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PROJECTION AND COVERING IN A SET WITH ORTHOGONALITY

JAN HAVRDA, Praha

(Received October 2, 1984)

Summary. We consider a set with orthogonality (£, L) and the corresponding complete
lattice with orthogonality & = (S, <, 1, L, {o}) If the lattice & is orthomodular and if for
every x€ 2, x = o, the set {x}“‘ is an atom in &, then the following statements are equivalent.

() IfA€S, xeQ, x¢ A, then 4 v {x}+ covers the set A.

(i) If xeQ, A€ S, x¢ A, x¢ AL, then there are atoms Ay < A and 4, At such that
xX€A; Vv A,.

(iii) If A,, A, €S, A; | Ay, Ay = {0} = Az, XEA; V A2, x¢ Ay, x¢ A, then there are
elements x; € 4; and x, € 4, such that x€ {x } v {x, }

(iv) If A€ S, xeQ, x¢ A, x¢ A%, then Aﬁ(AJ‘ v {x}l‘L) and A*NA4 v {xlu') are
atoms in &. )

Keywords: set with orthogonality, orthomodular lattice, set B covers set 4, atoms in a set
with orthogonality.

AMS Classification: primary 06C15, secondary 81B10.

1. The present paper develops some ideas of [1] and brings three statements
which are equivalent to the “projection” axiom of [2] (see Axiom III of [2] on p. 279
and Axiom P below). We consider a set with an orthogonality relation (@, L). Let
us recall that a relation L < Q x Q is called an orthogonality relation if 1. L is
symmetric, 2. there is a distinguished element o such that {0} x 2 = L and the
intersection of L with the diagonal is exactly (o, 0). The presence of an orthogonality
relation L on the set Q gives rise to a complete lattice & = (S, <, L, @, {0}) where
S is the family of all subsets A of Q satisfying A = (4*)*. The set Q plays the role
of the unit element and {o} plays the role of the nought element.

2. In what follows, we shall apply the following equivalent conditions on a lattice
with an orthogonality relation 2 = (P, £, 1,1, 0):

2.1. # is orthomodular.

22. Ifa,beP,a < b, thenb = a v (a* A b).

23. Ifa,beP,a < b,a* A b=0,thena = b.

24.Ifa,b,ceP,a<c,b<c'then(av b)Ac=a.

If (2, 1) is a set with an orthogonality relation and & = (S, <, 1, 2, {0}) is
the corresponding complete lattice with orthogonality, we shall consider the following
axioms.

245



2.5. Axiom A. For every x € Q, x + o, {x}** is an atom in &.
Let A,Be S, A + B. We say that the set B covers the set 4 and write 4 < B,
if CeS, A =« C = B imply either A = C or B = C.

2.6. Axiom C.If AeS,xeQ,x¢ A, then A < A v {x}*t.

2.7. Axiom P. If x€ Q, A€ S, x ¢ A, x ¢ AL, then there exist atoms A, c A and
A, © At such that xe A, v A,.

2.8. Axiom Q. If Ay, A, €S, Ay L Ay, Ay + {0} + A,, x€ A; v A,, x¢ A4,
x ¢ A,, then there exist elements x, € Ay and x, € A, such that x € {x,}** v {x;}**.

2.9. Axiom R. If A€ S, xeQ, x¢ A, x ¢ A*, then A (A* v {x}**) and A* N
N (4 v {x}*') are atoms in &.
The main result of this paper is obtained in the following theorem.

2.10. Theorem. If the lattice & is orthomodular and satisfies Axiom A, then
Statements 2.6, 2.7, 2.8 and 2.9 are equivalent.

Proof. 1. 2.6 =2.7. Let A€S, xeQ, x¢ A, x¢ AL. Then we have A < A v
v {x}*t, 4t < A" v {x}*t. According to Statement 2.3 it is true that A*n
N (A v {x}*') + {o} £ An(4* v {x}*'). Let us suppose that 4, € S is an atom
and let {0} + 4; = An(4* v {x}**). Then 4, < A* v {x}**, hence A*c
c At v A4 < At v {x}H5IF A = A v A4, then A; = A*, which implies 4, <
c A* n A = {0} — a contradiction. Thus, A* v 4, = A* v {x}*. In accordance
with Statement 2.4, we have A4, = (4" v 4;)n A = An (4" v {x}**). It can
be shown in a similar way that A, = A' n (4 v {x}**) is an atom. Moreover,
A; c A, A, = At. Since A; v A, = A v A,, we have, in accordance with State-
ment 2.2, that 4, v A, = (A v A;))n[(A v 4)* v 4, v 4,]. Since 4, = A%,
by the same statement, we have A* = 4, v (43 N A) = 4, v (4, v A)*. Hence
Ay v Ay = (A v A;) n (A v A4,). Again by Statement 2.2, we have 4, v A* =
=[An (4t v {x}*Y)] v 4* = 4* v {x}** because A' = 4* v {x}'*. Analo-
gously, A, vVA=Av {x}*. Thus A, v A, =(4, v A)Yn(4, v 4) =
= (4t v {x}*Y) " (4 v {x}*) o {x}** which yields xe 4; v 4,.

2. 2.7=2.6. Let us suppose that A€ S, xeQ, x¢ A. Since 4 = 4 v {x}**,
according to Statement 2.2, we have A v {x}** =4 v [A' n (4 v {x}**)]. Let
us denote 4, = A* N (4 v {x}*). If 4 n (4 v {x}**) = {0}, in accordance with
Statement 2.3, we have 4 = 4 v {x}**, hence xe 4 — a contradiction. Then
A, + {0}. Moreover, let x ¢ A*. Then our assumption implies that there are atoms
A; = A and 4,  A* such that {x}'* = 4, v 4,. We have ({x}*' v 4)n 4
< (A; v A; v A)n A* = A,, where the last identity follows from Statement 2.4.
Then A, = A,. Let Be S, A< Bc A v {x}*! and 4 + B. By Statement 2.3 we
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have {0} # A'n B c A*n (4 v {x}**) = 4,, hence {0} + A" B = A*n
N (A4 v {x}*). According to Statement 2.2, B=A v (A'nB)=A v [4'~
N4 v {x}'Y)] =4 v {x}**. Now, if xe 4%, then ({x}** v 4)n 4* = {x}'*,
If again Be S, A =« B< A v {x}** and 4 + B, by Statement 2.3, we have {0} +
+A'nBcA ' n(Av {x}*)={x}*', hence {o} + A nB=4"n(Av
v {x}**). Then, in accordance with Statement 2.2, B=A Vv (A*nB)=A v
v [4tn (4 v {x}**)] = 4 v {x}**. Summarizing, the lattice & satisfies Axiom C.

3.27=209. Let A€S, xe€Q, x¢ A, x¢ AL. Then there exist atoms 4; = A
and A, = A* such that x € 4; v 4,. According to Lemma 2.8 in [1], we have
Ay =An (4t v {x}*), 4, = AP (4 v {x}).

4.29=>27. Let again A€ S, xeQ, x¢ A, x¢ A*. Denote A n (4* v {x}**) =
= Ay, At n (4 v {x}**) = A4,. It wasshown in part 1 of this proof that x e 4; Vv 4,.

5.27=>28. Let Ay, Ay€S, Ay + {0} + Ay, Ay L Ay, x€ A, v Ay, x¢4,,
x¢ Ay. Denote A = A; v A,. If x € A3, then Statement 2.4 yields xe A n A3 =
= (A; v 4,)n A5 = A; — a contradiction. Similarly, x ¢ Aj. Since x¢ A,
x ¢ A}, in accordance with Axiom P, there are x; € A; and x, € AT such that
xe{x** v {x,}**. In comparison with part 3 of this proof, we get {x;}** =
= (A7 v {x}**)n 4, {x;}** =(4; v {x}**) " 4;. The fact 4, = A7y implies
(A v {53 nd, (4, v {53 A7 I {o} = (4, v {x}**) " A4, then 4, =
=[(4; v {x}**)n 4,] v 4;. We have [Af n (4, v {x}})n(4; v 4))] v 41 =
=[(4; v {x}*)n 4,] v 4;. Since 4, = (4, v {x}**)n (4, v 4,), by virtue
of Statement 2.2, we have (4; v {x}*")n(4; v 4;) =4, v [4fn(4; v
v {x}**) n (4, v 4,)], which yields (4; v {x}**)n 4 =4, v [(4;, v {x}*)n
N A;] in accordance with Statement 2.4. Hence 4, = [(4; v {x}**)n 4,] v
v Ay = (4, v {x}*Y)n 4 = A4, v {x}**. Therefore, x€4; —a contradiction.
Thus {0} + (4; v {x}**) 0 4, which implies {x,}** = (4; v {x}**) " 4,.

6. 2.8 = 2.7. It sufices to put A; = A€ S and A, = AL. The proof of our theorem
is complete.

2.11. Remark. It was shown in part 5 of the proof of Theorem 2.10 that {xl}Ll =
= (41 v {x}*)n 4, and that {x,}** =(4; v {x}*)n 4} =(4, v {x}')n
N A,. Moreover, we shall show that {x,}** = (4, v {x}**)n4, = (42 Vv
v {x}*1) A 43 and {x,}** = (45 v {x}**) N 4,.

Proof. 1. The inclusion 4, = A} implies (4, v {x}**)n 4, = (4] v {x}*) n
N Ay = {xJ* I {o} = (4, v {x}**) " 4;, hence 4, = [(4, v {x}**)n 4] v
v Ay = (4, v {x}'*)n 4 = 4, v {x}**, which can be proved in a similar way
as in part 5 of the proof of Theorem 2.10. Hence x € A, — a contradiction. Thus
{o} # (42 v {x}*)n 4y = (41 v {x}}*) n 4;.

2. By virtue of the part 5 of the proof of Theorem 2.10 we have x ¢ A%. In com-
parison with the part 3 of the proof of Theorem 2.10, we have x € {x3}** v {x,}**
where {x3}** = (43 v {x}*)n 4, o (4; v {x}*) n 4, = {x,}** and {x,}** =
= (4, v {x}**)n 43 2 (4, v {x}**) n 4; = {x,}**. Our assertion is proved.
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Souhrn

PROJEKCE A POKRYTI V MNOZINE S ORTOGONALITOU

JAN HAVRDA

UvaZuje se' mnoZina s ortogonalitou (£2, | ) a ji odpovidajici Giplny svaz s ortogonalitou & =
=(S5, <,1,92, {o}). Je-1i & ortomodularni a jestliZe pro kazdé x€ @, x =F o, je {x}ll atomv &,
pak nasledujici tvrzeni jsou ekvivalentni.

(i) Je-li A€ S, xeR, x¢ A, pak A v {x}“‘ pokryva A.

(ii) Je-li xeQ, A€ S, x¢ A, x¢ A%, pak existuji atomy 4, € 4 a 4, < At tak, e xe
€A, V A,.

(iii) Jsou-li Ay, A, €S, Ay | Ay, A, = {0} =& Ay, x€ Ay Vv Ay, x¢ Ay, x¢ Ay, pak existuji
prvky x; € A; a x, € 4 tak, Ze x€ {x,}*1 v {x,}tt.

(iv) Je-li A€S, xe2, x¢ A, x¢ A%, pak ANt v {x}*Y) a 4t v {x}*) jsou
atomy v <.

Pe3ome

IMPOEKIIVIK U NOKPBITHS B MHOXECTBE C OPTOI'OHAJIBHOCTBIO

JAN HAVRDA

PaccMaTpnBaeTCs MHOXECTBO C OTHOLIEHHEM OPTOTrOHANBHOCTH (2, | ) M NMOPOXIEHHAs UM
HOJIHAs pelleTKa € OPTOroHas IbHOCTRIO & = (S, <, |, 2, {o}). Ecnu pemerka & opTroMoAayNspHa
¥ ecrh 115t kaxzoro x € 2, x¢ A, {x}11—atoM B &, T0 crenyromKe NpeIOXKEHNS SKBUBANCHTHEI

(i) Ecnu A€ S, x€Q, x¢ A, 10 4 v {x}'* nokprsaer A.
(ii) Ecmu x€ R, A€ S, x¢ A, x¢ AL, To cymecTByrOT aTOMBI A c 4,4, c At Taxwe, uto
x€Ady v A,.

(iii) Ecma Ay, 42 € S, 4y | Ay, Ay = {0} == Ay, x€ A} V Ay, x¢ Ay, x¢ A, TO CymecTByIOT
3NEMEHTHL x; € Ay, X, € A, Taxme, uto xe€ {x, }*+ v {x,}*

(iv) Ecnm A€ S, xe 2, x¢ A, x¢ AL, 10 An(4t v {x}r udtnd v {x}ll)—aromu
B Y.
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