Commentationes Mathematicae Universitatis Carolinae

Salvador Garcia-Ferreira
On FU(p)-spaces and p-sequential spaces

Commentationes Mathematicae Universitatis Carolinae, Vol. 32 (1991), No. 1, 161--171

Persistent URL: http://dml.cz/dmlcz/116952

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1991

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/116952
http://project.dml.cz

Comment.Math.Univ.Carolin. 32,1 (1991)161-171

On FU(p)-spaces and p-sequential spaces

SALVADOR GARCIA-FERREIRA

Abstract. Following Kombarov we say that X is p-sequential, for p € o*, if for every non-
closed subset A of X there is f € *X such that f(a) C A and f(p) € X\A. This suggests
the following definition due to Comfort and Savchenko, independently: X is a FU(p)-
space if for every A C X and every z € A~ there is a function f € ®A such that f(p) = .
It is not hard to see that p < rx ¢ (< rk denotes the Rudin—Keisler order) < every
p-sequential space is g-sequential < every FU(p)-space is a FU(qg)-space. We generalize
the spaces Sy to construct examples of p-sequential (for p € U(a)) spaces which are not
FU(p)-spaces. We slightly improve a result of Boldjiev and Malykhin by proving that every
p-sequential (Tychonoff) space is a FU(g)-space & Vv < wi (p¥ < rk q), for p,q € w*;
and Sy, is a FU(p)-space for p € w* and 1 < n < w & every sequential space X with
o(X) < nis a FU(p)-space & 3 {pn—2,...,p1} C w* (pn—2 < RK - < RK P1 <[ D);
hence, it is independent with ZFC that Sz is a FU(p)-space for all p € w*. It is also
shown that |8(a) \ U(a)| < 2% < every space X with ¢(X) < « is p-sequential for some
p € U(a) & every space X with t(X) < « is a FU(p)-space for some p € U(a); if ¢(X) < o
and | X| < 2% then Ip € U(a) (X is a FU(p)-space).

Keywords: ultrafilter, Rudin—Frolik order, Rudin—Keisler order, p-compact, quasi M-com-
pact, strongly M-sequential, weakly M-sequential, p-sequential, FU(p)-space, sequential,
P-point

Classification: Primary 04A20, 54A25, 54D55; Secondary 54D99

0. Introduction.

The concept of “p-limit” (for p € w*) introduced by Bernstein [Be] is a very nat-
ural generalization of a convergent sequence. This notion motivates generalizations
of some topological properties defined in terms of convergent sequences. In this
paper, we study p-sequential/ity and FU(p)-spaces, for p € U(«a), which extend the
concepts of sequentiality and Fréchet—Urysohn spaces, respectively. In particular,
we give (in Section 2) an alternative definition of Rudin—Keisler order in terms of
p-sequential/ spaces and FU(p)-spaces, for p € U(p). In Section 3, we generalize the
sequential spaces Sy, (n < w) given by Arhangel’skii and Franklin [AF], and improve
a result due to Boldjiev and Malykhin [BM].

1. Preliminaries.

All spaces mentioned here will be presumed to be completely regular Hausdorff
(Tychonoff). If A C X, the closure of A will be denoted by Clx(A) or A™. The
Stone extension of a continuous function f : X — Y is denoted by f : 3(X) — B(Y),
and the remainder of 3(X) by X* = f(X)\ X. If A C B(X) then A, = AN X*.

The author is indebted to A. Dow and C. Laflamme for their comments and suggestions in
the preparation of this paper. He is pleased to thank also the group of general topology at York
University for generous hospitality and support during the spring and summer of 1990
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The Greek letter o will stand for an infinite cardinal number, and « will also denote
the discrete space whose underlying set is o. For A C o, we write A for Clg(a) (A).
The Rudin-Frolik order on w* is defined by p < gy ¢, if there is an embedding
e € “w* such that é(p) = ¢ for p, ¢ € w*, and Rudin—Keisler order on «* is defined
by p < gk ¢, if 3 f € “a(f(q) =p) for p,q € a*. Notice that < grp C < pk. For
D,q € &, we say p = ¢, if there is a permutation o of a with & (p) = ¢; equivalently,
p< rrqand ¢ < gg p- Thetypeofpea*isT(p) ={gew* :p=gq}. M C a*,
welet Prg (M) ={¢q€a*: Ipe M (q¢< gk p)}- The set of uniform ultrafilters
on « is denoted by U(a) = {p€ o™ : VA€ p(|A] = a)} and N(a) = (o) \ U(a).
For p, q € a*, their tensor product is defined by

pRq={ACaxa:{{<a:{(<a:({() €A} eq}ep}

(for background and historical notes on tensor products see [CN2]). For p,q € a*,
p ® q is an ultrafilter on a X o which can be viewed as an ultrafilter on « via any
bijection between « and « X «. Notice that ® is not an associative operation on a*.
Nevertheless, Booth [Bo] pointed out that ® induces a semigroup structure on the
set of types of a*. Thus, if p € o* and 1 < n < w, we let p" stand for a point
in T'(p)™. In [Bo], the author also defined the power T'(p)” for v < wj and p € w*
as follows:

For each w < v < w; fix an increasing sequence {v(n)}n<of ordinals in wy so
that

(1) w(n) =n for n < w;

(2) if v is a limit ordinal, then v(n) " v;

(3) if v = p+ m where p is a limit ordinal and m < w, then v(n) = u(n) +m
forn <w. Let pew* and w < v < wi.

Assume that T'(p)* has been defined for all ;4 < v. If v is a limit ordinal, then we
define T'(p)” = T(f,(p)), where f, € “w* is an embedding with f,(n) € T(p)*™
forn <w. If v=p+1, then T(p)” = T(p)* @ T(p). As above, p¥ stands for any
point in T'(p)¥ for p € w* and for ¥ < wy. The basic properties of these powers are
summarized in the following lemma.

Lemma 1.1.

(1) (Blass [CN2, 16.5]) If f € “T'(p) is a function such that f(&) € Ag for§ < a
and {A¢ : £ < a} is a partition of a, then flq) = p®q for q € o*.

(2) (Booth [Bo]) If v < 4 < wy and p € w*, then p” < g p".

(3) (S. Garcia-Ferreira [G1], [G2]) If v < wy is a limit ordinal and w < p < v,
then p @ p* < gp p¥ for p € w*.

(4) (Booth [Bo]) Let v < w1 and p € w*. If f,, € “w™* is an embedding such that
Vn < w(fy(n) =~ p*™), then f(p) ~ p”.

Bernstein [Be], in connection with problems on non-standard analysis, introduced
the concept of “p-limit” (z = p-limzy, < for each neighborhood V of z, {n < w:

xp € V} € p) and the notion of p-compactness (X is p-compact, if V f € “X(f(p) €
X)) for p € w*. Bernstein’s concepts were used by Kombarov [K1], [K2] to define
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topological properties which include, as particular cases, sequential and p-compact
spaces. Savchenko [Sa] generalized Kombarov’s concepts for arbitrary cardinals:

Definition 1.2 (Kombarov—Savchenko). Let ) # M C o* and X a space. Then

(1) X is quasi M-compact, if V f € *X Ipe M(f(p) € X);
(2) X is strongly M-sequential, if for every non-closed subset A of X

I3fe*XTzeX\AVpe M(f(p) =z A f(a) C A); and

(3) X is weakly M-sequential, if for every non-closed subset A of X

Jfe*XIpeM(flp)e X\ Af(a) C A).

If p € o and M = {p}, then strong M-sequentiality and weak M-sequentiality
coincide and we say p-sequential/ity.

Let ) # M C o*, X a strongly M-sequential space and Y C X. We define
Yo=Y Yy ={zeX: 3fe,Vpe Mf(p) =)} for n < a', and
Yy = Ueen Ye if < o™ is a limit ordinal. Notice that Clx(Y) = Unp<a+ Yn-
Denote by oz () the infimum of the ordinals 1 with the property that Clx (Y) =Y
for all Y C X. For M = w* we simply write o(X) : ¢ was first considered and
studied in [AF].

Kombarov [K2] also introduced the weakly M-compact spaces for ) # M C
o : X is weakly M-compact, if for each a-sequence {z¢ : £ < a} thereis x € X such
that for all neighborhood V of # 3 p € M({{ < a:x¢ € V} € p). Next, we show
that weak M-compactness coincides with quasi M ~-compactness for ) # M C o*.
We need the following result due to Kombarov [K2].

Lemma 1.3 (Kombarov). If ) # M C «o* is compact, then a space X is weakly
M -compact, iff X is quasi M-compact.

Theorem 1.4. Let ) # M C o*. A space X is weakly M-compact, if and only if
X is quasi M~ -compact.

ProOOF: Clearly, every weakly M-compact space is weakly M~ -compact. By
Lemma 1.3, we have that every weakly M-compact space is quasi M ~-compact.
It remains to show that every quasi M ~-compact space is weakly M-compact. In
fact, Let X be a quasi M ~-compact space and {x5}5<a an a-sequence in X. De-
fine f € ®X by f(§) = x¢ for ¢ < o. Then I p € M~ (f(p) = =z € X). For
an open neighborhood V' of z, we write H(V) for {{ < a : 2¢ € V}. Then

f~z) = N{H(V) : V is a neighborhood of z}. If W is a neighborhood of z,

there is g € MNH(W) (because p € M™); hence, H(W) ={{ <a:zg € W} €q.
O

2. On p-sequential/ spaces.

In [K1], the author considered the following examples: For p € o*, the subspace
&(p) = aU{p} of B(a) is p-sequential/; and if § # M C «*, the space E(M) =
> penm §(p) (the disjoint union of the spaces &(p) for p € M) is weakly M-sequential.
As a direct consequence of the following theorem, we obtain an alternative definition
(Corollary 2.2) of Rudin—Keisler order.
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Theorem 2.1. For M, N C «*, the following statements are equivalent.
(1) weak M-sequentiality implies weak N-sequentiality:
(2) E(M) is weakly N-sequential.
(3) M C Pgk (N).

PRrROOF: (1) = (2). This is evident.

(2) = (3). By hypothesis Z(M) = >, ) =(r) is weakly N-sequential. Fix
p € M and A € p. Then A is not a closed subset of {(p) C Z(M). Since E(p) is
weakly N-sequential, 3 f € “A 3¢ € N(f(q) € £(p)\ A C E(M)). Hence, f(q) = p,
that is, p < gk ¢. Thus, M C Pgrk (N).

(3) = (1). Let X be a weakly M-sequential space and A a non-closed subset
of X. Then 3f € ®X 3¢ € M(f(a) € AA f(g) € X\ A). Choose p € N
and g € “«a such that g(p) = ¢q. Define h = fog. Then h € *X,h(a) C A and

h(p) = f(G(p)) = f(q) € X \ A. Therefore, X is weakly N-sequential. O
Corollary 2.2. For p,q € o*, the following conditions are equivalent.
(1) p< RK &
(2) every p-sequential/ space is q-sequential;
(3) &(p) is g-sequential; and
(4) every FU(p)-space is a FU(q)-space.

The cardinality of a p-sequential/ space can be estimated as follows:

Theorem 2.3. Let p € U(a). If X is p-sequential/ and A C X, then |A™| < |A|¢.
In particular, we have that | X| < d(X)®.

PRrOOF: Let X be p-sequential/ and A C X. Set A, = Un<a+ Ay. Since X is

p-sequential/, then A~ = A, for A C X. By transfinite induction, we have that
[Ap| < [Ugep Ael® < ey [Ae]*)® < A]* for all n < a™. Thus

AT = 4p] < > Ay < A
n<at 0

3. On FU(p)-spaces.

A very natural generalization of Fréchet—Urysohn spaces by using the Bernstein’s
notion of “p-limit” is suggested in the next definition due to Comfort [G1] and
Savchenko (see [BM]), independently.

Definition 3.1 (Comfort—Savchenko). Let ) # M C o*. A space X is a FU(M)-

space, if foreach AC X andz € A=, 3 f €AV pe M(f(p) =x).

Observe that the class of Fréchet—Urysohn spaces coincides with the class of
FU(w*)-spaces. For p € U(«), we write FU(p)-space for FU({p})-space. In this
section, we are principally concerned with FU(p)-spaces (for p € U(«)). It is evident
that every Fréchet—Urysohn space is a FU(p)-space for all p € w*, and every FU(p)-
space is p-sequential/ for p € U(w). Our first aim is to show that there is a p-
sequential/ space which is not a FU(p)-space. We slightly modify the construction
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of the sequential spaces Sy, for n < w (see [AF)). It suffices to give the generalization
of the Arens space 52, since for 2 < n < w the definition should be clear. Indeed,
for p € U(«) we define Sa(p) by

(1) $5(p) = {o} U € < a} Ufaec 1 6,C < ah

(2) x = p-limxg;

(3) w¢ —pllmx5<f0r§<a

4) {:Cf ¢+ §,¢ < aj} is discrete;

(5) for a base of neighborhoods at z : if r = (A¢)¢< is an a-sequence such that

A¢ € pfor § <a and A € p, we define

V(r,A) ={z} U{z¢c: € Aand ( € A} U {me: € € A}

It is not hard to prove that So(p) is p-sequential/ for each p € a*. For 2 < n < w,
we may define Sy, (p) in a manner similar to the definition of Sy, in [AF]. Observe
that Sp(p) C Sp+1(p) for n < w and p € U(a).

We can embed Sy (p) in G(«). In fact, fix n < w and p € U(a). For £ < « let
{A(&1) : &1 < a} be a partition of « in subsets of cardinality . For k < n and for
(€1, .., &) € Fa, let {A(€L, ..., Epq1) : Epyr € @) be a partition of A(&y, ..., &) in
subsets of cardinality . For (£1,...,&n) € "o, take p(&1,...,&n—1) € A(&1,-.-,&n)*
to be the p-limit of the a-sequence A(&1,...,&,). Inductively, we define
p(&1, .. &k_1) = plimp(&y,...,&), which is in A(&y,...,&_1)", for 1 <k < w
and (&1,...,&,_1) € F~la. Now, we define s = p-limp(&1). It is then evident that
Sy (p) is homeomorphic to {s}U{p(&1, ..., &) : (€1,...,&) € Fa and 0 < k < n}Ua
with the topology inherited from (). By Lemma 1.1 (1), p(&1,...,&) € T(p)" "

for 0 < k < n and for (&1,...,&) € Fa. Thus, we may assume that s = p™.

Theorem 3.2. Let p,q € U(a) and 0 < n < w. Then Sy(p) is a p-sequential/
space, and Sp(p) is a FU(q)-space, if and only if p" < gk ¢.

ProOOF: The first assertion follows directly from the definition. Assume that
Sn(p) = (P"ULp(Er, -, &) = (G1s- -, &) € Fa}Ua as above and Sy (p) is a FU(q)-
space. Since p™ € Cls,, () (@), then there is f € “«a such that f(q) = p”, that is,
p" < Rk ¢. Conversely, suppose that p” < g ¢. For 0 < k < n, we let I'g = «
and Ty, = {p(€1,...,&) : (€1,...,&) € ¥a}. Notice that T'; is a strongly discrete
subset of U(«) and that T, C T(p)" % (T(p)° = «) for 0 < k < n. Let A C Sy(p)
and x € A7 \ A. Choose 0 < j < n so that € (ANT;)™ (this is possible, since
Sn(p) = {P"} UUogcp<n T'k)- Let f € “[ANT}] be a bijection and let r € a* such
that f(r) = x. Since ['; is a strongly discrete subset of a*, then r < gk z. By
hypothesis, we have that z < grk ¢ and so r < gk ¢. Let g € “«a with g(¢q) = r
and define h = f o g. Then, h(a) C A and h(q) = x. O

The spaces Sp’s can be generalized for each p € w* and for each v < w; as
follows: Assume that Sy, (p) has been defined for ¥ < p < w; and p € w* so
that w C Su(p) C B(w). Let {Ap : n < w} be a partition of w with |4,] = w
for n < w. Without loss of generality, we may suppose that A, C S,/(n)(p) and

pr e Sym)(p) € Ay, for n < w, where {v(n)}n<w is the sequence of ordinals as
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in the definition of p¥. By Lemma 1.1 (4), we have that p¥ = p-lim p”(™). Thus,
we define Sy (p) = {p"} U U< Su(n)(p) with the subspace topology from 3(w).
It is not hard to see that S, (p) is p-sequential/. Moreover, we have the following
theorem. Before stating it, we proved a lemma.

Lemma 3.3. Let p € w* and v < wi. If X C S, (p) and p” € X, then there is
a discrete subset Y of w* such that Y C X and p* € Y.

PROOF: We proceed by transfinite induction. In the proof of Theorem 3.2, we
showed that the conclusion holds for each n < w. Assume that the lemma is true
forall p < v <wy. Let {A, : n < w} be a partition of w in infinite subsets. We may
suppose that An C S, ;,)(p) € An for n <w. Let X C Sy (p) such that p, € X7\ X.
Notice that if A € p, B, € p"(") and B, C A, for n < w, then UnEA B, € pV(").
Hence D = {n < w : p*™ € [Sy(n)(p) N X]™} € p”. By induction hypothesis, for
each n € D there is X, € S,(,) N X discrete (in w*) such that p’M e X Tt is
then evident that Y = (J,,c p Xp satisfies the conclusion of the lemma. 0

Theorem 3.4. Let p,q € w* and v < wy. Then S,(p) is a FU(q)-space, if and
only if p* < Rk ¢
PROOF: =). Assume that S, (p) is a FU(g)-space. Since w C S, (p), then there is
a function f € “w such that f(q) = p¥, that is p* < Rk ¢

<). We proceed by transfinite induction. Suppose that the conclusion holds
for all 4 < v < wi. According to Theorem 3.2, we may assume that w < v. Let
X C Sy(p). We will verify that each point 2 in X~ is a ¢-limit of some sequence
in X. Indeed, if x # p”, then z € Clg, (,,)[S,(m) N X] C Ay, for some m < w. Then,

v(m)

we apply the induction hypothesis, since p < rk ¢- If z = pY, by Lemma 3.3,
there is Y C X discrete such that p¥ € Y. Choose a bijection f € “Y and r € w*,
for which f(r) = p”. Since f is an embedding, then 7 < g p” < Rk ¢- Let g € “w
with g(¢) = r and define h = f o g. Then h(q) = p” and h(w) C X. O

In [BM], the authors showed that every sequential (Hausdorff) space is a F-
Fréchet—Urysohn space (hence it is a FU(p)-space for some p € w*): The proof of
their result involves infinite powers of filters. We slightly improve this result by
using the basic idea from [BM].

Theorem 3.5. Let p,q € w*. Then every p-sequential space is a FU(q)-space, if
and only if Vv <w; (p¥ < Rk 9)-

PROOF: =). This follows directly from Theorem 3.4.

<). Let ¢ € w* satisfy Vv < w; (p¥ < gk ¢) and let X be a p-sequential/
space. We show that X is a FU(g)-space. Indeed, fix A C X and define Ag = A
and A4, = {f(p) : f € “lUp<p Avl and f(p) € X} for p < wy. Tt is evident
that A= = U/Kw1 A, since X is p-sequential/. We claim that A~ = B, where
B={f(p"): f € YA f(»") € X and v < wy}. Assume that Up<p Av € B and
let 2 € A\ Uy, Av for p < wi. Choose f € “[UJ,., Av] such that f(p) = .
By induction hypothesis, for each n < w there is v, < wy and g, € “A, for which
gn(p*™) = f(n). Let 6§ = limy, + 1. Then, by Lemma 1.2 (2), we have that
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Vn <w(p’™ < gp p?). Let {4, :n < w} and {B,, : n < w} be a partition of w in
infinite sets. Without loss of generality, we may suppose that p*» € B, for n < w.
For each n < w, pick r, € T(pe) N A, and hy, : Ay, — B, such that B (1) = p¥r
forn <w. Set h =J,,,, gn © hn and define e € “w* by e(n) = ry, for n < w. Then
h(e(n)) = gn(p*") = f(n) for all n < w. Hence h(é(p)) = f(p) = x. Let p < w1 be
a limit ordinal with 6 < p. By Lemma 1.1 (3), we have that p @ p? < grp p*. Since
p® p? ~ &@p) (by Lemma 1.1 (1)), then there is d € “w such that d(p") = &(p).
Hence, we have that ¢(p*) = x, where ¢ = hod and so x € B. Thus A~ C B. By
a similar argument, we may show that B C A~. This proves our claim. It follows
that X is a FU(q)-space. O

Boldjiev and Malykhin [BM] asked whether it is consistent with ZFC that every
sequential (compact) space is a FU(p)-space for all p € w*. Notice, from The-
orem 3.8 below, that so is a FU(p)-space, iff p is not a P-point. We will show
that it is independent with ZFC that every sequential space X with o(X) < w is
a FU(p)-space for all p € w*. First, we give some notation.

For p,q € w*, we say p <; g, if there is f € “w such that f |4 is not finite-to-one
for all A € p and f(q) = p.

Theorem 3.6. For p € w* and 1 < n < w, the following conditions are equivalent.
(1) Sy, is a FU(p)-space;
(2) there is {p1,...,pn—2} C w* (here, pg = p) such that p,_a is not a P-point

and pp—2 < RK "~ < RK P1 <I P;
(3) every sequential space X with o(X) < n is a FU(p)-space.

PROOF: (1) = (2). Let Sy, = {s}U{wy, , +kj <wforl <j<i<n}andassume
that Sy, is a FU(q)-space. Set Y = {x}, . :k1,...,kn < w}. By assumption,
there is a function f € “Y such that f(p) = s. Without loss of generality, we may
assume that f is onto. For each sequence (ki,...,kn—1), let E(k1,... kp—1) =
f_l({xk17___7kn717k : k < w}). By induction, for each 1 < j < n — 1 and each
sequence (k1,...,k;) we define E(k1,...,k;j) = Up<,, E(k1,...,kj, k). Notice that
f(E(k1, ... kj)*) = {2k, k;} for 1 < j <nandfor (ki,...,k;). For 1 <j<mn
and A € p, we have that

{1 <w:[{ke<w:...[{kjo1: [{kj <w:|E(k1,...,k;) NA] = w}
=wl=w...}| =w}ep.

(%)
This fact (*) follows from the definition of the topology of S, and f(p) = s. Let
f1 € “w with the fibers {E(ky,...,kp_1) : k1,...,kp_1 <w} and let p; = f1(p). If
3 A € p(f1 |4 is finite-to-one), then we can find a neighborhood V of s in 3(Sy) such
that V' N f(A) = 0, which is a contradiction, Hence p1 <; p via f1. For j =n —1,
by (%), we obtain that if A € p, then A hits infinitely many sets of the partition
{E(k1,...,kn—1) : k1,...,kn—1 < w} in an infinite set; hence p is not a P-point.
In particular, for n = 2 the conclusion holds. Thus, we may suppose that n > 2.
Assume that we have defined f; € “w and p; € w* for 1 < j <i < n — 2 such that
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(1) fj(pj—1) = pj for 1 <j <

(2) pi-1 < Rk < RK P1 <; p; and

(3) pj is not a P-point for j < 1.

Choose f; € “w with the fibers {f;_1 0+ -0 f1(E(k1,..., kn—i)) : k1, ., kn—s < w},
and let p; = f;(p;—1). We claim that p; satisfies p; < Rk pi—1 and p; is not
a P-point. Indeed, if A € p;, then B = fl_l 0.0 i_—ll(A) € p and, by (%), B
meets infinitely many elements of the partition {f; o ---o fi(E(k1,..., kn_i_1)) :
ki,...,kp—ij—1 < w} in an infinite set. Thus, p; is not a P-point. Moreover,
the fact (%) also implies that f; o --- o f1 |4 cannot be one-to-one for A € p.
Then, by Theorem 9.2 of [CN2] (see [C1]), we have that p; is not equivalent to
pi—1 = fi_10---0 fi(p). This proves our claim. Therefore, p1,...,p,_1 satisfy the
conclusion.

(2) = (3). Clearly, the conclusion holds for n = 1. Assume that (3) is true
for all 0 < j < n. Let X be a sequential space with (X) = n and let Y C X.
Define Z = {z € X : 3 f € “Y(f(p) = x)}. We verify that Y~ = Z. In fact,
by assumption we have that Y~ = (J,,, Yj and Y1 C Z. If y € Y} \ Y4 for
1 < k < n, the space S, = {s} U {xn17,,,7nj :ny,...,n; <wand1l < j <k}
can be embedded in Y~ so that s = y and {zn,,.. pn, : n1,...,n <w} CY. By
induction hypothesis, 3 g € “Y(g(p) = y), that is, y € Z. We only need to show
that Y, C Z. Fix « € Yp, \ Yp—1and let Sp = {o} U{azg, _x, : k1,....kj <w and
1<j<n}CY~ sothat {wg, 1, k1, ..., kn <w}CY. For1<j<n-—1,let
fj € “w such that f;(pj_1) =pj and V A € p (f1 |4 is not finite-to-one). We may
assume that f; is onto for 1 < j <n —1. Let {Ay, : k1 < w} be a partition of w
witnessing that p,_9 is not a P-point. Define

B(k1) = fyl oo f 1 (Ay,) for ki < w and B(ki,..., k;) =
={fit oo fili({ki}) sy € 2 ({Rjo1d), ki1 € (R —d),

ks € f{l({kg}) and ky € Ay, } for 1 < j <n —1and for (k,...,k;).

Clearly, A = {E(k1,...,kj) : k1,...,kj <w and 1 < j < n — 1} satisfies (x) of
the proof of (1) = (2) above. Choose f € “Y so that f is a bijection between
E(ky1,...,kp—1) and {2y, 1. , % :k <w} for each sequence (ki,...,k,_1). Since
A satisfies (x), then f(E(ki,...,kj)*) = Tpy,..k; for each 1 < j < n and each
sequence (k1,...,k;). Thus f(p) = x; that is, x € Z.

(3) = (1). This is evident. O

Let Mg be the Shelah’s model of ZFC in which Mg = w* does not have P-
points (see [M] and [W]). It follows from 3.6 that Mg |= every sequential space X
with 0(X) < w is a FU(p)-space for all p € w*. On the other hand, it is a direct
consequence from Theorem 3.6 and the next lemma that M A = 3 p € w* (S3 is not
a FU(p)-space), since every RK-minimal ultrafilter is a P-point (see [C] or [CN2])
and RK-minimal points exist assuming M A ([Bo]).

Lemma 3.7. If p € w* is RK-minimal, then PRy (p") = Uy<p<,, T(PF) for each
1<n<w. o

PROOF: Assume that the conclusion holds for each 1 < j < n. According to
Lemma 1.1 (1), p"T! = &(p), where e € “T(p") is an embedding. Let ¢ € w*
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with ¢ < gg P! and let f € “w such that f(p"+!) = ¢. By Lemma 9.4 of [C],
we may suppose that f o e is an embedding and f(e(m)) € w* for m < w. By
induction hypothesis, we have that f(e(w)) € Uy<p<, T(pF). This implies that
{m C w: f(e(m)) € T(p*)} € p for some 1 < k < n. Then, by Lemma 1.1 (1), we

obtain that ¢ = f(&(p)) =~ phrL. -

For infinite ordinals w < v < wj, we have the following corollary.

Lemma 3.8. Let g € w* such that there is {p, : 1 < v < 0} C w*, for 0 < wi,
such that V1< p <v <0 (py < rr pv < RK ¢)- If X is a sequential space and

x €Yy forY C X, then 3 f €“Y(f(q) =x).

ProOOF: Clearly, the conclusion holds for § = 1. We proceed by transfinite induc-
tion. Assume that the lemma is true for all 1 < v < § < w;. We need the following
fact (for a proof see [Bo, Lemma 2.20]):

If f,g€“w* are embeddings and p € w*, then f(p) < rr g(p), if and
only if {n <w: f(n) < gr g(n)} € p.

(*)
For every 1 < v <0, let e, € “w* be an embedding such that €, (p1) = py. In virtue
of (%), we may assume that V1< pu<v <60Vn<w(e(n) < grr ev(n)). Let
Y C X and fix z € Yy. Without loss of generality, we may suppose that § = v + 1.
Then there is a sequence {2 }n<y in Yy, for which 2, — x. Let {4, : n < w} be
a partition of w such that ¥ n < w(eg(n) € Ay,). Applying the induction hypothesis
to v and eg(n) for each n < w, we have that ¥V n <w 3 f,, : Ay, — Y(fn(eg(n)) =
wp). Let f =, o, fn and g € “w such that g(q) = pg. Define h = f og. Then,

h(q) = f(3(0)) = f(pe) = f(2o(p1)) = @ O

As an immediate consequence of Lemma 3.8 we have:

Corollary 3.9. If ¢ € w* satisfies the conditions of Lemma 3.8 for § < wy, then
every sequential space X with o(X) <0 is a FU(q)-space.

It was pointed out in [K1] and [Sa] that every weakly M-sequential space X
satisfies ¢(X) < a. However, the converse is not true. For instance, take M C o*
with 2% < |M|. By Theorem 2.1, t(E(M)) = o and Z(M) cannot be p-sequential/,
since |Pryk (p)| < 2. The next two theorems show that the opposite holds under
certain additional assumptions. We need the following result due to Comfort and
Negrepontis [CN1], [CN2].

Lemma 3.10 (Comfort—Negrepontis). If A C o with |A| < 29, then there is
p € U(w) such that ¥V ¢ € A(q < gk p)-

Theorem 3.11. For w < «, the following conditions are equivalent.
(1) [N ()] < 2%
(2) if X is a space and t(X) < «, then I p € U(a) (X is p-sequential/);
(3) if X is a space with t(X) < «, then 3 p € U(a) (X is a FU(p)-space).
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PrOOF: (1) = (3). Let X be a space with #(X) < a. For every x € X let
Wey={peN(@): 3fer’X(y<anpeUHR)Aflp)=z¢ f(v))}. Itis evident
that J,cx Wz € N(a)«. By Lemma 3.10, 3p € U(a) Vg € U,ex Wa(g < Rk D).
We verify that X is a FU(p)-space. Indeed, let A C X and x € A~ \ A. Since
t(X) < a,then 3w <~vy<aIqgeU) (f(g) = x). By definition, we have that
q € Wz. Choose g € ®y such that §(p) = ¢ and set h = f o g. Then h(a) C A and
h(p) = z. Thus X is a FU(p)-space.

(3) = (2). This is evident.

(2) = (1). We consider two cases:

(a) Assume that @ = y*. We then have that {(E(N(a)s)) = v < a. By
hypothesis, 3 p € U(a) (E(N(a)«) is p-sequential/). Hence, V ¢ € N(a)« (£(q) is
p-sequential/). By Theorem 2.1, V ¢ € N(a)« (¢ < gk p) and so |N(«)| < 2¢.

(b) Assume that « is a limit cardinal. Suppose that |N(«)| > 2%. Since
IN(@)| = a~*. 3 <4 22" we have that a<® D o<a 22" > 2% hence 3y < (2% <
22"). Set § =T < . By applying the same argument to Z(N(§)«) as in case (a),
we have that 227 < [N ()| = 6<°. P52t < 20 < 2% a contradiction. O

We remark that if « is a strong limit cardinal, then any of the three conditions
of Theorem 3.11 holds in ZFC, and assuming GCH, it is true for all cardinals. The
clause (1) of Theorem 3.11 does not hold for wy in any model M of ZFC, in which
M = 2%t < 2¢ Indeed, if M is such a model of ZFC, then M = [N (wq)| = 2¢ > 2“1
and t(2(N(w1)«)) = w, so in M the space E(N(w1)«) cannot be p-sequential/ for
all p € U(wy) (by Theorem 2.1). If we replace ¢(X) < a by ¢(X) = « in the
clause (2) (or (3)) in Theorem 3.11, then this is not a theorem of ZFC. In fact,
Fedorcuk [F] using diamond, defined a compact separable space z with ¢(X) = w
and | X| = 2¢ hence X is not p-sequential/ for all p € w* (by Theorem 2.3). On the
other hand, Balogh [Ba] proved that PFA implies that every compact space with
countable tightness is sequential.

Theorem 3.12. If X is a space satisfying t(X) < « and |X| < 2%, then there is
p € U(a) such that X is a FU(p)-space.

PrOOF: Enumerate X by {z¢ : £ < 2%}. For each { < 29, define Iy = {f €
“X : Jq e a*(flq =z} Clearly, |Fe| < 2% for & < 2% Hence, we may
enumerate Fe by {fe¢¢ : ¢ < 2%} for £ < 2% For each (£,() € 2% x 2%, choose
P(&,¢) € o so that fe c(p(§,()) = xe. Set M = {p(¢,() : (£, () € 2% x2%}. By
Lemma 3.10, 3pe U(a) V g € M(q < rg p). We claim that X is a FU(p)-space.
Indeed, let A € X and fix ¢ € Clx(A) \ A for some £ < 2%. Since #(X) < a,
then 3 g€ “A3qe a” (g(q) = v¢). Hence, there is ¢ < 2% with g = f¢ - and
f&C(p({,C)) = z¢ = g(q). Let f € “a be a function such that f(p) = p(&,¢) and
define h = f¢ o f. Then h(a) C A and h(p) = fe (f(p)) = fec(p(§,C)) = z¢ €
X \ A. Therefore, X is a FU(p)-space. O

Arhangel’skii [A] conjectured that the cardinality of every compact homogeneous
space of countable tightness does not exceed 2¢. It follows from Theorem 3.12 that
a positive answer to Arhangel’skii’s conjecture would respond the following question
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in the affirmative: Assuming PFA, the answer is positive, as we pointed out above
(see [Bal).

Question 3.13 (Comfort—Garcia). Is every compact homogeneous space of count-
able tightness p-sequential/ for some p € w*?
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