))).

|
=

|
S‘I
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Hence the maps v and W are defined correctly. Moreover they have been defined just
in order to make the right square in the diagram commutating in both directions.
Because

VOW(x+C,, (r (Rmbz))) =ioh(z)+C, (r (Rmbz)) and

wov(erCV (r (Rﬂaz))) =hoi(z) +Cy (r (Rﬂa2))’

it is clear that chain homotopies assuring relations (3) and (4) induce through the

projections chain homotopies which assure the relations Wov ~ Id and Vow ~ Id.
O

Corollary 4.3. Let a,b C u be such that Fig(a) = Fig(b). Then the exact
sequences of chain complexes (x) and (x*) are homotopically equivalent.

ProoF: This follows from the fact that if Fig(a) = Fig(b), then Fig(aUb) =
Fig (a) = Fig (b) and from the previous theorem. O

A special part of this corollary is the next

Corollary 4.4. Let a and b be such that Fig (a) = Fig(b). Then for every n € Z
H, (u,a) and Hy,(u, b) are isomorphic.

The corollary enables us to define Hy,(u, Fig (a)) to be equal to Hy,(u, a) so that
the Hy,(u, Fig (a)) is (up to an isomorphism) independent on the choice of a. The
theorem itself carries a more wide information, of course.

Let us define a homomorphism 0, : Hy, (u,a) — H,_; (a) as follows: let ¢ €
Z,, (R,u,a) and let [c] be its homology class. As the projection p is mapping onto
C, (R,u,a), there is b € Cyp (r(R)) such that p(b) = ¢. We have po 9 (b) =
dop(b) = O(c) = 0, hence by the exactness of (x) it follows that there exists
d € Cp_1 (r(RNa?)) with i (d) = 9 (b). Moreover, because i 0 J(d) = 9 oi(d) =
90 d(b) = 0 and because i is an injection, we have d € Z,_1 (r (Rﬂ az)). For
correctness of this definition see e.g. [H-W, Theorem 5.5.1].

It is obvious that for every x it holds that Hy, (xz,0) = Hp, (z). Using inclusion
maps J : (u,0) — (u,a) and ¢ :a — u, we can see that there is so called
homology sequence of the pair

e H,_1(a) O H, (u,a) P H, (u) PR H,(a) «— -

Let R be an indiscernibility equivalence on u, i.e. R = RN u? and let v C u.
Let S be an indiscernibility equivalence on w, i.e. S = SN w2 and let z C w.
Let f : (u,v) — (w,z) be a continuous map from R to S (it means also that
f’v C z). The map f induces a homomorphism from the short exact sequence

0 — C(r(RNv?) KR C(r(R)) o, C(R,u,v) — 0 to the short exact sequence
0 — C(r(S Nnz?)) KR C(r(S)) EEN C(S,w,z) — 0 in the analogical way as it is
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done in the Definition 2.6. Of course this induced homomorphism consists of three

homomorphisms (f | v, f, f/) such that the following diagram commutes:

0 —— Cx(RNV?)) —— C(rR)) 2~ CR,u,v) —— 0

(+) 7| 7| 7|

0 —— C(r(SNnz?) —— Cx(S) —2— C(S,w,z) —— 0.

The triple of homomorphisms (f | v, f, f/) induces the triple of homomorphisms
((f T V)«, f«, f1) between convenient homological sequences (cf. [H-W, Chapter I,
§65.5-5.6]). Let us denote Ry = RN v2, S, = SN z2. Then the above statement
is expressed by the following commutative diagram:
(++)
8* '* '*
- — Hyo1 (r(Ry)) < Hp(Ru,v) <& Hy (r(R)) <= Ha(r(Ry)) — -
(V) ] al (- |

-+ Hp_1(r(S2)) & H, (S, w,z) ‘j_* Hy, (r (S)) & Hy (r(Sz) « -

It is clear that the following relative forms of Theorems 2.8 and 2.9 hold:

Theorem 4.5.

(1) Ids is an identical isomorphism of a relative homology group
(2) let f be as above, let g : (w,z) — (s,t) be a map continuous from S to T
— here T is an indiscernibility equivalence on s, i.e. T = T Ns?. Then

(fog)s = fxogs.
Commutativity of the diagram (++) yields to
Theorem 4.6. (f | V) 005 = 0x 0 fx.
According to the [H-W, Chapter I, §§5.5-5.6] we have

Theorem 4.7. The homology sequence
2 Ox Jx 2
—H,_1 (r(Rﬂv )) ~— H, (R,u,v) <— H, (r(Rﬂu )) — ...

is exact.

Combining this theorem with “five-lemma” and with Corollary 3.3 it again yields
to an isomorphism as in Corollary 4.4.

Homotopy axiom.
Before starting with the definition we shall give one preliminary statement.
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Theorem 4.8. Let f,g:u— w, let R be a symmetry such that {[z,z];z € U} C
R = RNu? and let S be an equivalence such that S = S N\w?2. Then the following
conditions are equivalent:

(1) (Vz e u)(f(ff)sg(w))
(2) (Vz C u)(FigS (f "z) = FigS(¢"z))
(3) (vVz € r(R))(Fig®(f"z) = FigS(¢"z)).

PRrROOF: The relation r(R) C P(u) (the set of all subsets of u) assures the implica-
tion (2) = (3). Similarly the fact that r(R) contains all one-element subsets of u
assures the implication (3) = (1). To prove the implication (1) = (2), let z C u.
Then

FigS U{Flg jx €z} = U{Figs (9(z));z € z} = FigS (g”z)

To explain the equality between two unions, let y € (J{FigS (f(z));z € z}.
means that there is € z such that ySf(z). By (1) we have ySf(x)Sg(z) and
because S is an equivalence, we have ySg(z). Hence y € |J{FigS (¢(z));z € z}.

0

In the view of our definition of simplexes, one can see that the condition (3)
of the previous theorem exactly corresponds to the notion of the contiguity (cf.
[E-S, V1.3.1]) in a classical algebraic topology. But it seems to be better to give the
definition also for the case when S is a symmetry.

Definition 4.9. Let R and S be symmetries, let u and w be sets with R = RN u?
and S = SNw2. Let f,g: u— w be two maps continuous from R to S. The maps
f, g are said to be contiguous — we shall write f ~ g — iff

(%) (Vz € r(R))(f"zU ¢"z € r(89)).

Remark. We require moreover that f, g are maps between the same pairs of sets
(f,g9: (u,v) — (w,2z)) for the relative case. This is necessary for f, g in order to
induce the homorphisms fx, g« : Hy (R, u,v) — Hy, (S, w, z).

Lemma 4.10. IfS in the previous definition is an equivalence then (x) is equivalent
to each of the conditions (1)—(3) of Theorem 4.8.

PRrROOF: We shall prove the equivalence of (x) and (3). Let (%) hold. Let z € r(R).
We have [’z U ¢"z € r(S). Now let z,y € z. We have [f(z), f(y)] € S, ie
Fig (f"z) = Mon(f(z)). Similarly Fig (¢”z) = Mon(g(z)). But also f(z)Sg(z) so
that Mon(f(x)) = Mon(g(x)). It means that (3) holds.

Now let z € r(R) again. According to the continuity of f and g it holds that
(f"2z)? C S and (¢"z)? C S. Hence if = € z then Fig (f”z) = Mon(f(z)) and also
Fig (¢""z) = Mon(g(x)). Using (3) now we have Fig (f"zU ¢"z) = Mon(f(z)) so
that "z U g¢"z € r(S). a

The lemma yields to the fact that if S is a m-equivalence we can define the notion
“to be contiguous” with help of any of the conditions (1)—(3). It follows from (1)
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that if S is a m-equivalence, omitting the word “continuous”, the relation ~ becomes
to be a m-class. Indeed, Vm < 7.

If S is a symmetry then ~ is a symmetry as well, if S is an equivalence then ~
is also an equivalence.

We are ready for the definition of the homotopy.

Definition 4.11. Let f,g: (u,v) — (w,z), R and S be as Definition 4.9 requires.
The maps f and g are said to be homotopic iff there is the set {h;;i € v+ 1}
(v € N) of continuous functions h; : (u,v) — (w,z) such that f = hg, g = h, and
(Vi S I/)hi ~ hi+1.

Remark. One can obtain the usual (absolute) definition of homotopy considering
(u,?) and (w, ) is the same as u and w, respectively.

Obviously the homotopy is an equivalence relation.

Theorem 4.12 (Homotopy axiom). Let f, g, (u,v), (w,z), R and finally S be as
it is required in Definition 4.9. Moreover let R and S be indiscernibility relations.
If f and g are homotopic maps then for each n € N f. = g« : H, (R,u,v) —
H, (S,w,z).

PROOF: Let us define chain homotopy D’ between f and g as follows: take the
ordered simplex (s) = [zg, 21, ...,2n] of Cp, (r (R)). Let us put

= ZZ 0)s - hi@j), higa(zj), - - s higa(zn)]-

D’((s)) is a chain in Cp, 1 (r (S)) because h; ~ h; 1. Let us take the linear extension
of D’ to the entire group Cy, (r (R)) — for this extension we shall write also D’.
Combining Lemma 3.1 with the induction we can see that D’ is a chain homotopy
between f and g, i.e. D’ 09+ 00D’ =g — f. Hence fx = gx. O

The last proof is so simple due to our definition of the homotopy. Moreover this
definition seems to be — at least in our opinion — very natural.

Excision axiom.

Dealing with this axiom we must be careful and we must do some restrictions.
The notion of A-full class has the fundamental significance for our approach to the
excision axiom.

Definition 4.13. Let A Cu (A C z) be a closed figure. A seta Cu (w C z)
is said to be A-full (Az-full), if Int(A) € a C A (Inty(A) € w C A,) and
Fig (a) = Fig(A) (Fig(w) =Fig(A),). (According to our agreement made at the
beginning of this section it holds that Int (A) Cu, A Cu,...)

Lemma 4.14. Let A C u be a closed figure. Then there is A-full set a.

PROOF: A and u ~ A are closed figures, hence there are sets a’ and b such that
Fig (a’) = A and Fig (b) = u~A. So we have Fig (a’)UFig (b) = u. Let {R,;v € a}
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be a set prolongation of the generating sequence {Ry;n € FN} of R. Then there
is v € a . FN such that
(1) Rl UR!b=u.
Let us put a = R//a’. We are going to prove that a is an A-full set.
Obviously, a = Rjja’ C Fig (a’) = A so that a C A. According to (1) it holds for
z € A either z € Rla’ or z € R!!b. Moreover

reA — z¢u~A — z¢Fig(b).
But because R.)b C Fig (b), x ¢ RJ'b holds as well. Hence we have z € a = R//a’.
So that A Ca C A.
Now let z € A. Then z € Fig (a’ ) according to the definition of a’. Hence = €
Fig (Rya’) = Fig (a), which concludes the proof. O

For the rest of the section, let U C u be an open figure, let A C u be a closed
figure such that U C A.

So that u ~\ U is a closed figure and therefore there is a (u ~ U)-full set z with
Fig(z) =u~U.
Lemma 4.15. Let a C u be an A-full set. Then aNz is an (A \ U)g-full set.

PRrROOF: Let € Intz(A N\ U). Then z € Int (AN U) and = € z hence x € a and
x € z. This yields to z € anz. Next x € anz means that x € a and z € z.
Hence # € A and z € z, which gives + € A,. Now we are going to prove that
A~ U, = A,. The inclusion C holds obviously. Let x € A, ie.x € Anz. We
have x ¢ U because x € z and Fig(z) = u~ U. Henceforth z € (AN U) N z.
But U is open so that AN U = ANU. Hence z € AN U,. All we have to
prove is that Fig(anz) = Fig(A~\ U). The inclusion C is clear again. Let us
put B(X) = X ~ X. First of all we shall prove that B(A) C z. According to the
assumption that U C /i, we have

B(A)=A~ACu~ACu~T ie B(4)CT.
The fact that z is a (u ~\ U)-full set could yield to B(A) C z provided e.g. that
u~U C Int(u~U). But the last statement is satisfied because u ~ U is an
open figure such that u~ U C u ~ U, hence u~ U C Int (u~ U). We have also
B(U) C a because B(U) C A C a. Now we can return back to the proof of
Fig(anz) =Fig(A\U). Let z € A\ U = Fig (A~ U). We shall consider three
cases:
Let x € B(A). As a is an A-full set, there is y € a such that zRy. But y € B(4)
therefore y € z. Hence x € Fig (anz).
Let 2 € ANT. Then z € a and z € z. So that z € aNz, hence = € Fig (anz).
Finally let z € B(U). Then there is y € z such that Ry because z is a (u~ U)-full
set and B(U) C u~ U = u~ U. But because y € B(U) C a, we have y € anz.
Hence = € Fig (a N z), which concludes the proof. O

Now let us put (to the previous assignments) C(u~U, ANU) = C(RNz?,z,aNz).
We shall prove that the inclusion i : z — u induces isomorphisms of homology
groups ix : Hy (R,u,a) - Hy, (Rﬂ z2.z,an z).
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Theorem 4.16. For each n € FN we have the following equality between classes

C, (Rﬂz2,z,aﬂz) =Cy, (R,u,a).

Proor: To simplify the proof let us put a = anNz. Let d be a simplex “in
C, (R Nz2,z, a')”. It means that for each vertex © € d we have x € z, i.e. ¢ € u.
The assumption also says that there is z € d such that x ¢ a’, i.e. x ¢ a. Hence d is
a simplex “in C,, (R, u,a)”. From the opposite let d be a simplex “in C,, (R,u,a)”.
So that there is « € d such that ¢ a. But because a is an A-full set, we have
x ¢ A. And because A is a figure, none of the vertices of d belongs to A. And
because u~ A C z (we have proved it in the previous proof) we have d C z. Hence
dis “in Cp (RN 72,7, a’)”. O

The mentioned isomorphisms between homology groups follow directly from this
theorem.

Dimension axiom
is the very last homology axiom which is to be proved.

Theorem 4.17. Let u be a one-element set. Then for each n > 1 the convenient
absolute homology group is trivial, i.e. Hy, (r (R N uz)) =0.

ProoOF: This is true because of the lack of elements to have at least one n-
dimensional simplex for n > 1.
O

Theorem 4.18. Let u be a set such that u?> C R for the given indiscernibility
relation R. Then for each n € FN we have H, (r (R N uz)) =0.

ProOOF: It follows from the assumption that for x € u we have that Fig(u) =
Fig ({z}). Now the statement follows from the previous theorem and from Corol-
lary 3.3.

]
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