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VARIATIONS OF DISCRETE ANALOGUES
OF WIRTINGER’S INEQUALITY

JARMILA NOVOTNA, Praha

(Received December 20, 1977)

Discrete analogues of Wirtinger’s inequality have been already studied by dif-
ferent methods of proofs. The basic theorem of the topic dealt with in our article is
Theorem 1. Its first proof was published 1950 by I. J. SCHOENBERG (see [5]). The
author uses the complex finite Fourier series and proves Theorem 1 for complex

* numbers.

In [3], published 1955, K. FAN, O. TAaussky and J. TopD discuss discrete analogues
of several integral inequalities. The main tool they use to prove them are the proper-
ties of Hermitian matrices which are known from the calculus of variations (see [3],
p- 77). In this way the authors prove the first three theorems of those which will be
dealt with in this article (Theorems 1, 2 and 3). In [3], each theorem is proved
separately.

In 1957, H. D. Brock in [2] proved the complex case of Theorem 1 using the pro-
perties of operators in the n-dimensional unitary space.

O. SHisHA published 1973 another proof of Theorem 1 (see [6]). He uses geometrical
tools based on Fenchel’s theorem for a spherical curve.

In our paper we prove the basic Theorem 1 using the real trigonometric polynomials
(see [1], pp. 13—20). The method is analogous to that used by I. J. Schoenberg. As
compared with the results achieved as far, we obtain also a sharpening of Theorem 1
(Theorem 5). We show that Theorems 2 and 3 follow immediately from Theorem 1.
Theorem 4 is a discrete analogue of the integral inequality as proved in [4], p. 595.
We derive its sharpening (Thebrcm 6). Theorems 4, 5, 6 are mentioned neither in [2]
nor in [3], [5], [6].

First we give Theorems 1 through 6. Then we derive Theorems 2, 3 and 4 from the
basic one — Theorem 1 — and Theorem 6 from Theorem 5. The proofs of Theorems
1 and § are given afterwards.

In the last part of the paper, a geometrical application — the proof of the iso-
perimetric inequality for some polygons — via Theorems 1 and 5 is given.
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1. LIST OF THEOREMS

Theorem 1. Let x, ..., x, be n real numbers such that

(1.1) z§1x' =

Let us define x,,, = x,. Then

(1.2) Z(x — X;i41)? = 4sin® = Zx,.
ni=
The equality in (1.2) holds if and only if

2ri

(1.3) xi—Acos2—+B sin—, i=1,...,n, A, B = const.

n n

Theorem 2. If x4, ..., X, are n real numbers and x, = 0, then
“n—1 n

(1.4) Y(xi — Xi4q)? 2 4sin? ———— Y x?
i=1

2(2n - 1) i=2
The equality in (1.4) holds if and only if
(1.5) x,.=Asin(—l_—1)7r, i=1,...,n, A = const.
2n -1
Theorem 3. If x,, ..., X, are n real numbers, then

(1.6) igo(xi = X;41)* Z 4sin’ 2( T 1)

where xo = x,.+, = 0. The equality in (1.6) holds if and only if

(1.7) x; = Asin i=1,...,n, A = const.

n+1

Theorem 4. Let x4, ..., x, be n real numbers satisfying (1.1). Then

n—1

(1.8) | Z(x — Xi41)? = 4sin? .

2
x,.

IlM:

The equality in (1.8) holds if and only if

(1.9) Xy = Acos(21—2_—1)n, i=1,...,n, A = const.
n
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Theorem 5 (sharpening of Theorem 1 for neven). Letn =2m, n 2 4,let xy, ..., x,
be n real numbers satisfying (1.1). Let us define Xp+; = %3, i = 1, ..., m. Then

n
(1.10) Z(xi - xi+l)2 _Z_
22| i o
2 (sin? = — sin? Z(x; + Xi4m) + 4sin® Z xi.
ni=1

n n
The equality in (1.10) holds if and only if
4mi

. . 4ri '
(1.11) x‘=Acos21E+Bsin2—m+Ccos~TE~l+Dsm——,
( n n n n

i=1,..,n, A,B,C,D = const.

Remark. 1. For n 2 4 the inequality sin? (2n/n) — sin® (n/n) > 0 holds.

2. Choosing a number p, 0 < p < sin? (2n[n) — sin? (n/n), we can derive in the
same way as in the proof of (1.10) (see the proof of (3.9)) that the following inequality
holds:

(L10) T (= xnf 2 AT+ ) + 45in T T,

ni=1

where the numbers x;, ..., X, satisfy the assumptions of Theorem 5. The equality
in (1.10") holds if and only if x; satisfy (1.3).

Theorem 6 (sharpening of Theorem 4). Let X, ..., X, be n real numbers satis-
Sfying (1.1), n = 2. Then

n—-1
(1.12) ‘Zl(x, - x‘+1)2 _.2_
> (sin?Z - sinzi) Z(xi + Xp41-i)* + 4sin? 2 T z
n 2n/ i=1 2n i=1
The equality in (1.12) holds if and only if
n @-1=n

(1.13) x,=AcosQ:——+Bcos———, i=1,..n,
2p n

A, B = const .

2. APPLICATION OF THE BASIC THEOREMS

Now it will be shown how to derive Theorem 2 from Theorem 1. Let y,, ..., ¥3(20-1)
be 2(2n — 1) real numbers defined as follows:
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N xk N k = 1, ey
_ Xon—k+1 > k=n+1,...,2n-—-l,
(2.1) e =) —xeriozn, k=2n...3n—1,
—x4,,_,‘ N k = 3", ooy 2(2n - 1) B
2(2n-1)
Since 2 ¥« = 0, we can, putting y,,_; = ¥, apply the results of Theorem 1 to
(2.1). As x; = 0, the following equalities hold:

2(2n-1) 2(2n-1)

Z yk=42x“ Z (.Vk—}’kn) -—42(’%""”1)

Hence, (1.4) holds. The equality will hold for (1.5), since y, = 0in the new computa-
tion.

In an analogous way Theorems 3 and 4 can be derived from Theorem 1. We shall
show, only schematically, how to define the numbers {y,}.
For Theorem 3:

(22 0, X1y Xg5 eeey Xpy 0, —X1, —Xgy 000y =Xy .
For Theorem 4:
(2.3) X1y X3y enes Xns Xpsones X25 Xy -

Theorem 6, a sharpening of Theorem 4, can be derived from Theorem 5 via (2.3).
Here, n; = 2m.

Remark. Theorem 2 can be derived from Theorem 3 when the numbers {y,}2¢
are defined as follows (schematically written):

Xy X3y eees Xps Xpy eoes X2 s
Yo = Yan-1 =%y = 0.

3. PROOFS OF THE BASIC THEOREMS

In [l], p.- 13—20, W. BLASCHKE has defined trigonometric polynomials. Let
Zy, «.., Z, be n numbers. First we assume n odd n = 2m + 1.In [1] it is shown that
we can choose such numbers &g, &y, ..., &, €3, ..., En that the following equalities
hold:

(3.1) z, =&+ ) (Ckcoskpzl+é,’fsinkp—2—75), p=1..n,
k=1 n n/

(32) Lyz-g+ls@+ay,
np=1 2 k=1
(3.3) LS, =22 =25 (8 + &Dsin2 kT
n p=1 k=1 n
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Let now n be even, n = 2m. We can choose numbers ¢, Cy, ..., Cpy €15 .v+, Co_y iN
an analogous way, but now

(3.1)

m_! 2 . 2 2
Z, =¢Co + y <ckcoskp—n + ¢ smkp—n) + c,,,cosmp—n, p=1...,n.
k=1 n n n
Inserting
(3'4) o =¢o, &=, 5:‘:62‘, k=1,...m—-1,

=\/(2)Cm’ én=0

the equalities (3 2) and (3.3) will hold, too.

It can be easnly shown that if z z, = 0, then
p=

(3.5) £ =0.

The proof of Theorem 1 is now very simple. Using (3.2), (3.3) and (3.5) for x,, ...
..., X, We conclude that (1.2) will hold, provided
2T

(3.6) sin? — kn 2 sin
n n’

k=1,...,m,

is satisfied. (3.6) is true, since 0 < kn/n < nf2, k =1, ..., m. For x €0, n/2) the
function sin x is growing. The equality in (1.2) holds if and only if &, = ¢F =0,
i=2,..,m,é&,,¢ET are arbitrary, i.e. if and only if (1.3) is satisfied.

To prove Theorem 5 we shall use (3.2), (3.3) (with (3.4)) and (3.5).

The equality

m

(3.7) Xi+ Xjpm =2, {ék [cos ki 2 + cos k(i + m) 2—“] +
n n

+ & [sin ki2—1t + sin k(i + m) 2—“]}
n n

implies by virtue of (3.2) and (3.5) that

1 ¢ 2 _ 1 S *2 2m\?
(3.8) - Z(x,- + xH.,,,) = - Z(ék + ék ) 1 + cos km — =

ni=1 © 2k=1 n
| PIGER-SIEACES
(1.10) will hold if the inequality

(sin’zn—-1t sin ~) 2(5? + &1 + (=D +

va—
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+2nsin? S Y (&2 + &) < 2n Y (& + &) sin2 kT
nk=1 k=1 n
is fulfilled, i.e.
(39) Y&+ &) {sinz KT sin2® oL (sinz 2 _ in? E) [+ (-1)"]2} 20.
k=1 n n 4 n n

Let us denote

0 = sin? kT sin2 T - 1<sin231—t — sin? E) [1+ (-1
n n 4 n n

In case of k odd,

NP TP
o = sin? k= — sin? = >0
n n

(see (3.6)) with the equality holding only for k = 1. In case of k even,

. T ., 2m
0; = sin? k— — sin? =
n n

and (3.6) implies again g, = 0. Here the equality holds only for k = 2. The ine-
quality (1.10) with the equality condition (1.11) is proved.

Remark. The inequality (1.10") follows immediately from the proof of (1.10)
given above. The form of the numbers g, in this case is

o =sin? kX —sin?2 >0 for k odd,
n n

NP T 1
or =sin>k— —sin>— — u >0 for k even.
n n

Now g, > Ofor k > 1, ¢, = 0. The equality condition (1.3) for (1.10) is an immediate
consequence of this fact.

4. GEOMETRICAL APPLICATION

Let P = A, ... A, denote an equilateral closed n-gon in E, of area F and peri-
meter L. In [1], p. 13—20, the inequality

(4.1) 22 4ntgF
n

is proved on the basis of trigonometric polynomials. The equality in (4.1) holds if
and only if P is a regular n-gon.
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(4.1) can be derived from Theorem 1. Let us choose a cartesian coordinate system
S = {0, x, y} in E, with O being the centroid of P. Let 4; = [x;, y;], i = 1,..., n,
in S. Let us denote 4,,, = A4,. Then the equalities

in=0’ Zlyi=0’ Xp+1 = X15 Yn+t1 = N1
i=1 i=

hold and the assumptions of Theorem 1 for the numbers {x,}, {y;} are fulfilled.
For P the following relations hold:

(42) E o S [ = 3 + G = 971

(4'3) F= H.:il(xi}’iﬂ - yixi+1)l = I%igi[(xi + xi+1) ()’i - }’i+1) +

+ (Vi + Vied) (Fies = x)]] -
Using (4.3) we can write

(44) 8tglF =
n

T & — -
= ZtS; i;[(xi + Xi41) (£V F viva) + (01 + Yier) (x40 Fx)]

IIA
™M=

- T o
(£y:i Frisn)* + th; iZl(xi + xi+1)2 +

]

1

+

n
l(ixH-l Fx)? + tgzg Zl(.Vi + Yigs)? =

-
]

‘ 1[(xi - J‘i+1)2 + (v — )’i+1)2] +

* tgzil_t’ig;{[“x? = (et X’ + [49F = i = yiadT} =

i . T
= 21 {(1 - tg? ;) [(xi - xi+1)2 + (yi— ,Vi+1)2]} +
i=
n n
+ 4tg2; ‘Zl(x?; +y7).
Now, using (1.2), (4.4) and (4.2), we derive the following inequality:

(45 8tgiF<

n
- 2 T | 2 2 r
Y [1—-g2=+ [(xi = xis1)? + (s = yisr) ] = 2=,
i=1 n COSZ‘— ) ) . ‘ n
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(4.5) is the inequality (4.1). The equality condition (the regularity of P) follows from
(1.3) and the equality conditions in (4.4). '

Using (1.10°), we can derive a sharpening of (4.1) for n even. Let n = 2m, n 2 4.
In the coordinate system S let u; be defined as follows:

u? = (x,- + x,-+,,.)2 + (yl + yi+M)2 s

where X,4; = X;, Ya4s = yi» i = 1, ..., m. Then using (1.10’) for

1.,m
u = -sin? =
n

and (4.4) we obtain the inequality

i=1

4.6 antglF + D2t Y2 < 12
n 8 f

with the equality holding only for the case of a regular n-gon.
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