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SOME STABLE OPERATOR IDEALS

ROSHDI KHALIL AND MAJEDA AZIZ

ABSTRACT. Let IT be an operator ideal in the sense of Pietsch. Then II is called

stable if whenever T} and Ts € II then T} é T> € II. In this paper we study the
stability of some operator ideals. In particular we prove that the ideals of r-nuclear
and r-integral operators are stable. Further, we study the stability of some hulls of
some operator ideals. Using these results we give a new proof for the stability of
p-summing operators.

INTRODUCTION

For Banach spaces X and Y, let L(X,Y’) denote the space of bounded linear
operators from X into Y. Let L = UL(X,Y), where the union runs over all Banach
spaces X and Y. Let IT be a subclass of L. The set II(X,Y) = II N L(X,Y) is
called a component of II. Following Pietch [5], a subclass II C L is called an
operator ideal if:

(i) Each component II(X,Y) is a vector space that contains the finite rank
elements of L(X,Y).

(ii) For all Banach spaces F, X, Y, and F', we have L(Y, F)oII(X,Y)o L(E, X)
CI(E,F).

v
If X and Y are Banach spaces then X ® Y denotes the completion of the

injective tensor product of X with Y. For T; € L(E;, F;) we let Ty Qv@Tg denote the
tensor product map of T7 and T5. An operator ideal II is called stable if whenever
T, € (E:, F)),i = 1,2, then T, @ Ty € H(E1 ® By, i ® F2). We refer to [4] and
[5] for more on tensor product of Banach spaces and tensor product of maps.

In [1] and [2] Holub proved that the ideals of p-summing operators, 1-nuclear
operators and l-integral operators are stable. It is the object of this paper to
discuss the stability of other operator ideals. Indeed, we prove that r-nuclear
operators and r-integral operators are stable. Further, we prove that if an operator
ideal II is stable, then the injective hull of II is stable. This gives another proof
for the stability of p-summing operators. Some other results are presented.
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1. PRELIMINARIES AND NOTATIONS

Let X and Y be Banach spaces and T' € L(X,Y). Then:
(i) T is called p-summing operator if there exists A > 0 such that:

(iminp) <) swp (Zm, )
i=1

llz* (<1

for all finite sequences {x1,x9,x3,...,2,} C X.
Let II,(X,Y") be the space of p-summing operators from X into Y, and II, be
the operator ideal of p-summing operators.

(ii) T is called r-nuclear, r > 1, if T' has a representation of the form

1
(o) (o9} al
Tx = Z(xz,y*>yn7 z, €X, yp€Y, (Z |x:§|’”> < o0

i=1 i=1

and

1

” 11
sup |(yn, ¥ < 00, <—+—*—1).
lly*lI<1 <Z > ror

It is well known, [5], that T is r-nuclear if and only if T" has a factorization,
T = BTpA, where B € L({",Y), A € L(X,¢>°) and Ty € L(£>,{") is of the form
To(ai) = (aioi), (Uz> € 0.

Let N,.(X,Y) denote the space of r-nuclear operators from X into Y, and N,
the operator ideal of r-nuclear operators.

(iii) T is called r-integral operator if T admits a factorization JyT = BI, A,
where B € L(L"(Q, 1), Y), A € L(X, C(R)), Jy is the natural embedding of Y into
Y** and I, is the inclusion map of C () into L" (2, ) where € is some compact
Hausdorff space, and p a probability measure on €.

Let L,.(X,Y) denote the space of r-integral operators from X into Y, and L, the
operator ideal of r-integral operators. We refer to Pietsch [5] for a full discussion
of these ideals of operators.

An operator T € L(X,Y) is said to belong to II®, the surjective hull of the
operator ideal I, if TQx € I(X™Y), where X5 = ¢}(B;(X)), B1(X) is the
unit ball of X, and Qx is the canonical surjection of £!(B; (X)) onto X, [5].

The operator T is said to belong to II', the injective hull of II, if JyT €
(X, Y™) where Y = (>°(B;(Y*)), and Jy is the canonical surjection of YV
onto £>°(B1(Y*)). It is known,[5], that II® and II' are operator ideals.

2. THE STABILITY OF SOME OPERATOR IDEALS

In this section we establish the stability of r-nuclear and r-integral operators,
r>1.
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Theorem 2.1. The ideal N, is stable.
Proof. Let T; € N,.(E;, F;), i = 1,2. Then T; has a factorization

A ) B.
B A B By g

where S; is a diagonal operator, S;(n,) = (o4(n)n,), where o; € {7, i =1,2.

v
Hence T71 ® T5 has a factorization:

Vv

v v v
Ty ®@Ty = (B1 ®By)o (51 ®852)0 (A1 ® Ag) .
Consider
Ty 0% @ 0% = (N x N)

Jo  0"(N x N) — €7 & " |
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where J; and Jo are the inclusion maps. Let £” ® ¢ denote the r-nuclear tensor

product of ¢" with itself, [3]. It is well known that ¢7 ®@ LT = {"(N x N), [3]. Let

S:l*(N xN)— (N xN)
S(a(n,m)) = (1(n)oz(m) a(n,m)),

with o1 - 09 € £>°(N x N).
v
Consequently S7 ® S has the factorization

0o Y oo J1. poo s pr J2 g Y oop
L R4 5 P°(N X N) —L"(NXN) =0 ®L
v
and so 177 ® Ty has the factorization
v v v
T'@Ty=Jo(A ®Az)0So0(B;®By)oJy.

v
Since S is a diagonal operator, T} ® T3 is r-nuclear. This ends the proof.
Theorem 2.2. The ideal L, is stable.

Proof. Let T; € L. (E;, F;), i = 1,2. Then Jp, T; has the factorization

B 2 O(K;) L L7 (K, ) 25 e

O

Since C(K1) ® C(Ks) = C(K1 x K»), and I, : C(K;) — L"(Ki, ;) is just the

inclusion map, it follows that

\% \% \%
I @ 1, : C(K1) @ C(K2) — L™ (K1, 1) ® L' (K3, p2)
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v
is the inclusion map of C(K; x Ks) into L" (K1, u1) ® L"(Ks, pe) with range in

L"(Ky x Ko, pi1 @ pg) = L" (K1, 1) SQ L™ (Ko, p2) .

Since || - |lv < || - [a, it follows that for any ¢ € C(K; x Ka)

(v 51)

But by Theorem 17.3.3 and Proposition 17.3.8 of [5] we get by

I(nén)w ([ W) o)

for some A > 0. Hence Proposition 17.3.8 of [5],

Hane

Qp

Lol ell, <C(K1 x K2), L™ (K1) @ LT(K2)> .

v
Consequently [5], I ® I, has the factorization:
v ~ i v
I, &I, =Dol,: C(Ky x K3) = L"(Ky x Ko, p1 ® pia) — L7 (K1) @ L™ (K3)
where INT is the inclusion map. Hence we have

\% \ \2 \ 2
JoKp @ Kp,oT1®@Ty=JoB ®Bsol, ®I,0A4,1® Ay

Vv ~ Vv
:JOBl®BQODOITOA1®A2

v v * 3k
where J is the natural inclusion of Fi™* ® F5* into (F1 ® Fg) . But

vV
Jo (Kpl ®KF2) :KFléFg.

\Y Vv V ~
Hence K v oT; ®T5 has a factorization K v oT1® 1T, =B1®ByoDol,.o
Y FIRF; Y F1®F>
Ay ® As. Hence T7 ® T5 is an r-integral. This ends the proof. Il

3. HULL STABILITY OF OPERATOR IDEALS

In this section we prove the stability of the hulls II' and II® for any stable
operator ideal II.
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Theorem 3.1. II' is stable for any stable operator ideal I1.
Proof. Let II be a stable operator ideal and T; € IT'(E;, F;), i = 1,2. Consider

v v v v *
J v OT1®T2:E1®E2—>F1®F2—>KOO<B1(F1®F2)>.

F1QF;

Let Jp, : F; — £°°(B1(F})) be the canonical embedding, i = 1,2. Since Jp, is an
injection, then the operator

Vv Vv \Y
Jp, @ Jp, 1 F1 @ Fy — £°(B1(FY)) ®@ £2°(B1(Fy))

v
is an injection. But ¢*°(B1(F; ® F2)*) has the metric extension property, [5].

Consequently, JF Y has the factorization
1 2

V.
Jr, @ Jp,

F & F ((B1(F1)*) @ £°(By(Fy)*) —5= (B (F, © F»)*)

for some bounded linear operator S. Hence

1QF

\Y \Y% \%
J v OT1®T2:SO<JF1®JF2>OT1®T2
\Y
&

=So {(JFI oTy) ® (Jp, ng)} .

v
Since IT is assumed to be stable, then (Jp, o T1) ® (Jp, o Tz) € II. This implies
Vv
that JF Yo © T, ® Ty € I1. This ends the proof. O
1

2

As a corollary we give a different proof for the stability of the ideal IL,.:
Corollary 3.2 (Holub, [1]). II, is a stable ideal.

Proof. By Theorem 19.2.7 of [5], we have II,, = (L,)!. Theorem 2.2 implies that
L, is stable. Hence by Theorem 3.1, IL,. is stable. This ends the proof. (I

Stability with respect to the projective tensor product is defined as that with
respect to the injective case. In that respect we prove:

Theorem 3.3. Let 11 be a stable operator ideal with respect to the projective tensor
product. Then 11° is similarly stable.
Proof. Let T; € II3(E;, F;), i = 1,2, and QE . be the canonical surjection of
1 2
A A
(1(B1(E; ® Ey)) into By ® Ey. Qp, is defined similarly, i = 1,2. Since Qg, :
Y (B1(E;)) — E; is a surjection, [6], then

QEI (% QEz : gl(Bl(EH)) éfl(Bl(Eg)) — E1 (% E2
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is a surjection. Since ¢!-spaces have the lifting property [5], it follows that QE 5
1

has a factorization

({(Bi(Er & En)) = 1(By(Ey)) & £1(By (Es))

for some bounded linear operator S. Hence

A A A
Quoy cTi®h=(Qp ®Qr,)o(T1®T3)08
1®E2
A
=[(Qp, o T1) ® (RE, 0 T3)] 0 S.
By the assumption on II we get

A A A
(QEl o Tl) [%9] (QE2 OTQ) e H(Eiur %] E;ur7F1 [ Fg) .

Consequently II° is stable. This ends the proof.
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