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Casopis pro péstovani matematiky, ro&. 92 (1967), Praha

INVERZNE RELACIE
K NIEKTORYM VYTVARAJUCIM FUNKCIAM PERMUTACII

MicHAL Buc¢ko, Kosice
(Doslo diia 2. maja 1966)

Nech n je prirodzené &slo. Nech E(u, t) = exp u f(¢), F(u, t) = exp u g(z), f¥(t) =
= (1), 9%(t) = gu(t) st exponencidlne vytvdrajice funkcie pre postupnosti funkcif
{f(1)} a {ga(1)} (pozri [1], II. kapitola).

Definicia 1. Postupnost funkcii {g,(f)} nazyvame inverznou postupnosfou k po-
stupnosti funkcii {f,(t)}, ak plati

1) (expuf(t)) (expug(t)) = 1.
Rovnica (1) je ekvivalentnd s tymito dvoma rovnicami
) Jo(1) go(t) = 1,

‘Zo (;:)fk(t) Gn-i(f) = 0.

1. Majme vytvdrajicu funkciu ¢,(f) = (¢ + n — 1),, co(t) = 1 pre podet permutdcii
z n rdznych prvkov obsahujucich prdve k cyklov (1 < k < n) bez ohfadu na ich
dizky ([1], IV. kapitola). Ozna&me {¢,(t)} inverzni postupnost k postupnosti {c,(t)}.

Veta 1. Postupnost {¢,(t)} je inverznou postupnostou k postupnosti {c,(t)}, ak
plati ,

) at) = ci(—1).

Dokaz. Sta¥i dokdzat, Ze &,(t) a c,(t) vyhovuji rovniciam (2). Je c,(f) =
= (t + n — 1),, utvorme () = c,(—t) = (—1)"(t),. Zrejme co(t) &(t) = 1.
Dalej je

> (k) can()e) = 3, (1) €+ m = k= s (=1 (0 =

k=0 k=0

- _(1)1:0 (',:) (s (=1 = (= 1) d(n) .
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Potom sta¥i dokdzat, % d(n) = 0 pre n 2 1. Dokaz prevedieme indukciou.
Plati d(1) = (t); + (—1t), =t — t = 0. Nech plati d(n) = 0. Utvorme

dn+ 1) =Y (n : 1)(t)n_,‘+1(—t),‘ =) {(Z) ¥ (k g 1)} (Doers (1) =

‘ =k:? (’;) (On-r (=D (t —n + k) '*‘k::.o (:) Ok (= +1 =
= —nd(n) + d(n).0=0.

Tym je ddkaz vety prevedeny. .
Z rovnic

eli) = (t+n =1, &)= (~17 ()

dostdvdme
(;) )= (-rae ("] 1) ,
alebo
@ s =Cr()( 3T o
Stirlingove &isla ([1], I1. kapitola) st definované pre n > 0 takto:
(s) | (0o = 3l ),
©) o =kZ":OS(n, K) (D, 5(0,0) = S(0,0) =1,

kde s(n, k) st Strilingove &isla prvého a S(n, k) druhého druhu. Z (5) a (6) dostdvime
Kroneckerove delta '

@) Oum = 3, s(n, k) S(k, m),
: k=m
pre ktoré plati

5 = 0 pre m=%n
" 1 pre m=n.
Rovnice (5) a (6) nazyvame inverznymi reldciami (pozri napr. [2]), alebo inverznou
dvojicou. '
Je

) = (=17 (= = (=17 T sn. ) (=
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teda
c(t) =k§0(— 1)"** s(n, k) £*.
Dalej
t" =éos(n, K) (1 =k;"0(— 1) S(n, k) (1) .

Ak tu za ¢,(f) dosadime (4), dostdvame inverzni dvojicu

®) r-3 (‘) (‘T 1)‘1 S(n, &) (e

k t—1
©) ) 3 (~ 1) sl )

Z (8) a (9) dostdvame Kroneckerove delta vo tvare

(10) on = 3 (~ 1P (‘) (‘ + k- 1)—1 S(n, k) s(k, m).

k=m k t—1

PretoZe je
60) = (<17 (9 = (-0 T s(m D)
= 3500 1) (0 = 3 (~1 51, 9 80

=0

potom
&) = (1" X s(n, k)", 1" =3 (—1)* S(n, k) (1)
k=0 k=0
tvoria dal$iu inverznu dvojicu.

2. Oznaéme vytvdrajiice funkcie pre podty pdrnych (nepdrnych) permutdcii z n
réznych prvkov, obsahujicich prdve k cyklov (1 < k < n) bez ohladu na dizky
tychto cyklov c(t) (c3(t)). Potom ([1], IV. kapitola)

(11) 20 =(t+n—1), + (O,
(12) 2c0() =(t +n— 1), — ().

Veta 2. Postupnost {c(t)} ({¢)(t)}) je inverznou postupnostou k {c5(t)} ({c3()}),
ak plati

(13) &t) = ci(=1), (&) = e(-1)-
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Ddkaz. Veta 2. je ddsledkom vety 1., pretoZe
265m(t) = C2ult) + Canl1),
2c;m—1(t) = ch-l(t) - EZm—l(t) s
2e5.(1) = ean(t) - Eam(t) s
- zcgm—l(t) = c2m-1(t) + 52,,,_ 1(‘) .
Z vety 2 a z(11) a (12) vyplyva
26(8) = (1" () + (=" (t + n — 1),
26,(t) = (=1 (s — (=1 (t + n — 1),

alebo
(19) &) = (=17 00,
.(19) &(t) = (=1 (o) .
Dalej je

i) = H(t +n = Do + (1} = H(=1)" (=) + ()},

ak tu dosadime (5), dostdvame

oi(f) = %éo{(—l)"*" + 1) s(n, k) £

Potom

[n/2}
(16) cs(t) =Y s(n, n — 2k) "~ 2

k=0

Analogicky dostdvdme
[(n-1)/2]
(17) S == Y s(nn-2- 1) o2kt
k=0
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PesromMme

OBPATHBIE COOTHOIEHUA IJI1 HEKOTOPBIX ITPOM3BOSAINX
®VHKIUHN ITIEPECTAHOBOK

MUXAWNJI BYUYKO (Michal Bu¢ko), Komuue

IocnenoBatenbHocTh GyHkuuit {g,(f)} Has3bBaeTcst OGPaTHOM IO OTHOLICHWIO
K mociegoBaTensHocTH { f,(f)} eciu BeimosHeHo (exp u f(1)) (exp u g(1)) = 1.

B craTbe npuBOAATCS OGpaTHBIE MOCTEA0BATEILHOCTH QYHKIUH K IPOU3BOJALLMM
GbyHKUMSM IEepecTaHOBOK, JUIA YHC/IA IEPECTAaHOBOK 7 Pa3UYHBIX DJIEMEHTOB, a TO
KakK JUIsl YCTHBIX M HEYETHBIX NMEPecTaHOBOK. K 3THM (YHKIMSIM BBIBEJEHBL TaKxke
¥ IM COOTBETCTBYIOIHE OOPATHBIE COOTHOILIECHHS.

Summary

THE INVERSE RELATIONS TO SOME GENERATING
FUNCTIONS OF PERMUTATIONS

MicHAL Bucko, Kogice

A sequence of functions {g,(t)} is called the inverse sequence to the sequence

{£.)} if (exp u f(t)) (exp u g(t) = 1) holds.

The paper contains the inverse sequences of functions to generating functions
of permutations for number of permutations of n different elements and also for
even and odd permutations. The respective inverse relations to these functions are

given.
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