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ASYMPTOTIC FORMULAS FOR THE SOLUTIONS OF A SYSTEM
OF LINEAR DIFFERENTIAL EQUATIONS y’ = [A + B(x)]y

MiLo§ RAB, Brno
(Received November 16, 1967)

Dedicated to Prof. OTAKAR BORUVKA on the occasion of his scientific jubilee

Let A be a constant matrix with distinct characteristic roots 4, ..., 4,. We can
assume without loss of generality
§)) Rel, £ ... S Rel,.

If we denote by h!, ..., h” eigen-vectors of A corresponding to the roots 4, ..., 4,,
then the fundamental matrix of solutions of the system

)] z = Az
has the form
Z(x) = (zi(x)) = (hyyexp {2;x}) .
Under various hypotheses on elements b;(x) of a matrix B(x), many asymptotic
formulas have been deduced for solutions of a system

©)] y =[A+B(x)]y

in the form

@ y = Z(3) [c + ¢(x)]

where c is a constant n-vector and g(x) is an n-vector, elements of which approach

zero as x — oo. ([1], [2], [3].)

Using the result of the paper [4] we can immediately announct the following

statement concerning the system (3):
Let the elements of the matrix B(x) be continuous in J = {a, + ) and let be

[EaCLEECRIEER

1y By the norm ||A|| of a matrix A it means the sum [fA|| = 3|a; ;| of the absolute values of
all its elements. LJ
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Then every solution of the system (3) has the form

y = Z6) S(-1y R e,

where c is a suitable constant vector and R(x) is a matrix defined by means of the
formula

R'(x) = j “Z-1(1) B() Z(1) R-1(3) at, ()=,

where E is the unit matrix.
Let us write

P
4 , Y = Z(x) [g(—l)" R(x) ¢ + R(x) c].
In the mentioned paper, the following estimate for the matrix R(x) is introduced

cl = |e i*-i(i)-ex g(x
IRl 5 el 5 exp 66

where
o) = [ 1270 8 Z0) ot

The purpose of this paper is to improve this estimate, to evaluate the second
approximation for the fundamental matrix of solutions of the system (3), and to
introduce an application to the nth order linear differential equation.

By h' we shall denote the algebraic complement of the term h;; in the matrix
(h', ..., h"). By A = det (h;;) we shall denote, as usual, the determinant of the matrix
(hy;)- We have obviously

Z-(x) B(x) = (i S exp (-1 bk,(x)) ,

Z-1(x) B(x) Z(x) = (i k,élh"‘h,,b,‘,(x) exp {(4; — ) x}) .

Now, a bound will be established for the elements rj;(x) of the matrix R*(x). Let y(x)
be a positive, continuous function in J satisfying in this intervall the inequality

h

n kihu
(%) A IZ= A bm(x)

< ()
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i,j =1,...,n It will be proved by induction that the condition

(6) '[ auy(x) exp {Re (4, — 4,) x} dx < o

implies .

Y Ir?j(x)l < n*lexp {Re [p(A; — 4,) + 4; — 4] x} x—‘;f—!{)_ )
where

®) (x) = J "yt exp (Re (4, — A7) 1} dt.

Indeed, it holds for p = 1
1 LI
lr?j(JC)I = !ZJ exp {(4; — 1)) t}klz_lh’”hljbkl(t) df| <

< Jwy(t) exp {Re (4, — 4,) t}exp{Re (4, — 4, + 1; — /1,) t} dt.

x

Then, since Re (4, — 4, + 4; — 1)) £ 0 for i,j = 1, ..., n, the function exp {Re .
. (A4 = 4, + 4; — ;) x} is non-increasing and we have

[rif(x)] < exp {Re (A — 4, + A; — A;) x} #(x) .

This proves the statement for p = 1. Now, using the induction hypothesis (7) we
have

IIA

117710 = li S Y Wy b(i) exp {(h — 1) 1} 7500 dt
1 k,l=1

x m=

—S-mél wy(t) exp {Re (4, — 4;) t} n*~!exp {Re [p(A1 — 4) + 2; — A,] 8} i}!t) dt <

< wPexp {Re[(p + 1) (A — 4) + 4, — 4] 5} J wx'(z)%(!ﬁdt -

xp+ l(x)

(p + 1)

= rf" exp{Re[(p + 1) (4, — 4,) + 4; — 4] x}

and this completes the induction proof of (7).

In order to obtain the second approximation of the fundamental matrix of solution
of (3) we shall consider the general solution of this system in the form (4) for p = 1.
Using the inequality (7) we have the following estimate for the elements (r;{x)) of
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the matrix R(x)
RIS ENWICE
= 2 exp {Re [p(hy — 4,) + 4, — 2] x} T(v“) <

< Inexp {Re[2(A; — 4,) + A; — A;] x} %*(x) exp {n x(x)} .

From the fact that x(x) approaches zero as x — oo, we deduce that there exists
a constant K satisfying

9) tnexp {nx(x)} <K
for all x € J. Thus
|rif(x)| < Kexp {Re[2(4; — 4,) + 4; — 4] x} »*(x) .
Now, a bound for the elements of the matrix Z(x) R(x) can be easily derived. Deno-
ting Z(x) R(x) = (e;;(x)), we have
less()| = lmglzim(x) Fmi(%)| §"gllzim(x)l [rmi(2)] <

< Y |him| exp {Re A,x} K exp {Re [2(A; — 4,) + 4; — A,] x} %*(x),
m=1

therefore
(10) le(x)] < K 5(x) exp {Re [2(3 — &) + 4,] x} :Z;l]h,.m] .
Finally, if we denote Z(x) [Ro(x) — Ry(x)] = (n:,(x)), we find
nij(x) = hyjexp {A;x} — %m’é;l himh,jhkmfjbk,(t) exp {A;t + A,(x — £)} dt
and the fundamental system of solutions has the form y;(x) = n;/(x) + &;(x) and

&;,(x) satisfies (10).

Conclusion. Let A be a constant matrix with distinct characteristic roots
satisfying (1). Let Z(x) = (h;jexp {1;x}) be a fundamental matrix of solutions
of (2) and h an algebraic complement of the term h;; in the matrix (h;;). Let the
function y(x) be continuous and satisfy the hypotheses (5) and (6). Finally, let x(x)
be a function defined by means of (8) and K a suitable constant satisfying (9).
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Then, there exists a fundamental system of solutions of the form

1 n 00
yifx) = hyyexp {A;x} — A g_lh,mh,jh‘”f by(f) exp {4;t + A (x — 1)} dt + &;(x)

x

and &,/(x) has a bound given by means of the formula (10).

Application to the nth order linear differential equation. Suppose that the characte-
ristic equation :

Pta A+ +a,=0
has distinct roots and denote them so that Re A; < ... < Re A,. Let

= max |4, M= max [J(4,—4)™", A=T] (h-4).
n i=1 n =1 j

. d=l,.,n =1, ij=1
I*i i>j

If the functions q{(x) are continuous on J for i = 1, ..., n and satisfy the condition
(11) f lai(x)| exp {Re (4, — 4,) x} dx < w0,

then the differential equation

(12) Y+ [a; + ¢,(x)] y" P + ...+ [a, + q,(x)]y =0

has a fundamental system of solutions of the form
Y§TR) = 25 exp {20} +

+ f “exp {Ajt}kéll';‘lq,,_“l(t)";::l/l,",,'l ,Hl (= 1)~  exp (A — D} dt + ex)

l+m

Here
x(x) = Mjwexp {Re (4, — 4,) t}kgll‘k_llqn-kﬂ(t)l dt,
w0l = K exp (Re [200 = 2) + 415} 34|

and K > 0 is the upper bound of the function 4n exp {n x(x)} in the intervall J.

Proof. Using notation of the above considerations we have

zy(x) = A texp {A;x}, by(x) =0 for i*n, byx)= —gu;+(x),
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271(x) B Z() = = 5 (e (3 = 2) 9 T huta-aea) =

= (= JT0: = ) exp {0y = 25} T2 a9

I+i

If we select a function y(x) = M Y, I"*|g,_44 ()
k=1

, the hypothesis (11) implies (6)
and we can apply the above theorem to the equation (12). We obtain

mif(x) = 45" exp {Ax} +
+ le,‘,,’l exp {Anx} [1(Am — l,)“j exp {(4; — Am) 1} X 257" Guopsq(t) dt =
m= 1=1 x k=1
l+m ’

= 2" exp {A;x} +

+ f exp {}th}kzl/l’}" Gn-r+1(7) ZI/’L,",," I]'_Il(/l,,, — A)"texp {Au(x — 1)} dt

I+m

so that y{'"Y(x) = g, Ax) + &;(x) and the estimate (13) immediately follows from
(10). This completes the proof.

Note that the case n = 3 was investigated by I. REs in [5]
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