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113 (1988) ČASOPIS PRO PĚSTOVÁNÍ MATEMATIKY No. 3, 252—266 

AN ABSTRACT MODEL FOR COMPRESSIONS 

VLASTIMIL PTÁK, PAVLA VRBOVÁ, Praha 

(Received March 28, 1986) 

Summary. The authors investigate the geometry of a Hilbert space ctf which contains two 
subspaces sf 2LT\&39 such that the algebraic sum d -f- 38 is dense in X. The aim is to establish 
an abstract analogon of the functional model for contractions in the theory of unitary dilations. 
As a consequence, different known types of functional models can be easily derived in a unified 
manner. 

Keywords: Hilbert space, contraction, unitary dilation. 

In the present paper we investigate the geometry of a Hilbert space X which 
contains two subspaces sd and 09 such that their sum s£ + 01 is dense in X. The 
space X may be isometrically mapped into the formal direct sum sd ® 09 using 
an isometry constructed in a fairly simple manner from the orthogonal projections 
P(stf) and P(09) onto sf and 09 respectively, (in fact, we shall describe two formally 
different isometries which turn out to be equivalent.) If U is a bounded linear operator 
on X for which stf and 01 are reducing subspaces the isometry intertwines the restric­
tions U | stf and U \ 36 0 (36 n s/). 

The aim is, of course, to investigate, in full generality, the abstract analogon of 
the situation which presents itself in the theory of unitary dilations. If Tis a completely 
nonunitary contraction on a Hilbert space X and U is its minimal unitary dilation 
on X, the sum of the subspaces Af(«£?) and M(«£?*) is dense in X. Moreover, the 
following relations obtain. 

X = M_(JS?*) ®x® M+(se) 

= m ® M(se*) 

= 01*® Af (JSP) . 

In the present investigation we imitate the geometric configuration of the subspaces 
M(££) and M(JS?*) as follows: given X, s/9 01 and U we define, as the orthocomple-
ment of certain subspaces s/+ cz s/ and 09 _ c: ^ , a subspace X a X and consider 
the compression T = P(X) U \ X. It turns out that the operator U on X may be 
considered as a model for T 

It is surprising how large a portion of the geometry of unitary dilations may be 
obtained in the generality considered in this paper. 
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The geometrical considerations of the first section of the present paper indicate 
a way of constructing a model for contractions using similar ideas but without leaving 
the framework of the space on which the contraction acts. The first investigation of 
this type was undertaken by E. Durszt; in fact, the original impetus for our work 
comes from an interesting lecture describing an elementary method of constructing 
a functional model for contractions presented by E. Durszt at the 16th Seminar 
on Functional Analysis in May 1985. 

It is possible to derive the results of E. Durszt from the considerations of the first 
section obtaining, at the same time, some simplifications. This forms the contents 
of section two; instead of presenting the results as particular cases of the general 
ideas explained in section one we prefer to give an independent exposition even at the 
expense of a repetition at a certain point. We feel that this slight overlap is justified 
by the brevity and simplicity of the argument. 

There is yet another approach to functional models using a construction formally 
quite different from the one discussed thus far; this approach is decribed in the paper 
[4] of V. I. Vasjunin. In section four we review this approach in the light of the theory 
presented in section one. 

1. NOTATION AND PRELIMINARY REMARKS 

Given a Hilbert space ffl, stf a closed subspace of tf we shall denote, as usual, 
by stfL the orthocomplement of sd in ffl and by P(stf) the orthogonal projection 
of ffl onto stf. The algebra of all bounded operators on 2/F is denoted by B(j^). 

In the sequel, we shall use frequently well known facts about the square root of 
a nonnegative operator. To avoid repetitions in the argument we prefer to state 
them now in the following form: 

(1,1) Proposition. Let B and D be nonnegative operators in B(^f), let Al9 A2, Cl9 

C2 be operators from B(j^). 
If A^BnA2 = C1D

nC2 for n = 0, 1, 2 , . . . then 

AtB
l/2A2 = ClD

i/2C2. 

In particular, AB = DA implies AB1/2 = Dl/2A. 
There are different proofs of the existence of a nonnegative square root of a non-

negative operator. The standard argument which avoids the spectral representation 
can be found, for example, in [2], Problem 95: assume 0 ^ A ^ 1 and let us define 
a sequence (Bn) of nonnegative operators by the recurrence: 

So = 0 , Bn+X = | (1 - A + B2) for n = 0 , 1 , 2 , . . . . 

Then the sequence (Bn) is nondecreasing, converges strongly and its limit B satisfies 
A = (l — B)2. It is easy to see by induction that all operators Bn are polynomials 
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in A. In fact, there exists a sequence (pn) of polynomials independent of A such that 
the sequence pn(A) tends strongly to A1/2 for all 0 _ A = 1. 

If AlB
kA2 = C ^ * ^ for fc = 0 then AlPn(B) A2 = Cxpn(D) C2 for all n = 0 as 

well. Moreover, multiplying by a suitable constant we may assume 0 = £, D = 1. 
Thus 

AtB
1/2A2h = Aj lim prt(-8) A2h = lim ^ pn(B) A2h = 

= lim Cx pn(D) C2h = Ct lim p„(D) C2h = 

= CtD
1/2C2h 

for all h e X. 

2. A GEOMETRIC MODEL FOR COMPRESSIONS 

(2,1) Suppose a Hilbert space X and two closed subspaces s/9 & of X are given 
such that 

s/Ln<%L = (0) . 

Then 
1° the projection P(&) is injective on s/L and 

(P(<%) s/LY = a Q (@ n s4)\ 

2° the range of the operator 

D = (P(s/L) P(m) P(s/L))1/2 is dense in s/L and 

D = D P(s/L) P(s/L) D = P(s/L) DP(s/L); 

3° there exists an isometry V: s/L -> 31 such that 

VD = P(@) P(s4L) 

and 

Vs/L = & 0 (3t n s/). 

Proof. If a1 e s/L then P(<%) aL = 0 if and only if aL e @L. Thus P(@) is injective 
on s/L. Its range P($) s/L is contained in & and (P($) s/L, b) = 0 for a given 
b e £8 if and only iibGs/. This proves the first assertion. 

To prove the second assertion, we shall show that Ker D = s/\ this will also 
prove that the range of D is dense in s/L. 

Since |Dx|2 = (D2x, x) = \P(08) P(s/L) x\2 we have Dx = 0 if and only if 
P(s/L) XG@L so that P(s/L) x e s/L n &L = (0) and this is equivalent to XGS/. 

In particular, for x G S/L, we have 

\Dx\ = |P| 
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so that the mapping V0 defined for elements of the form DaL by the formula 

V0DaL = P(&) aL 

is well defined and isometric. Since Ds/L = Dtf the domain of definition of V0 is 
dense in s/L; we shall denote by Vthe extension of V0 by density. 

Since V0 is an isometry and Ds/L is dense in sfL we have 

vs/L = (v0Ds/Ly = (p(@) sfLy = @e(@ns/). 

Since D annihilates srf we have D = D P(s/L) so that also P(s/L) D = D. Ac­
cording to the definition of V0 v/e have V0D = V0D P(s/L) = P(St) P(s/L). The 
proof is complete. 

The assumption s/L n aL = (0) implies that the space s/ + a is dense in X. 
We intend to show now how Jf may be imbedded in the direct sum s/ © a. 

(2,2) The mapping $>: J f -» stf ® a defined by 

$ = pfa) © VP(s/L) 

is isometric and possesses the following properties: 

1° &stf = s/ ® (0) 

2° ^b = Qb ® (lm - G*S)1/2 b, for be a, where Q = P(s/) \ at 

3° $tf = st © (a e (a n 

Proof. The equality ®s/ = s4 © (0) as well as the inclusion Range $ c i © 
© Range V are obvious. On the other hand, an arbitrary pair a © Va1 lies in the 
range of <P: indeed, 

0(a + aL) = ^a + <PaL = (a © 0) + (0 © Va1) = a ® VaL . 

It remains to show that VP(s/L) P{0) = (\m - Q*Q)1/2 P(a). Since both VP(s4L) 
and (1^ - g*Q) = (l - p (^ ) P (^ ) ) | # are zero on s4 n a it suffices to consider 
elements from # © ( J / n J>) = (Range P(J>) P(s/L))~ only. According to the 
definition of Vwe have VP(s/L) P(a) P(s/L) = VD2 = P(a) P(sJL) D. 

The proof will be complete if we show that 

'-L) D = (1 - Q*Q)1/2 P(«) P^1) . 

In view of (1,1) it suffices to prove that P(a) P(s/L) intertwines D2 and 1 - Q*Q. 
Indeed, we have 

i P^1) D2 = p(a) D2 = p(a) P(S/L) p(a) p(*tL) = 

= p(a) (l - p(s*)) p(a) p(s/L) = 

= (l - p(a) p(s/) | a) p(a) p(s/L) = (1 - Q*Q) p(a) P(S*L) . 

The proof is complete. 
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(2,3) Suppose further we are given a mapping U e B(X) such that both s/ 
and & are reducing subspaces for U. Then U is unitarily equivalent to 

U = (U\sf)®(U\@e(@nsrf))i 

more precisely, &U = JJ$. 

Proof. It suffices to prove that VUz = UVz for all z e s#L. We shall prove this 
for elements of the form Da1, a1 e s/L. If a1 e s/L we have, using the fact that 
P(s4) and P(0t) commute with U and, consequently, U commutes with D 

VUDa1 = VDUaL = P(@) UaL = U P(®\ aL = UVDaL . 

At this point* we make the following further assumptions: 
Suppose we are given two subspaces s/+ c srf and J L c X such that 

s/+ J_ ^ _ . Denote by X the complement 

je = x e (#_ e st+). 

If we set srf- = s/ O s/+ then X c s/_ © s/L so that P(sf) h = P(s/~) h 
for all h e X. 

Since XL = @_ © s/+ we have 

P(st_ © J ^ 1 ) Pfjf1) ^ _ = P(s/_ © jaf1) P(^_ © s/+) @i = 

= P(s/_ + sJL) P(srf+) Ml = (0) . 

If we add the assumption LI*^_ c J L then U@L_ c <̂ _ and Utf c L1J?i c <^_. 
Using this and the relation P(j/_ © stL) P(XL) ^ _ = (0) we obtain 

P(s/_ © stL) P(tfL) Utf = (0), 

or equivalently, 

P(s4S) P(tfL) Utf = (0) and P(sdL) P(tfL) Utf = (0) . 

(2,4) Let ^ + c ^ , J . c j f be two subspaces such that Us/+ c s/+, U*@_ c 
c J L and J L 1 j / + . Then rhe compression T of U to X = X Q (@- © <*/+) 
is unitarily equivalent to 

f= [(LI* | (st © s4+))* ®(U\@e(@n sf))] l $X . 

Proof. It will be sufficient to prove that $Th = T&h for all heX. 
Since sJ_ = s/ © st+ then £/*.*/_ c j ^ _ and LI* P(jaf-) = P(^-) ^* *(**-) 

so that P(^_) L7 = P(st-) U P(sf.). Since (U* \ s/_)* = PC*/-) U | ^ - we have 
P(ja/_) C7P(j3/_) = (LI* | ^ _ ) * P(s4-). 

Using this fact, the relations P(s$ J) P(tfL) UX = (0), P(stL) P(tfl) U& = (0) 
and the fact that CIV = VL7 on s4L we obtain, for heX, 

®Th = P(st-) Th © VP(stL) Th = 

= PC*/-) P(*) Uh © VP^1) P(W) Uh = 
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= P(j/_) Uh © VP^1) Uh = 

= P(st?-) U P(st-) h@VU P(sfL) h = 

= (U* | J / - ) * P(^-) h © UVP(s/L) h = T<Ph. 

(2.5) Suppose _#_ c ^ . Then 

<_W = ( ^ _ © (<f 0 (stf n Jf))) © 

0 (Q&- © (l* - 2*<2)1/2 6- , &-e*__). 

Proof. Since _T = (_a/+ © 38_)L = _c/i n ;_#_: = ( J / _ © J*?1) © _#_ we have 

<P_?f = <P(s4_ © J / 1 ) © <£_#_ = (jaf_ © ( ^ © (s4 n _#))) © <£JL . 

Since ._#_ c _ /̂_ © $0L we have P(_s/) _#_ cz j2/_ so that Q maps J L into J ^ _ . 
Using the additional hypothesis J L cz 0& and (2,2) we obtain the desired conclusion. 

It is natural to ask whether it would be possible to find an expression of the iso-
metry _P in terms of operators acting on the space _?f only. This is indeed possible: 
to this end we introduce two operators related to the compression of U to _>f in 
a natural manner as follows. 

(2.6) Define the operators 

A = (p(jtr) p(sJL) | ^y/2, 

A* = (p(ye) p(@L) | ypy/2 

and 

B = (1 - AAUY'2 . 
Then 

(1) P(je) D | j f = ABA , 

(2) \Ah - BAk\ = \P(sfx) h - Dk\ for all h,keJ^ , 

(3) in particular, \BAk\ = \Dk\ for keJV.] 

Proof. Let us observe first that the inclusion 3- <=• 28 implies 

P(@x) P(s/L) = P(@L) P(je) P(sJx) . 
Indeed, 

P(mL) P (jf) P(stx) = P(@x) (1 - P ( ^ _ 0 sf+)) P(s/X) = 

= P(@L) P(sJL) - P(@L) (P(®-) + P(sJ+)) P(s/X) = P(@L) P(sJL) . 

Using this relation, we prove now, by induction, that 

P(tf) P(s/X) D2n P(sJx) P(#e) = AB2nA P(_T) for « = 0, 1, 2 , . . . . 

For n = 0 the above relation follows immediately from the definition of A. The 
induction is based on the following representation 
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D2 P(s/L) P(tf) = P(s/L) (1 - P(@L)) P(s/L) P(JT) = 

= P(s/L) P(jf) - P(s/L) P(jf) P(®L) P(sf) P(s/L) P(tf) = 

= p(s/L) p(.?f) (i - A2A2) p(#e). 

Now assume that our relation holds for n. Then 

P(3f) P(s/L) D2nD2 P(s/L) P(z?) = 

= p(#e) P(S/L) D2n p(s/L) p(#e) (i - A\A2) P(#) = 
= AB2nA P(zf) (1 - AlA2) P(tf) = 
= AB2"(l - A AlA) A P(tf) = AB2n+2A P(tf) . 

In order to complete the proof of (1), it suffices to apply (1,1) and to observe 
that D = P(s/L) D P(s/L); this, however, is a consequence of the identity D = 
= D P(s/L) proved in (2,1). 

To prove (2), consider an arbitrary pair h,ke 2f. Then 

\Ah - BAk\2 = |Ah|2 + |BAfc|2 - 2 Re (Ah, BAk) = 

= (A2h, h) + (AB2Ak, k) - 2 Re (h, ABAk) = 

= (P(s/L) h, h) + (D2k, k) - 2 Re (h, Dk) = 

= |p(yx) h - Dk\2 . 

(2.7) The operator B is injective and BAsf is a dense subset of(Aj^)~. 

Proof. Since Ker B = Ker B2 we have Bh = 0 if and only if h = AA%Ah. Since 
both A and A* are contractions we have 

|h| = \AA\Ah\ = \Ah\ = \P(s/L) h| 

so that h = P(s/L) h = P(sf) P(s/L) h = A2h. Hence (1 - A) h= (1 + A)"1 . 
. (1 — A2) h = 0, in other words h = Ah and, consequently, h = AA%h. Again, 
this implies |h | g |A*h| = \P(3SL) h\ so that h e SSL. Consequently, h e 3SL n s/L = 
= (0). 

To complete the proof it is sufficient to show that B maps A2V into (Asf)~ ^ 
Since B = B* the last assertion is equivalent to the inclusion B Ker A £ Ker A. 
Consider an h e Sf such that Ah = 0. Then B2h = (1 - AA*A) h = h, or equi-
valently (1 - B2) h = 0. Then (1 - B) h = (1 + B)_ 1 (1 - B2) h = 0 so that 
Bh = he Ker A. 

(2.8) The restriction of$ onto Jf can be expressed as follows 

<*>h = P(s/) h © PAh 

where Vis the isometry on (A2f)~ defined on the dense subset BA#P by the formula 

VBAh = P(®)P(s/L)h. 
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Proof. Since \BAh\ = \Dh\ for he J4T by (3) of Proposition (2,6) we have, for 
every h e J?, 

\BAh\ = \Dh\ = \VDh\ = \P(<%) P(s/L) h\ 

so that there exists an isometric mapping V defined for elements of the form BAh 
by the relation 

VBAh = P(@) P(st?L) h= VDh. 

Since BAjf is dense in (A$?)~ the mapping Vmay be extended by density to the 
whole of (A J f ) - ; we use the same symbol Vfor this extension. 

Let h e ffl and Ah = lim BA kn for a suitable sequence (kn). According to (2) 
of (2,6) we have P(stfL) h = lim Dkn so that 

VAh = lim VBAkn = lim VDkn = VP(s/L) h 

and 

0h = P(sJ) h ® VP^1) h = P(s4) h®VAh. 

3. THE PARTICULAR CASE OF UNITARY DILATIONS 

The results of the preceding section may be considerably sharpened if additional 
information about the structure of U on the spaces stf and 2ft is available. This is 
the case when U is the unitary dilation of a contraction T. 

Let TeB(tf) be a contraction and let U eB(tf) be its minimal unitary dilation 
so that 

Tn = P(#e) Un\tf for n = 0 

X = span un#e. 
neZ 

If Se and Se* stand for ((U - T) 3^)~ and ((U* - T*) 3f)~ respectively then 

c«r = ... © u*2£e* ® u*se* ®^*®je@se©u^® u2se ®.... 
oo oo 

If we denote by srf and ® the spaces stf = ® Un£?, @ = ® UnSe* then s/L n 
n@Lc-tf. 

Consider a vector h e s4L n 38L\ since stfL n &L is a reducing subspace for U 
all vectors of the form Unh, neZ belong to srfL n &L <=. tf. This means that Tnh = 
= Unh and T*nh = U*nh for all n = 0. In other words, 

stfLn<%L a {he JT; |T"h| = \T*nh\ = \h\ for all neZ} . 

If Tis completely nonunitary, i.e. there is no nonzero h for which |Tn/i| = \T*nh\ = 
= |h | for all n ^ 0, then stfL n £8L = (0) and we may apply the results of Section 2. 

If he #e then, for n = 0, 

A = U*(U - T)h + U*2(LI - T) T/2 + ... + U*n(U - T) T 0 - 1 / ! + U*nTnh . 
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Since the sums £ \U*n(U - T) T"A|2 = \h\2 - |Tm+1A|2 = |A|2 are bounded it fol-
o 

00 

lows that JV*n+l(U - T) Tnh converges, the limit lim U*nTnh exists, 

p{sé) h = YJU*П+1(U - T) TЛA 
o 

and 
Pfy 1 ) h = lim U*"Г"h . 

Analogously 

P(śS) h = XU"+1([7* - T*) T*"h 
o 

and 
P !^ 1 ) h = lim t/"T*"/г. 

Moreover, 
A2Һ = P(.?ř) P(jrf-) h = lim T*nTnh 

and 
Aìh = lim T"T*nh 

for all A e ^f. 
Let us compute also P(^) P(sfL) A. We have 

P(j>) P(rfL) A = P(J>) P(^) P(s4L) A + P(^) P (^ - ) P(sfL) A = 

= P(J^) A2h + P(^) P (^ x ) P(j./-) A . 

The first summand equals 

fun+1(U* - T*)T*"_42A. 
o 

Now, let us compute the second summand. Since P(s#L) A = lim t/*nT",A we shall 
first decompose 17*"JP7I: 

L/*»:TA = T*nTnh + (U* - T*) T*n~1Tnh + 

+ t/*(t/* - T*) T*n~2Tnh + ... + I/*""^t/* - T*) T"A . 

It follows that, for n > k, 

p(U*k&*) U*nTnh = t/*fe(t/* - T*) r*""1"*""1* = 

= U*k(U* — T*) (7t*B--"~*j,/,---fc>) Tk+ih 

whence 

P(t/*\£?*) P ^ 1 ) A = lim P(t/*fe.S?*) l/*"r"* = U*k(U* - T*) A2Tk+1h . 
n 

Thus 

P(J/-L) h = A2h + fp*k(U* - T*) A2Tk+1h 
o 
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so that 

P(0) P(tfL) P(sfL) h = £U*k(U* - T*) A2Tk+ih . 
o 

Adding the two summands we obtain 

P(m) P(s4L) h = £Un+1(L7* - T*) T*nA2h + 
o 

+ f^U*k(U* - T*)A2Tk+ih = Y,U*n''i(U* - T*)Anh 
0 - o o 

where 

An = A2Tn for n = 1 

4 , = T*M2 for n =~ 0 . 

Finally, let us make the following identification: 
00 00 

Jx\s4^®Q} and J2:@ -* ®2i* 
— 00 —00 

which are defined by formulae 

Ji(fu*n(U - T) ft.) = © Dhn , J 2 ( £ LI*"-1^* - T*) ft.) = © D A . 
— 00 —oo —oo —00 

Here, as usual, D = (1 - T*T)U2, 3! = (Range S>)~ D* = (1 - 7T*)1,2 and 0 = 
= (Range £>*)"". 
In particular, 

J. P(V) fc = © DT"/. for all h e tf , 
o 

J2FB,4J. = J2 P(^f) P{^) h = J 2 ( f 17*»--(17* - T*) 4,h) = © JM n h . 
— oo "*oo 

If we set V2 = J2Vand define W by the formula 

!Pft = J1 P(sJ) ft © V2zlft 

then the preceding considerations yield the following 

(3,1) Theorem. 
00 

(1) The mapping V2 from (AJ4?)~ into © ®* which is defined on BAtf by the 
formula ~°° 

V25Aft = © D*Anh 
— oo 

where 
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An = A2Tn for n = 1 

An = T*nA2 for n = 0 

is an isometry. 
oo oo 

(2) The mapping V from 34? into (®@) ® ( © 9)^) defined by the formula 
0 - o o 

fh = (®DT"h) 0 V2Ah 
o 

is an isometry and 

<FT = (Z 0 U) V 

oo 

where Z is the backward shift operator on (®@), U the bilateral shift operator 

on ( ® 9*) defined by (V(hk)?„)H = h„+1. 
— 00 

4. THE CONSTRUCTION OF V. I. VASJUNIN 

In this section we intend to use the general results to describe an abstract analogon 
of the construction used by V. I. Vasjunin to set up a functional model for completely 
nonunitary contractions. 

According to Proposition (2,2) the isometry 9 may be expressed, for elements 
b 6 St, in the form 

9b = Qb © (U - Q*Q)l/2 b 

where Q = P(s/) \ St so that 1^ - Q*Q = (1 - P(St) P(s/)) \ St. If we set 

W = (1 - P(Sf) P(s/) P(St))1/2 

then 1 - W2 = 0 on StL so that 1 - W= (l + W)'1 (l - W2) is zero on StL as 
well. In other words, JVmaps J1 1 into itself and, consequently, WSt c St. It follows 
from the uniqueness of nonnegative square roots of nonnegative operators that 

(W2\St)1/2 = W\St. 

Thus 

w\a = ((i- p(st) P(S/) p(a)) | st)i/2 = 

= (( l -p(^)p(^)) l^) 1 / 2 

so that 
9b = P(s/) b®Wb for b e St. 

Now s/ + St is dense in X; for elements of the form a + b with ae s/, be St 
it follows that 

#(a + fc) = 0a + <f>b = (P(jaf) a © 0) + (P (^ ) & © Jfb) = 

= P(s/) (a + ft) © Wb . 
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5. THE DURSZT FUNCTIONAL MODEL FOR CONTRACTIONS 

(5,1) Proposition. Let TeB(jf) be a contraction. Then the limit T*nTh exists 
for all h e Jti?. Denote by A the selfadjoint square root of this limit, i.e. A2h = 
= lim T*nTh. The operator A is a contraction which satisfies 
1° |Ah | = lim \Th\ for all he J? 
2° A2 = T*A2T, or equivalently, \Ah\ = |ATh |for all herf 
3° KerA = {h e W: Th -> 0}, 

Ker (1 - A) = {h: \Ah\ = |h|} = {h e tf\ \Th\ = \h\ for n = 0} 
4° (1 - A2) Th -> 0 for all heJf 
5° |A2Tnh | -> |Ah | for all heJf. 

Proof. Since |T[ ^ 1 the sequence |T"h| is nonincreasing for each hsylf and, 
accordingly, has a limit. If n = m then 1 = T*mTm - T*nT _ 0 so that (T*mTm -
_ T*nTny/2 = i a s w e l l G i v e n a n ft e ^f, n _ m, we have 

I/—*m—m T*nrpn\ iA2 < |/j»*m—m ~#/t-r7i\l/2|2 I/—#my»m _ -r»*n-rv»W-1 /J2 < 

_ ^T*mTm _ - ^ j v . ) ^ Q = |rm^| _ | T ^ j # 

It follows that the sequence (T*nT) h is Cauchy and the limit exists. 
Properties 1° and 2° follow directly from the definition of A. 
If |Ah |2 = \h\2 then ((1 - A2) h, h) = 0 and this is equivalent to (1 - A2) h = 0. 

Then 

(1 - A) h = (1 + .A)"1 (1 - A2) h = 0 

as well. This proves the inclusion {h e / : |Ah | = |h|} c Ker (l — A); the other 
inclusion is obvious. 

To prove 4° and 5° let us consider an h e Jf. The operator 1 — ^42 is nonnegative 
and 

|(1 - .A2)1/2 Th\2 = ((1 - A2) Th, Th) = 

= (T*nTh, h) - (T*nA2Th, h) = 

= (T*nTh, h) - (A2h, h) -> 0 . 

Consequently, (1 - A2) Th = (1 - A2)1/2 (1 - A2)1/2 Th -» 0 as well. In parti­
cular |Tnh | - |A2TMh| -> 0; together with |T"h| -> |Ah | this yields 5°. . 

(5,2) Proposition. Denote by A2, the strong limit of the sequence TT*n. The 
operator 1 — AA%A is nonnegative; write B for (l — AAlA)1/2. Then 
6° Ker B = Ker (1 - A) n Ker (1 - A*) = {he M: \Th\ = \T*nh\ = \h\ 

for n _ 0} 
7° BAM e (AM)-. 

Moreover, if T is completely nonunitary, then Ker B = (0) so that BAtf is 
a dense subset in (AJ^)". 
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8° T*AB2AT= AB2A, T*ABAT= ABA 
9° \Ah - BAk\ = \ATh - BATk\ for all h,ke3f. 

Proof. If Ah = A*h = h for some he 34? then B2h = 0 and, consequently, 
Bh = 0. On the other hand, if B2h = 0 then h = AA\Ah so that |h | = |Ah | = h\ 
which, according to 3°, gives h = Ah. Now h = AA%h so that |h | ^ |-4*h| = h\ 
whence h = A*h as well. 

The inclusion BA3tf c (A3tif)~ is equivalent to the inclusion B Ker .4 .= Ker A. 
If he J f is such that Ah = 0 then £ 2 h = (1 - ^A*A ) h = h, whence (1 - B) h = 
= (1 + B)"1 (1 - J?2) h = 0. In other words, Bh = h e Ker .A which proves the 
inclusion 2? Ker .A a Ker A. Moreover, if Tis completely nonunitary, i.e. Ker B = 
= (0), then B maps AJtf which is dense in (AJ4?)~ onto a dense subset of (A^)"". 

For the proof of 8°, it suffices, according to (1,1), to prove the relations 
T*AB2nAT= AB2nA for n = 0. For n = 0, this relation reduces to T*A2T = A2. 
Suppose now that T*AB2nAT = AB2nA. Then 

T*AB2n+2AT= T*AB2nB2AT= T*AB2nA(l - A\A2)T = 

= T*AB2nA(T- TA%T*A2T) = T*AB2nA(T- TA\A2) = 

= T*AB2nAT(\ - A%A2) = AB2nA(l - A\A2) = AB2n+2A . 

Finally, let us compute \Ah — BAk\ for h,ke 34?: 

\Ah - BAk\2 = \Ah\2 -f |BAfc|2 - 2 Re (Ah, BAk) = 

= (A2h, h) + (AB2Ak, k) - 2 Re (h, ABAk) = 

= (T*A2Th, h) + (T*AB2ATk, k) - 2 Re (h, T*ABATk) = 

= \ATh\2 + \BATk\2 - 2 Re (ATh, BATk) = 

= \ATh - BATk\2 . 

Notation. As usual, denote by D = (\ - T*T)1/2, D* = (1 - TT*)1/2, 9 = 
CO 00 

= (Range D)~, Q)% = (Range D*)~. Denote by 34?t = © $), 3te2 = © 3)% nad by Z 
0 - o o 

the backward shift operator on ^f l9 

Z(h0,hl9...) = (hl9h2,...). 

Further, denote by U the bilateral shift operator on Jf 2 such that, for h = (hM)-co> 

(Uh)n = hn+l for neZ. 

(5,3) Proposition. Let The a completely nonunitary contraction. 
1. The operator Vt from J f into 3^t defined by 

Vxh = © DTnh 
o 
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satisfies 

1° \V,h\2 = \h\2 - \Ah\2 , 

2° VtT = ZV! . 

2. The operator V2 from (A3^)~ into J^C2 defined on the dense subset BAJt? 
of(Ajf)~ by 

V2BAh = © D*Atth 
— 00 

where 

i = ÍA2T" 
" \T*"A 

for П _ 1 
2 for n ž. 0 

is an isometry and 
V2AT = UV2A . 

Proof. Take an/ie^f . Then 
oo oo 

\vxh\2 - £ |Drwh|2 = £ M 2 - | r + 1 h | 2 = 
0 0 

= |h|2 -Xxm\Tnh\2 = \h\2 - |Ah|2 

and 

VxTh = e DTn+1h = Z(e DTnh) = ZVt . 
o o 

To show that the operator V2 is well defined let us compute first the norm 
CO 

I e D*Anh\2. Using property 5° of (5,1) we get 
- 00 

I 0 D*Anh\2 = £ |D*A2r"h|2 + f \D.T*"A2h\2 = 
- o o 1 0 

= f(|A2T"h|2 - \T*A2T"h\2) + f (|T*"A2h|2 - |T*"+1A2h|2) = 
1 o 

= (lim |A2T"h|2 - |A2h|2) + (|A2h|2 - lim |T*"+1A2h) = 

= |Ah|2 - |A*A2h|2 = (Ah, Ah) - (AA%A2h, Ah) = 

= ((1 - AA%A) Ah, Ah) = |BAh|2 . 

This shows that V2 is well defined and its extension to the whole (A^f)~ is an 
isometry. 

Further, 

/-,-., .-*<. \D*A2T"+1h for n > 1] ,rT„nA,\ 

(V2BATh\ = [DlT*-nA2Th = D^-^A*h for „ I oj " (UV2BA^ • 
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In other words, V2BAT = UV2BA. Now, let Ah = lim BAhn. Using property 9° we 
also háve ATh = lim BAThn and 

V2ATh = lim V2BAThn = lim UV2BAhn = UV2 lim BAhn = UV2Ah . 

The proof is complete. 

(5,4) Theorem. The operátor W: Žť -> 2tfx © ^f 2 de/íned by 

^ h = V-h © V2Ah 

is an isometry and 

VT=(Z@U)Y. 
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Souhrn 

ABSTRAKTNÍ MODEL PRO KOMPRESE 

VLASTIMIL PTÁK, PAVLA VRBOVÁ 

Vyšetřuje se geometrie Hilbertova prostoru, který je generován dvěma uzavřenými podporosto-
ry. Cílem práce je vybudování abstraktní analogie funkcionálního modelu pro kontrakce v teorii 
unitárních dilatací. Jako důsledek se dostává jednotný přístup k odvození několika známých 
typů funkcionálních modelů. 

Pe3K>Me 

AECTPAKTHAH MOflEJIt flJM C3KHMAK)IiniX OHEPATOPOB 

VLASTIMIL PTÁK, PAVLA VRBOVÁ 

Hccjie;ryeTCH reoMeTpira rHJib6epTOBa npocipaHCTBa, nopoHCflěmioro ^BVMBH 3aMKHyTLiMH 
noflnpocTpaHCTBaMií. IJejibio craTbH HBjraeTcm nocTpoeHHe a6cTpaKTHoro aHajiora JyHKUHOHaJib-
HOH MOflejm RJISL c3KaTHH B TeopHH yHHTapHtix AHnaTauHH. CneflCTBHeM HBnaeTca eflHHBiií no^xoA 
K BMBOAy HeCKOJIbKHX H3BCCTHLIX THHOB ŷHKUHOHaJIBHBIX MOfleJieň. 
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