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A two weight weak inequality for potential type operators

VACHTANG KOKILASHVILI, JTRf RAKOSNTK

Abstract. We give conditions on pairs of weights which are necessary and sufficient for the
operator T'(f) = K« f to be a weak type mapping of one weighted Lorentz space in another
one. The kernel K is an anisotropic radial decreasing function.

Keywords: integral operator, anisotropic potential, weighted Lorentz space

Classification: 42B20, 46E30

1. Introduction.

In [5], [2], a complete description is given for such pairs of weights (w,v) that
the anisotropic potential is a bounded mapping of a weighted Lebesgue space LY
into a weak space L, 1 < p < ¢ < co. These results were extended in [4], [6], [3]
to the case of weighted Lorentz spaces. At the same time, a sufficient condition
was established in [6], for a two weight weak type inequality for integral operators
with arbitrary positive kernels. This condition appears also necessary in some cases
which are important for applications (see [3]).

In [7], under additional assumptions on the positive kernel, a condition for pairs
of weights (w, v) was proved which is necessary and sufficient for the corresponding
integral operator to be a bounded mapping of LY in the weak L{,, where 1 < p <
q < o0.

The aim of the present paper is to generalize the latter result to the case of
weighted Lorentz spaces and of kernels which are anisotropic radial decreasing
functions from the class Aj. In the last section, we extend the results for more
general kernels and compare the condition for (w,v) with the other one obtained
by Gabidzashvili and Kokilashvili [2], [6].

Fix a = (a1,...,ap) such that o; > 0 for i« = 1,...,n and ), o; = n. For
x € R™, we put

|7 = max |z .
(2
This is a quasi-norm which satisfies the inequalities
(1.1) o Mzla = [yla < |7+ yla < a(|z]a + [y]a),

where a = 290~1 4y = max q;.
We shall assume that K is an a-anisotropic radial decreasing (a.r.d) function,
i.e. K(z) = k(|z|a),z € R™, where k is a positive non-increasing function on [0, 00).
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252 V. Kokilashvili, J. Rdkosnik

Throughout the paper, the symbol @ denotes the anisotropic ball
Q=Q(z,7")={yeR:|ly—z|lo <1}, z€R™ r>0.
The Lebesgue measure of a measurable set E in R"™ will be denoted by | E|. Note
that |Q(z,r)| = (2r)™.

We shall say that a function K belongs to the (anisotropic) Muckenhoupt class Aq,
if there exists a constant ¢ > 0 such that the inequality

1
(1.2) o /Q K(y)dy < cK ()

holds for every Q = Q(z,r) and for a.e. z € Q.
Let 1 < s < p < oo and let p be a Borel measure on R"™. The Lorentz space
LP5() is the set of all measurable functions f with the finite norm

ey = (5 [ s 15 > Apoastan) .

Note that LPP(y) is the usual Lebesgue space LP(u).
For a measurable function f and a Borel measure u, we define

(13) T(f)@) = [ K@= 1) duts),

particularly
() = [ K@= )f)dy

Theorem 1. Let 1 < p < g < oo and 1 < s < p. Let w,u be Borel measures
on R™ u non-trivial, and let 1p be a positive measurable function. Consider the
operator T defined by (1.3), where K is a positive a-anisotropic radial decreasing
function from the Muckenhoupt class A1. Then the inequality

(14) ol TR (E) > MDY < Sl
holds for every f and A > 0 if and only if the inequality

(L.5) IXQT (X)W sty < Bw(@MT < oo
holds for every Q = Q(z,r),x € R™ r > 0.

Moreover, the ratio A/B of the optimal constants is bounded from below and
above by positive numbers which do not depend on f, ,w and 1.
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2. Proof of Theorem 1.

In the proof, we follow the ideas of Sawyer [7]. To generalize his result for
anisotropic potentials in Lorentz spaces, we make use of the Holder type inequalities

@0 @ g < swll [ Fadul: gl ey < 11 < ol Al

with 1/p+1/p’ = 1/s+1/s’ =1 (see [1]) and of two assertions concerning coverings.
The first assertion is a Whitney type covering lemma.

Lemma 1. Let Q2 be a non-empty open proper subset in R". Let 7 > 1 and n > ar,
where a is the constant from (1.1). Then there exist sets Qr = Q(zg,rg), k =
1,2,..., and a number ¢ = 9(n,a,T,n) such that

(2.2) 0=Ja.
k
(2.3) Qzp,mri)\Q#£0, k=1,2,...,
and
(2.4) Z XQ(xy,Try) < Jxq-
k

Proor: For z € Q, we put d(z) = infycoq [+ — yla and r(z) = d(x)/n. Since Q is
a proper subset in R™, there exists zg € R™ \ Q. Without loss of generality, we can
suppose that zq is the origin. We put dy = 0,d; = [a®(n+7)/(n —ar)P L, j =
1,2,...,and
Qj = {.’L‘ eN: dj—l < |$|a < dj}.

Fix 0 <d<landj=12,.... Since Rj1 = sup,eq, r(z) < d;/n < oo, there
exists ;1 € Q; such that r;1 := r(z;1) > 0R;j1. We proceed by induction. If
Tj1,...,T;m are already chosen and

m
(2.5) Q;c Qi
k=1

where Q; = (¥j,7j%), we stop. If (2.5) does not hold, we put Rj,,11 =
sup{r(z) : z € Q; \ Uy, @)k} and find xj,,41 € Q5 \ UpL; @ such that
Tim+1 = T(Tjmy1) > ORjmy1. If the sequence {x;}; obtained in this way
is finite, then

(2.6) Qj C Uijk'
k

Suppose that {z; ;. };, is infinite. Fix k,m € N such that k > m. Then

Tjk & Qjms Tjm > ORjm = 0R; ;> 0rjp
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and every y € Q(z,m,Vrj,m) With v = a(li—&) satisfies

[y = @jkla > a7 ajn = jmla = 1y = 2imla > (@7 = 2)drj0 =7k

Thus y ¢ Q(z; 1,77 k) and so the sets Q(x; 1,7 k) are pairwise disjoint. On the
other hand,
-1
Wla < allzjmla +75m) < a(l +907")d;

i.e.
Q(zj,m:j,m) € Q(0,a(l +yn~1)d;).

Now, suppose that (2.6) does not hold. Then there exists € Q; \ U, @Q; %, and

the inequalities r;,, > 0R;,;, > ér(xz) > 0 hold for every m. Hence, the bounded

set Q(0,a(1+~n~1)d;) contains infinite number of pairwise disjoint sets of volume

|Q(j,m»¥7j,m)| > (2ydr(x))™. This is a contradiction, and so (2.6) holds again.
To estimate ) ;. XQ(z 177 1) fix y € Q and consider k£ such that

(2.7) y € Q) 7rjk) \ Q5,775 k)-
Denote by m the minimal index k for which (2.7) is satisfied. We have
a(m +mrjk = ally — 2 kla + dzj k) = dy) =
> a Ny = zjkla —d(zin) = (@' = T)rjm
and
2= yla < allz = xjkla + [y — 2jkla) <57 a(m +V)rjm: 2 € Q) k)

Thus

28 Qe ) € Qe 1mi) € Qid alr +)rim)

and so the number of those indices k which satisfy (2.7) is not greater than
(a?’(T +a)( +7))"
V(1 — a7) ’

since the sets on the left hand side of (2.8) are pairwise disjoint. Choosing § suffi-
ciently close to 1 and taking into account that at most one of the sets Q(z; x, WTj,k)
may contain the point y, we come to the estimate

a3(7' +n)(2ar +1) "
(2.9) ; XQ(zj, kv k) =2+ ( n—ar ) .
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Let {Q} be a renumeration of {Q; : j,k = 1,2,...}. The inclusion (2.2)
follows from (2.6). To prove (2.4), we observe that any y € Q(zj_1 x,77j—1,) and

S Q(Ij-l—l,fvT’rj-i-l,f)v ] > 27 satiSfy
-1 -1
Yl <a(lzj_1kla +0 "d(zj_1k)) <a(l+7n"")dj—1 =
=(a™ " =7 Nd; < a gl — 0 @i 410) < |zla
e, Q(rj_1 5 7rj—1%) NQ(xj41,0,77j41,¢) = D for every k and £. Using (2.9), we

conclude 3 n
a’(T +n)(2ar + 1)
n—ar

19§4+2(

The relation (2.3) is obvious. O

Lemma 2 (see [1]). If1 < s < p < oo and if {E;} is a sequence of measurable sets

in R™ such that
> xg; <0,
J

then the inequality
Z”XEJf”Lps ) S s )

holds for every f € Lps(u).
We are ready to prove Theorem 1.

Necessity. Suppose that (1.4) holds. Let F C R™ and @ be such that 0 < pu(E N
Q) < u(F) < co. Then the properties of K yield

T(xpnQyvw)(z) > inf K(z—y) Ydu:=21>0, r€Q
z,y€Q ENQ

and so

w(@) < @l T(xpngvm) () > A}) < (A/)xenal e
= (A/N) (BN Q)P < oo
Further, using (2.1) and (1.4), we obtain

IXQT (el ey <65 supl] [ Tl f il vy < 1} <
<cytsupf / D) do 1l ey < 1} =
—tsup{ [ ety € QT W) > A dx
Nl < 1} <
<cpt /0 - min{w(Q), (A/X)7} dx = ¢51q' Aw(Q)/7 .

Hence, the inequality (1.5) holds with B < ¢ lq’ A.
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Sufficiency. Assume that (1.5) holds. Let A > 0 and f be given. Without loss of
generality, we can suppose that f > 0, [ |f|P du < co and that the support of f is
compact, say

(2.10) supp f C Q(0,r).

The function T'(fvu) satisfies the condition (1.2) with the same constant ¢ as for K
and so

(2.11) M(T(f¢n)) < cT(fobp),

where M is the anisotropic maximal operator

Mg(z) = sup / l9(y)| dy.
zEQ |Q|
Since M (T'(fvu)) is lower semicontinuous, the set
Q= A{z: M(T(fpp))(x) > cA}

is open.
At first, assume the case when 2y # R"™. We can use Lemma 1 to write

o=@k,
k

where Q) = Q(z, 1) and x,, 7, satisfy (2.3), (2.4) with 7 = 2a and 5 > 2a>. For
the sake of brevity, we shall denote Q(zy, 7ry) by QF. We observe that
K(x) <ct"K(y) for every t>1 and xz,y with |y|lo < t|z|n-

Indeed, the condition (1.2) implies that

r612|/ K(2)dz < cK(y') for every Q and for a.e. y' € Q.

Since K is a.r.d., we have

Kle) < O|90| |/Ox de=

1 dz < 'K
“10 <o,t1|x|a>| ooy B4 S KW

for every t; >t and for a.e. y' € Q(0,t1]z|a), and (2.12) follows.
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For z,z € Qf and y € R™ \ QF, the estimate
2 = Yla < a(l + 2a)|z — yla

holds and using (2.12), we get
T(xpr\o* fYop)(x) = Kz —y)f(y)v(y)d <
(g Fom) (@) /y g KO 0)

1
<or /y . (m [ G dz) () duy) <

c1
<o /Q () (z) de <

1
<cin |

_— T z2)dz
Qr ] Joter (fYu)(2)

where ¢1 = ca™(1 + 2a)™. Since Q(zg,nrr) \ 2y # 0 by (2.3), the estimate

T (xgrm\@; fm)(x) < c1n”cA

follows and we conclude
{o: T(fon)(x) > A} N Qk € {z: T(xgyfvm)(@) > X NQy

for v > 2c1n™c. Hence, if k is such that w(Q}) > 0 and
(2.13) o | Thapfomdo < px
' w(@Qf) Jor @k -

where 8 € (0,1) is a fixed number, then

Q1) el T >N N < 5 /Q Tlxqpfunds < ?w@k)

If k is such that w(Q7) > 0 and (2.13) fails, then using the Hélder inequality (2.11)
and the condition (1.5), we obtain

(@} <7100 (| gy fomas) -

k
q

=071 Tgerusan) <

k

<cof (@) Xy T, X1 ey <
<eoB B |xQp L -
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i.e.
(215)  w({z: T(fyp)(z) > AN Qk) < w(@Q) < (BN BIxq: /1 1rs(,

Summing the inequalities (2.14) and (2.15) over the appropriate indices k and using
the overlapping condition (2.4) together with Lemma 2, we get the estimate

wlz : T(fp)(z) > 1A} < %wwmn (BN 1BV F1,0

which, according to (2.9), yields

(2.16) (YN w({z : T(foom)(x) > 7)) <
< 20777 Bu({w : T(foou) (x) > A}) +1 BOVP B fI| 00,

In the case when Q) = R™, we use (2.11), (2.1) and (1.5) and for every @ which
contains the support of f, we obtain

1 1
w(@) <3 /Q T(fou)do = 5 /Q Txgw)f du <
S%0”XQT(XQWWHLp’s’(u)||f||Lps(M) <

< Bl s -

Hence,

(2.17) w1 <22 ||f||Lps

and we can replace @ by R” because ) may be arbitrarily large and the right hand
side does not depend on Q.
This and (2.16) yield the “good A inequality”

(N w({z: T(fu)(x) > eyA}) < cofw({z: T(fu)() > A}) + 5B fI|7 e,

for every A > 0, where ¢o = 2077 1¢? and ¢3 = max {7191/1)6_1, ccov}. Taking the

supremum over 0 < A < 7 we obtain

(218)  sup Mw({z: T(fop)(@) > A}) <

0< A<t
<8 sup Nw({z: T(fo)(@) > A}) + BU SN e
0< A<t

because t/(cy) < t
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All that we have to do is to prove that the left hand side of (2.18) is finite for
every t > 0 and to choose B € (0,cy ). The inequality (1.5) then follows with
A < Besg(1 - Cgﬁ)_l/q.

Since w({z : (fyu)(xz) > A}) is a decreasing function of A, it is sufficient to
consider only small \. If inf T'(f1u) = A\g > 0, then according to the estimate (2.17)
with R™ in place of @), we have

Mo({a: T(fp)() > A}) < GBIl s,
for every A € (0, \g). If Ag = 0, then—taking into account that by (2.10) and (2.12)

we have T(fyp)(z) < T(fyp)(z) for |z|a > a®(|z|a + 2r)—we can assume that
A =cT(fvu)(z) for some |z, large enough, say |z|q > 2ar. Then

{z: T(fyp)(@) > A} C Q" = Q(0,a*(|2|a +2r)),
and since for x € Q := Q(0,7),y € Q* the inequalities

a(r + a*(|z]a +21))

|z — yla < T |z — 2|a < 5al|z — 2]q
a™tz]a

- T

hold, from (2.12) we get

K(z — ) < 5" K (x — y) <cb"a*w(Q*) 7! Kz —y)dw(y) =
O*
205"a4”w(Q*)_1T(XQ*w)(3:).
This yields
IxQE G = Il gy <e5ma*(Q@) HxQT (Xl oy <
§C5na4an(Q*)_1/q 7

and so,

q
Nos({z : T(fp)(z) > A}) < ( /Q Kz — ) fhely) du(y)) w(@") <

SlIXQE (2 = DB s 1 170y (Q7) <

<(coc5"a ™ BYI||f | Lo,y < 00
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3. A generalization and another equivalent condition.

In this section, we shall suppose that the topology on R™ is given by a quasi-
metric g satisfying the inequalities

(3.1) ato(z,y) — oy, 2) < o(z,2) < alo(z,y) + oy, 2))

with some constant a > 1 independent of z,y,z € R™ and we shall denote the
corresponding balls by

B =DB(x,r) ={y e R": o(x,y) <r}.
We shall assume that w is a Borel measure satisfying the doubling condition
(3.2) wB(z,2r) < DwB(z,T)

with some constant D > 0 independent of z € R" and r > 0 and such that for every
xR

(3.3) r+— w(B(z,r)) is a continuous function and w({z}) = 0.

We shall assume that K is a positive measurable function on R x R™ and that
for every b > 0 there exists ¢ > 0 such that

(3.4) o(z,y) < bo(x,y) = K(x,y) < cK(z,y), z,y,z € R".

Note that e.g. the function K (x,y) = o(z,y)~7,~ > 0, satisfies the condition (3.4).
A positive function w € Lllo -(R™) generates a measure for which we shall use the
same symbol, i.e.

Mmzémmm

This measure satisfies the continuity condition (3.3).
We shall consider the operator T' defined by

(35) 1)) = [ Ko ) duty)

for measurable functions f and a Borel measure pu.
It is easy to see that Lemma 1 and Theorem 1 can be generalized in the following
way:

Lemma 3. Let Q) be an open non-empty proper subset in R". Let 7 > 1 and
n > at. Then there exist balls B, = B(zy,r), k = 1,2,..., and a number ¢ =
¥(n,a,7,n) such that

Q=JBk,
k
B(zg,mri) \Q#0, k=1,2,...,

and

Z XQ(ay,rri) < UXQ-
k
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Theorem 2. Let 1 < p < g < oo and 1 < s < p. Let u,w be Borel measures
on R", u non-trivial and w satisfying the conditions (3.2) and (3.3) and let ¢ be
a positive measurable function. Assume the operator T defined by (3.5), where K
satisfies the condition (3.4). Then the inequality

A
w({z: T(fom)() > ANV < T f e
holds for every f and A > 0 if and only if the inequality

HXBT(wa)wuLp,S,(u) < Cw(B)l/q' < 00

holds for every B = B(x,r), v € R™, r > 0.
Moreover, the ratio A/C' of the optimal constants is bounded from below and
above by positive numbers which do not depend on f, i, w and 1.

In [3] (cf. also [6]), the following characterization of the weak inequality is estab-
lished:

Theorem 3. Let 1 < p < g < oo and 1 < s < p. Let w,9,K and T be as
in Theorem 2. Let v be a positive locally integrable function on R™. Then the
following conditions are equivalent:

(i) There exists a constant ¢ > 0 such that the inequality

w({z: T(fp)(x) > A}) < AT f 70,

holds for every A\ > 0 and for every f.
(ii) There exists a constant ¢ > 0 such that the inequality

(3.6) w(B)|Ixgrm g K (2, )pv~ 1||Lp Sy €
holds for every ball B = B(z,r), x € R, r > 0.

A comparison of Theorems 2 and 3 yields

Theorem 4. Let the assumptions of Theorem 3 be fulfilled. Then the following
conditions are equivalent:

(i) There exists a constant ¢ > 0 such that the inequality
IXBT (xB@) | Lyt () < 0(B)T < o0

holds for every ball B = B(xz,r), x € R™, r > 0.
(ii) There exists a constant ¢ > 0 such that the inequality

w(B)|[xgm\ pK (, )1/JHLPS <c
holds for every B = B(x,r), v € R™, r > 0.

The (ii) = (i) part of the proof of Theorem 3 is essentially based on the assump-
tion that p is strictly less than ¢, the constant ¢ in (3.6) is estimated by a quantity
which tends to infinity if ¢ — p. Nevertheless, the condition (3.6) remains mean-
ingful even with ¢ = p. A natural question arises: Does Theorem 3 remain valid for
p = q? We shall give a positive answer in this particular case:
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Theorem 5. Let 1 < p<o00,1 <s<pand0 <~y <o. Let u,w be Borel measures
such that u is non-trivial and there exist positive constants c1, co such that

w(B(z,r))

(3.7 c1 < o

< c2

for every x € R™ and r > 0. Let T be given by (3.5) with K(z,y) = o(z,y)™7.
Then for every positive measurable function 1 there exists a constant ¢ > 0 such
that

(38)  supw(B) M T (xBw)¥ll s () <
< csupw(B) P |xgm pole. )
where the supremum on both sides is taken over all B = B(x,r), z € R™ r > 0.

Proor: For y € R™ and R > 0, we put B(y,R) = UjZy Bk, where By =
B(y,27*FR)\ B(y,27*"1R), and so, according to (3.7),

[ et -3 / oly,2) " dw(z) < S (@R w(By) <
< (2002 . Cl) Z 2— (k+1) (U—'y)RU—'y = 3R
k
with ¢3 = (2%¢2 —¢1)/(2°77 —1). Thus if z € R”, r > 0 and y € B(x,r), we use
the inequalities (3.1) to obtain

T(per)) ) = |

B(z,r)
<c3(20)77 70777,

o(z,y) T du(z) < / o2, y) 7 dw(z) <

B(y,2ar)

and so,
(3:9) w(B,r) X Bam T (B @)l Lot ) <
< ear” " X gyl s

with ¢4 = cl_l/pl03(2a)a_7. Now, we choose z such that o(z,z) = 2ar. Then
B(z,r) CR™\ B(z,7),0(2,y) < a(2a + 1)r for y € B(x,r), and we have

PP Xyl ey <
1
< @720+ 1)7¢;Pw (B )P Ixe ey 002 ) 0 ot
The last estimate and (3.9) yield (3.8) with ¢ = a”(2a + 1)1/ Pey. O

As a particular consequence of Theorems 1 and 4, we can state the following
pellucid characterization of the weight functions v for which the Riesz potential

wa(%)Z/]R L)_dy, 0<y<n,

n|x —y|"Y
Y

is a weak type mapping of LP(v) in LP.
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Theorem 6. Let 1 < p < 00,0 < v < n and let v be a positive locally integrable
function on R™. Then the following conditions are equivalent:

(i) There exists a constant ¢ > 0 such that the inequality

Hex e R" : I, f(z) > A} < C/\_p/ |f(z)|Pu(x) dx

R

holds for every A\ > 0 and for every f.
(ii) There exists a constant ¢ > 0 such that the inequality

, , 1/’
([ syl ay) " <o
lz—y|>r

holds for every x € R™ and r > 0.

REFERENCES

[1] Chang H.M., Hunt R.A., Kurtz D.S., The Hardy-Littlewood mazimal function on L(p,q)
spaces with weights, Indiana Univ. Math. J. 31 (1982), no.1, 109-120.

[2] Gabidzashvili M., Weighted inequalities for anisotropic potentials, Trudy Tbiliss. Mat. Inst.
Razmadze Akad. Nauk Gruzin. SSR 82 (1986), 25-36.

[3] Gabidzashvili M., Genebashvili J., Kokilashvili V., Two weight inequalities for generalized
potentials (in Russian), Trudy Mat. Inst. Steklov, to appear.

[4] Kokilashvili V., Weighted inequalities for mazimal functions and fractional integrals in Lorentz
spaces, Math. Nachr. 133 (1987), 33-42.

[5] Kokilashvili V., Gabidzashvili M., Weighted inequalities for anisotropic potentials and maz-
imal functions (in Russian), Dokl. Akad. Nauk SSSR 282 (1985), no. 6, 1304-1306; English
translation: Soviet Math. Dokl. 31 (1985), no. 3, 583-585.

[6] Kokilashvili V., Gabidzashvili M., Two weight weak type inequalities for fractional type in-
tegrals, preprint no. 45, Mathematical Institute of the Czechoslovak Academy of Sciences,
Prague 1989.

[7] Sawyer E.T., A two weight type inequality for fractional integrals, Trans. Amer. Math. Soc.
281 (1984), no. 1, 339-345.

MATHEMATICAL INSTITUTE OF THE ACADEMY OF SCIENCES OF THE GEORGIAN SSR,
Z. RUKHADZE 1, 380 093 TBiLisi, USSR

MATHEMATICAL INSTITUTE OF THE CZECHOSLOVAK ACADEMY OF SCIENCES, ZITNA 25,
115 67 PRAHA 1, CZECHOSLOVAKIA

(Received January 14,1991)



		webmaster@dml.cz
	2012-04-30T12:36:12+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




