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Weak uniform rotundity of Musielak—Orlicz spaces

MALGORZATA DOMAN

Abstract. We give necessary and sufficient conditions for weak uniform rotundity of Musie-
lak—Orlicz spaces L, with the Luxemburg norm. The result is a generalization of a theorem
by Kaminska and Kurc.
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Introduction.

Let T be a set, Y a o-algebra of subsets of T', 11 a non-negative atomless o-finite
complete measure on » . A function ¢ : R4 x T — R4, where Ry = [0,400), is
said to be a Musielak—Orlicz function if ¢(0,t) = 0 for p-almost every t € T', ¢( , t)
is a convex function on Ry for p-almost every t € T and ¢(u, ) is a Y -measurable
function on T for every u > 0. The complementary function to a function ¢ is
defined by ¢*(v,t) = sup,~o(vu—p(u,t)) for v > 0,t € T. We denote by M the set
of all > -measurable functions « : T — R. The functions which are different only
on a null-set are considered as identical. The Musielak—Orlicz space L, is a subset
of M such that I,(A\z) = [ @(Az(t)],t) du < +oc for some X > 0 dependent on .
The functionals ||z||, = inf{r > 0 : I,(£) < 1} and ||£CH?0 = sup{ [, z(t)y(t) du :
y € L+, I,+(y) < 1} are norms in this space, called the Luxemburg and the Orlicz
norm, respectively. We say that a function ¢ satisfies the condition A, for some
a > 1, if there are a constant K, > 0 and a function hy : T — R4, such that
Jrha(t)dp < +oo and @(au,t) < Kap(u,t) + he(t) for almost every ¢t € T and
for u > wug (ug-some positive constant), when u(7T) < +o0, or for all u € R4, when
w(T) = +oo. Recall that a function ¢ is called strictly convex, if for all u,v €
Ri,u#v,a,0 € Ry \{0},a+ 5 =1, we have p(au + Bv,t) < ap(u,t) + Bp(v,t)
outside of some null-set. For further details concerning Musielak—Orlicz spaces
see [7].

We say that a Banach space (X, || ||) is weakly uniformly rotund (WUR), if for
every z* € X, z* # 0 and £ > 0 there exists (z*,¢) > 0, such that if |z|| = ||y| =1
and z*(z — y) > ¢, then ||mT+y|| <1—4d(z*¢e) (cf. [1]). If for all z,y € X such that
lz|l = |lyll = 1 we have ”:vT-i-yH < 1, then we say that (X, || ||) is rotund.

The aim of this paper is to give necessary and suflicient conditions for WUR of
Musielak—Orlicz spaces. The result is a generalization of a theorem by Kaminska
and Kurc ([6, Theorem 2.8)).

I am greatly indebted to Professor Anna Kamiriska for suggesting the problem discussed here
to me. I wish to thank also Professor Henryk Hudzik for his help in preparing this paper
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Results.

For the proof of the main theorem, we need some lemmas.

Lemma 1 (cf. [6]). Ifan arbitrary Banach space contains an isomorphic copy of 1,
then X is not WUR.

Lemma 2. If ¢ is a strictly convex Musielak—Orlicz function, then for every ¢ > 0
and every Y -measurable functions p,q : T — (0,+00),p(t) < q(t) for p-almost
every t € T, there exists a » -measurable function r : T — (0, 1) such that

o0 0 < 2D o)+ oo, 1))

for p-almost every t € T whenever |u — v| > emax{|u|,|v|} and max{|u|,|v|} €

[p(t), q(t)].

The proof of this lemma is analogous to that of Lemma 1 in [5], so it is omitted
here. O

Lemma 3. Assume that ¢ is a Musielak—Orlicz function satisfying the Ag-condition.
Then for every o > 1 and € > 0, there is a set Ty of measure 0, a constant Kq ¢ > 0
and a ) -measurable function hqe : T — [0,+00) such that [, hee(t)dp < e and
olau,t) < Kaegp(u,t) + hae(t) for any t € T\ Tp and any u € R.

The proof for a = 2 is given in [4]. The proof for an arbitrary o > 1 can proceed
in the same way, if we notice that ¢ satisfies the Ag-condition if and only if it
satisfies the A,-condition for every o > 1. 0

Lemma 4 (cf. [4]). Let ¢ be a Musielak—Orlicz function that satisfies the Ag-
condition. Then

(i) there is a function (3 : (0,1) — (0,1) such that ||z||, < 1 — B(¢) whenever
I () <1—e.
(ii) ||lz||, =1 if and only if I,(x) = 1.

Lemma 5. Assume that ¢ is a Musielak—Orlicz function vanishing only at 0 and
that ¢ and * satisfy the Ag-condition. Let x* € (Ly)* be regular and nontrivial
(i.e. there exists z € L+, z # 0 such that *(x) = [, 2(t)z(t) dp for every x € Ly).
Let (Bn)y2; be an increasing sequence of sets with finite and positive measures
such that |J,, B, = suppz. Denote C, = {t € T : % < |z2(t)] < n} and put
Dy = Cp N By. Then (Dy)Y, is increasing, | J,, Dn = supp z and

/ y(t)=(t) dpt — /T y(t)=(t) du

uniformly with respect to y in every bounded set in L.
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PROOF: In virtue of B. Levi theorem and the As-condition for ¢*, we have
Iz — an?p* — 0 as n — 400, where z, = zxp, . Then

o<| [ vozan- [ v du} -
T Dun
= | [vrdn [ y®zmt® du‘ <
T T
<Nyl 12 = 2ml% < Cliz = 2ml|%-
Hence the desired result follows. O

The next two lemmas are analogs of Lemma 2.5 and Lemma 2.6 of [6].

Lemma 6. Let p(T) < +oo and ¢ be a Musielak—Orlicz function such that for

everyt € T @ — +00 as u — +o0o. Then for every e > 0, there exist ) -
measurable functions p,q : T — (0,+00) such that for every x,y € L, satisfying

I (z) = Ip(y) = 1 and [, |x(t) — y(t)|du > e, we have [, |z(t) — y(t)|dp >

whenever
A= {teT:p(t) <max(|z@t)][y@)]) < q(t)}.

PROOF: Define for any n € N pp(t) = inf{u > 0 : pwt) > n}. Then py, is

u
a Y _-measurable function and ¢(u,t) > nu for every u > pp(t). Define

An ={teT:|z(t)| <pn(t)}, Ay = {t € T : y(t)| < pn(t)}. We have

/ lz(t)| dp < 1/ o(jz(t)],t) du <
T\An nJT\A,

In the same way, we can obtain fT\Al ly(t)] du < % Moreover,

[ wonan= [ @ldut [ lwolde <
T\An (T\AR)N(T\A}) ALN\A,
2
<[ w@ldns [ ldes 2.
T\AL T\An n

n

S|

Similarly [\ 41 |2(t)| dp < 2 Hence Jrvannan) 2@ =y@) du < [ o, ()] dpt
S, WOl di+ i g 1O diat s g ly(D)] dp < & Since [ a(t) — y(0)| du > e
by the assumptions, we have fAnﬂA}z |z(t) — y(t)|du > e — % > § if n is such
that % < 5. Define A2 = {t € T : ﬁ < max(|z(t)], lyt))}. If t ¢ A2,
then |z(t)| < % and |y(t)] < ?T)' Therefore fA naiy a2 |z(t) —y(t )|du <
srmy HT\AR) + gy (T \A7) < % Thus J, apnaz 20 =yOldu > 5-5 = §.
Putting A = A, N AL N A2 p(t) = SMZ: 7 and ¢(t) = pn(t), we get the desired
inequality. g
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Lemma 7. Let ¢ be a Musielak—Orlicz function satisfying the Ag-condition and

let B €} ,e>0ando € (0,1) be such that I,((x —y)xB) > € and ISD(xTW) <
— $y(xxB) + I,(yxB)), where x,y are arbitrary measurable functions with

I,(x) = I,(y) = 1. Then there exists a constant q € (0,1), such that ISD(IT'H/) <

1—gq.

PRrROOF: Let K = KZ%, where K2v% is the constant from Lemma 3. Then

K €

e <Ip((x —y)xp) < ?(Iw(IXB) +Ip(yxB)) + 3
Hence I,(zxB) + Ip(yxB) > § - % = . Therefore Lp(mT"'y) <1- g%, and it
suffices to put ¢ = 7= O

Theorem 1. A Musielak-Orlicz space L, is WUR if and only if

(i) ¢ is strictly convex,
(ii) ¢ satisfies the Ag-condition,
(iii) ¢* satisfies the Ay-condition.

PRrROOF: Sufficiency. Assume that the conditions (i), (ii), (iii) are satisfied. Let
z,y € Ly, ||z)lo = llylle = 1, * € (Ly)* and 2*(x — y) > €, where € € (0,1).
In virtue of the representation of x*, we have [, (x(t) — y(t))z(t) du > € for some
2 € Ly+. Define z;, as in the proof of Lemma 5. Then in view of this lemma, there is
ng € N (no independent of 2 and y) such that [ (2(t) — y(t))2zn,(t) du > 5. Since
|2no (t)| < mo, denoting Ty = supp zp,, we get fTo |x —y(t)ldn = 5. Since,
according to Lemma 2.4 of [6], (iii) implies ¢(u,t)/u — +oo when u — +oo for
every t € T, it follows from Lemma 6 that there exist two > -measurable functions
p,q: Tp — (0,+00), such that denoting

={t € Ty : p(t) < max(|z(t),y(t)]) < q(t)}, we have

) dpu > —.
[l =l >

Define B = {t € A : |z(t) — y(t)| 2 gox max(|z(t)], [y(t)])}, where K = K 1 is

’2
the constant from Lemma 3 corresponding to oz = max{ 646"0 X1, llo*, 1} In virtue

of Lemma 2 there is a function r : B — (0,1) such that

of L—;y(wl < 1_Tr(t){<p(|:v(t)|,t) +(y(®)). 1)}

Define By, = {t € B : r(t) > L}. We have By, / and |J2; By, = B. Thus,
defining Cy, = (A \ B) U By, we obtain the increasing sequence of sets such that
1 Cn = A. By Lemma 5 there is s € N (s independent of z and y) such that

1 ¢
) dp > Vdp — = — .
/I() |/L/|$ |u48n0
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) [ 1e® - y(oldn = 55—
For t € B, we have
_1
(2 ;y(ﬂljt) - 7= {0 + @ (ly(B)],6)}.

Hence, using the convexity of ¢ and the fact that I,(x) = I,(y) = 1, we get

2) 1Y) < 1= L), + oo, )}

If t € A\ B, then

2(6) = y(0)] < g max(fa(0)] ly(1)])-

Hence
€ €
(3) Io((z — y)xa\B) < m{fso(QJXA\B) +Io(yxa\B)} < oK’
Applying the inequality (1) and the Holder inequality, we get
€
2= e lelxnle > [ o) = y0ldn> .
ie. 64
1o
— IIxnlle= (@ = y)xe,lle = 1,
hence denoting a = M—E"Q|\XTOH¢*, we have a1 < a, and
1
1< Ip(a(z —y)xc,) < Klp((z —y)xe,) + 5 -
Thus 1
I((z — >
o 9)X0) > o
Combining this with the inequality (3), we get
1 €
Lo((x = y)xB,) 2 Lo((z = y)xc,) = Le((@ —y)xa\B) 2 57 — Tk

Applying Lemma 7, the inequality (2) and the last inequality, we get

Tty

Io( )<1-q.
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Now, in view of Lemma 4, we have

r+y

<1-p5(q),

®

where 3(q) € (0,1), and depends only on z*, e and ¢.

Necessity. If ¢ does not satisfy the condition (i) or the condition (ii), then L is
not rotund (cf. [5]). Since WUR implies rotundity, L, is not WUR as well. Assume
now that ¢ satisfies the condition (i) and it does not satisfy the condition (iii).
Then (Ly)* = Ly*, where L+ is equipped with the Orlicz norm. Since ¢* does not
satisfy the Ag-condition, L+ contains an isomorphic copy of lo. Hence it follows
that L, contains an isomorphic copy of /1. Therefore, in view of Lemma 1, L is
not WUR. The proof is finished. O

Theorem 1.2 of [3] and Theorem 1.2 of [2] imply the following version of our
result.

Theorem 2. A Musielak—Orlicz space L, is WUR if and only if it is rotund and
reflexive.
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