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Časopis pro pěstování matematiky, roč. 85 (1960), Praha 

ESTIMATES OF THE DISTANCE OF TWO SOLUTIONS 
BASED ON THE THEORY OF GENERALIZED DIFFERENTIAL 

EQUATIONS 

ZDE-NisK Y O B E L , Praha 

(Beceived May 16,1959) 

Estimates of the distance of two solutions based on the theory of ge­
neralized differential equations are presented. The new methods are 
compared with the classical ones. 

Introduction. The presented paper is closely connected to that of J . KXJRZ-
WEIL [1], where the foundations of the theory of generalized differential equa­
tions have been established and, especially, the theorem on the continuous 
dependence of solutions on a parameter has been proved for a rather general 
class of equations. 

Let x(t) be a vector solution of the classical equation 

(0,1) j - / ( « , « ) , 

f(x, t) being continuous. Then x(t) fulfils the integral equation 

(0,2) x(t) - x(0) = ff(x(r), T) dT . 
o 

t 
Let us denote ff(x, x) dT = F(x, £). In the theory of generalized differential 

o 
equations theorems are proved under assumptions concerning the function F(x, t) 

BF dF 
and not f(x, t) = -^r; continuous partial derivative — need not exist. 

ot ot 
Several results contained in the present paper, relating to generalized 

differential equations, shall now be stated in a simplified form, for classical 
equations only. 

Let the class cp(K, oc, /?) of vector functions f(x, t) be defined as follows: 

f(x, t) € <p, if the following conditions are fulfilled for (x, t) e O, where O is an 
open set of En^l9 
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a) \Jf(x,t)dt\^K\tt-t1\', 
h 

b) I j\f(x2, t) - f(xl91)] dt\ = |s2 - x-J K\t2 - t-J* , 

K9 oc9 (} being positive numbers, 0 < oc <^1, 0 < £ <̂  1, a + /} > 1, 0 <^ x <£ 
^t2^T. 

Theorem 0,1. LeJ /(a?, 0, /(«, 0 c <p(K, oc, 0), 

\Jf[(x,t)-f(x,t)]dt\^cD(\t2-t1\). 
h 

Let x(t) (resp. y(t)) be a solution of the equation 

(0,1) Tt = f(x, t) 
dx 

i 

resp. 

(0,4) % = Rx,t), 

satisfying the initial conditions x(0) == y(0) = x0. Then for every positive integer m~ 
the following inequality is true: 

(0,5) K-) - KDI S [«.|P+ »(!)] . {[l + z£ )T- l} . - i r , 

w/We cx i8 a positive constant independent of m. 

In the special case when f(x91) is bounded on G9 

. I/O** 0 - /(*i> 01 -^ i|*a - *il 
and 

\f(x9t)-f(x9t)\^M9 

then by passing to the limit for m -> oo in (0,5), we obtain a well known estimate-

\x(T)-y(T)\^M(^-\). 

If equation (0,1) has a constant solution x(t) — x09 then evidently 

(0,6) )j(x0,t)dt=0 
h 

for tl9t2e(09T). 

It has been proved in [2] that this solution is unique if f(x, t) e <p(K, oc9 /?). It is-
now plausible that the solution of equation (0,1) shall stay near to its initial 
value x09 if equation (0,6) is approximately fulfilled. Thus we have 
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Theorem 0,2. Let f(x, t) e (p(K, a, /3). Let for some e > 0 

\ff(x0,t)dt\ ^ efo - y * , 
'-

whenever tl312 e <0, JP>. Let x(t) be a solution of equation (0,1) satisfying the initial 
condition x(0) = x0. 

Then there exists aTxe <0, JP> (which depends on the class <p(K, a, /3) only) such 
that \x(t) — x0\ <> 3s£* for 0 ^ t ^ Tx. 

The following theorem may be useful in the case that in the equation 

dx 
(0,7) -^ = fif(z,t) 

p, represents a small parameter. 

Theorem 0,3. Let x(t) be a solution of equation (0,7) satisfying the initial condi* 
tion x(0) = x0. Let JU> 0 and f e <p(K, a, /?). Then forO <jj £ <^T 

t 
\x(t) — x0 — ftff(x0, r) dr| <: /A2£

a+^ , 
o 

*&v#& c2 depending on cp(K, a, /?) on?|/. 

The significance of the theorem is apparent if f f(x0, a) da = 0. 
o 

The rest of this paper is devoted to a comparison of classical methods with 
those relating to the theory of generalized differential equations, the efficiency 
of the new method being examined on equations of a special type 

dx 
(0,8) •^ = p(t,X)f(x)+g(x,t), 

(0,9) % = <i(y,t)-

The scalar function p(t, X) is defined and continuous for t e (0, T}, X e (0, 1) 
and has the following properties: 

| fp(a, X) da\ ^X for 0 < X < 1 , 

7 —cc çпr. 
Å1 

whenever tl312 e (0, T}. (Evidently, e. g. the function \X~a sin -—~, a > 0, 

may be taken for p(t, X),) 

The f(x), g(x, t) are continuous vector functions, f(x) has continuous derivati­
ves of the second order and g(x, t) fulfils Lipschitz condition in x with a con­
stant independent of (x, t). 
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Theorem 0,4. Let x(t, X), y(t) be solutions of equations (0,8), (0,9) respectively 
with the initial condition x(0) == y(0) = x0. Then there exists a positive constant kx 

such that 
\x(T,X)-y(T)\__k1X. 

The following theorem relates to a more general class of equations and, accor­
dingly, the estimate proves to be coarser than in the previous case. In the 
equations 

cLx 
(0,10) -g = q(t, A) f(x) + g(x,t) , 

(o,ii) % = g(y,t) 

q denotes a square matrix continuouslin t, 

\q(t, X)\<_ X-*, 0 < oc < 1, | fq(t, X) d*| £ X . , 
h 

The functions f(x), g(x, t) are continuous in all arguments and fulfil, a Lip-
schitz condition with respect to x with a constant independent of (x, t). 

Theorem 0,5. Let x(t, X), y(t) be solutions of (0,10), (0,11) respectively, satis­
fying the initial condition x(0, X) = y(0) = x0. Then there exists a constant k2 

(independent of X) such that \x(T, X) — y(T)\ __ k^X1-*. 
The following proposition, unlike theorems 0,4 and 0,5, has been proved on 

the basis of the theory of generalized differential equations. 

Theorem 0,6. Let x(t, X), y(t) be solutions of equations 

die — 
(0,12) -^ = p(x, t, 1) + g(x, t), 

(0,13) § = ^ > * ) 

respectively, satisfying the initial condition x(0, X) = y(0) = x0; here p(x, t, X) 
is a vector function satisfying the following conditions: 

| fp(x, t, X) &t\ __ A min ((t2 - t_y, X), 
h 

h _ __ 
I / [p(x2> t> *) — p(xx, t, X)] dt\ _^_ L min ((t2 — t_y\ X) 
h 

for 0 __ t± < t2 __ T, A, L, ft constant, _• < ft < 1; andg is a continuous function 
of all arguments and satisfies a Lipschitz condition with a constant independent 
of (x, t). 

I 

Then there exists a constant kz such that \x(T, X) —-' y(T)\ __ kzX P. 
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1 
If we put $ = _ in theorem 0,6, we obtain readily that theorem 0,6 

gives, tinder more general assumptions, the same estimate as theorem 0.5*. 

An example is included proving that the estimate in theorems 0,5 and 0,6 
cannot be improved essentially. 

Finally, another example proves that theorem 0,6 gives a better estimate 
than methods based on theorem 0,5. 

1. The theory of generalized differential equations is based on the concept 
of generalized integral which has been introduced in [1], [3]. The definition,, 
existence theorem with an approximate formula for evaluating this integral 
will now be reviewed. 

Let U(r, t) ==- (Ut(r, t),..., Un(r, t)) be a vector function defined for re <T^, T*> >, 
t c <T — a, r + a> n (r*, T*>> where a > 0. The set of all such points (r, t} 
will be denoted by Sa. 

Definition 1,1. Let 0 < S. <£ a and let A = {oc0, rx, oct, ..., rs, oc$} be a, 
subdivision of the segment {T#, T*> (L e. T* ==- oc0 < ^ < .. . < oc$ = T*? #0••=*• 
<g Tx ^ OCj <\ . . . *g OC^i ^ T 5 ^ 0 C S ) SUC&. ^ O ^ Tj — 0Cj„1 < 6, OCj — %j < &» 

j == 1 , . . . , 8. 

_Le£ us jwtf B( U, A) = 2 [#(** -*/) — ^(Ti> «/-t)]» If t° everP e> 0 there exists 
y- i 

a (5 > 0 8%cft £&a£ \\B(U, Ax) — B(U, A2)\\ < e1) whenever the subdivisions 

A\ — \<^o> ^1? #1> **** Ts> a * j " > --*2 ^ {^0? Tl> •••> Trs a r } 

of the segment <T*. T*> fulfil the condition 

Tj — (*,_! < (5 , #, — T/ < 5 , j = 1, 2, ..., s , ' 
Ti — #J-i < * > a's— T;<d9 j = 1, 2, ..., r , 

*) By the norm \\U\\ of the vector U = (U19 . . . , 1Jn) (or n x n matrix V =- {Vifc})» w©* 
mean a non-negative number fulfilling the following conditions: 

i) |jr7j| = 0 if and only if U£ = 0yi = 1 , . . . , n (V^ = 0, i, k = 1, ... , w), 
ii) If U = W1 + W2 (V = Tt + Y2) then |fUfi £ jfWJ + ||W2||,' (||V|| £ ll^xl! +-

+ ||Y2ll)> 
iii) If (x is a real number, then ||at7|) = Jaj.. ||L7| <||«F|| = \a\ . ||V)|), 
iv) \\{Ul9 ..., Un)\\ = 11(1̂ 1, ..., lUnl)|| (||{Ftt}|| = KiFtt}||). 
Thus any of the following norms are readily seen to fulfil these conditions: 

\\U\\X = max |D>|, 
J**1,...,Л 

||F||, = max Б |F„ | , 
ï«l , . . .j .łг j-»l 

\\Щ\г = 2 \Щ , 
J - 1 

§F||г = £ max |F0 | , 
ť - 1 J*«l,...,n 

Flís = (.S uЛK IIVI|s = Ѓ Б Қ . / ) é -
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then obviously there exists a vector B which is the limit of B(U, A) as the norm of 
subdivision A tends to zero. B is called the generalized integral of U(r, t) and 

T* 

denoted by JDU. 
T* • . ' . , - • -

Let the real non-negative function ip(r\) be defined, continuous and non-

decreasing on <0, a), J, %n.f (9 "̂) < °° * 
n _ l ^ ' 

Theorem 1,1. Lei the vector function U(T, t) fulfil the inequality 
\\U(r + rj,t+ri)-U(T + ri, t) - U(r, t + ri) + U(r, t)\\ ^ f(rj) 

whenever 
rj e <0, a), (r +rj,t+ rj), (r + rj, t), (r, t + rj), (r, t) € S, . t 

T* 

Then the generalized integral JDU(r, t) exists and 
т а 

(1,1) I ґ _ C 7 - - Щ т 1 , т , ) + Щт 1,т 1) 
II J 

< : _ _ _ _ y / ( T 2 _ T l ) 

" i 

for 

T * _ T 1 < T , ^ T 1 + <r, T 2 <T*, ^ ) _ 2 | v ( | ) . 

The function W(r\) is continuous, non-negative and non-decreasing for r\ e <0, a), 
_7(0) = 0. , . . 

Let (Oi(rj), co2(rj) be real valued, continuous and non-decreasing functions, 
defined for rj e <0, .a), a>1(0) = co2(0) = 0, co^rf) ^ crj,c > 0, i = 1, 2, and satis­
fying the following condition: 

SҸŽ) < 00 , 
£ _ 1 * 

where tp(r)) = 2cox(̂ ) co2(rf). 
By F(G, cov co2i a) we denote a set of functions F(x, t) which have the 

following properties: . . " . 
a) F(x, t) is defined and continuous for (x, t) e _?, G being an open set in Fn+V 

F(x, t) e En. 
b) \\F(x, t2) - F(x, tx)\\ £ cox(\t2 - *-|) for (x, t±), (x, t2) e G, \t2 - f-| ^ a. 
c) 11^.,*_) - F(x2, t±) - ^(a*, _2) + F(xv .-)|| ^ ]|a?, - aJI a>2(|_2 - .J) for 

(zi9 h) e G (i, j = 1, 2), 

IK - «i|| __ 2tt>i(e), 1*2 — *il __ ct. 
Definition 1,2. _-.- F(x, t) e JF(t7, c_)1? co2, a). TTk function x(r) = ( ^ (T) , ...» 

#n(T))> Ti = T = T2J ^S called a solution of the generalized differential equation 

(1,2) g _ D _ ( . . , 0 
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if (x(r), T) € Cr for re (rl9 T2> and if #(T4) — #(T3) = fDF(x(r), t) for r3, T4e 

€ < T 1 ? T 2 > . 

The following note illustrates the relation of the generalized equations to the 
classical ones. 

t 

Note 1,1. If in the equation (1,2) the function F(x, t) = jf(x, T) dT e 

e F(G, col9 a>2, a), f(x, t) continuous, and x(r) is a solution of (1,2) defined on 
<TX, T2>, then x(r) is also a solution of the classical equation 

dx 
^ = / ( * , T ) 

and vice versa. 
In [1], [3] the following existence theorem has been proved: 

Theorem 1,2. Let F(x, t) e F(G, a>l9 co2, a), Ka compact subset of G. Then there 
exists a positive number a* such that for every point (x0, t0) € K there exists a solu­
tion x(r) of the generalized differential equation (1,2) which is defined on the 
segment <T0 — a*, r0 ~f a*}, x(r°) = x0 and satisfies the inequality 

(1.3) |jx(T2) - ^(TX)|| ^ 2 ^ ( | T 2 - T-J) 

for T13 T2 € <T0 — a*, T0 + a*}. 

Hence it is apparent why only solutions of generalized equations satisfying 
the relation (1,3) will be taken into account. 

N o t e 1,2. Let <?-, be an open set, Gx compact, K c Gl3 Gt c G. Let Q be the 
distance of the set K from the complement of the set Gt. It may be proved 
[1], [3] that for the a* in theorem 1,2 we may choose any positive number a* with 

the following properties: 0 rg a* fg —, v* + cot(a*) < Q and r\ ^F(rj) < o>t(r}) 
jj 

for 0 < r\ < 2a*. 
, Let F(x,t) € F(G> o>ly oo2% a), Ft(x, t) e F(G, cot, a>2, cr). Let x(r) be a solution 

of (1,2) defined on <0, 37> and satisfying the initial condition x(0) = x0. Let y(r) 
be a solution of the equation 

(1.4) g = D%,*) 

with the initial condition y(Q) = y0. 
We shall assume that 

(x(r),t), (y(r),t)eG for r, f€ <0, T} , 

[|^(T2) — x(rx)\\ < 2CO1(|T2 — Ti|) , \\y(r2) - y(rx)[\ ^ 2^(1 T, — rx\) 

for 
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Let us denote y>(rj) = 2[co1(?y) co2(rj) + cox(rj) co2(rj)], 

^)=2^(|) for *•«>. '>» 
/(a;, t) — #(#. 0 = A(x, t) for (a;. £) € 0 . 

Suppose that 

(1,5) \\A(x, t2) - A(x, h)\\ ^ co2(\t2 - *_J) 

for (a, *,) €(?(.-= 1, 2), \t2 - tx| ^ <r. 
This inequality characterizes the proximity of equations (1,2) and (1,4). (As 

\\A(x, t2) - A(x, h)\\ g ||.F(s, *2) - F(x, tx)\\ + \\F(x,jt2) - F(x, *_)||, the ine­
quality (1,5) is always fulfilled for coz(rj) = co^rj) + cox(rj). 

However, the most important case is that this function may be chosen 
^substantially smaller" than cox(rj) + Ct)i(^))« 

T 
Theorem 1,3. Let m be a positive integer such that — ___. or. Then 

+ N-3/oll[l+«>2(^)J 
Proof. From the definition of solutions of generalized differential equations 

we have, for tu tz e <0, T), 

*(*,) - y(h) ~ *(*i) + V(h) =- /D{J(ar(t), *) - _ % ( T ) , *)} • 

From the assumptions of the theorem it follows that 

\\{F(x(t,), tt) - ___/(*_), *2)} - {-F(z(*_), *_) - -___•(*_), *_)} -
— ( W i ) , *,) - -%(*_), *_)} + {-Wi) , *i) - %(* x) , *_)}|| _g 
__ ||_(._) - a!^)!] co_(|*2 - *j|) + ||_/(*,) - y(*_)|| a)_(|*_ - *_|) _S 

^ 2{ffl_(|._ - tx\) ft)2(|*2 - *_|) + fl_(|._ - t_|) CO_(|.2 - *_])} -_ yflf, _ t,\) . 

If we apply theorem 1,1 to the function F(x(r), t) — F(y(r), t), we obtain 

IK*,) - _/(*,) - *(*i) +_y(*_)|| g 
^ J*, ~ *il (̂|*2 - *il) + ||W*i), *,) - F(y(tx), tt) - F(x(t1), *_) + 
+ -Wi), *i)|| = I*, - *i| y(|*, - *i|) + |P« . ) , *,) - F(y(tl), tt) + 

+ -%(*i), *,) - I^(*i), *i) + F(y(tx), *_) - ._%(*_), ._)|| __ 
^ I*, - *il n\h - *ll) + N*i) - y(*i)|| co.fl*. - *_|) + a>3(|._ _ f_|) . 
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Hence 

(IЛ) Hh) - y(*.)|| __ I*. - lil n\*i - lil) + «>s(\h - lil) + 
+ Nli)—'y(*i)|| £i + ».(l*. - til)] 

for i ^ - ^ | ^cr, ^ , ^ e < 0 , y>. 

The next part of the proof consists in dividing the segment <0, T} ^mto 
T 

subintervals of length —, and in applying the relation (1,7) to each of thes0 

subintervals. By such means the increment of the function x(x) — y(r) rela­
ting to each of these subintervals may be estimated. It is true that 

^ I* (s) - y | ) I * IH^)+COs © + m - mi t1 + MM • 
Finally we ̂ hall prove that for 1 <£ k <̂  m 

(I>9) j . L _) -,(*_)!_ M + _ , (_)i ti+-§r_- +-
II \ m/ l m/li lm „W WJ /y\ 

+ ||a!(Q)__y(0)||[T+.«,k(|)J. 

Indeed, for ifc =- I the relation (1,9) holds by (1,8). Assume it holds for h -— L 
Then from (1,7) we obtain 

149-4asHP+HM^)+Hi' 
Һ-ШГ-

/T\ 
w 

-£HsM_)} 

+ NO) - m\ [i+«. (|)]M} .{i+». (I)] _-1 +coz 

1 + й>Ä -цg^ыэ 
!W 

-+- 1K0) — y<o)[l [ i + «>a (^)J^ 

whence (1,9) follows immediately. 

Theorem 1,4. Let o>z(j[) = Lq, t> 0, a>3(rj) = ifij, i f ^ 0. Then 

+ 

(1,10) 
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The proof follows readily by substituting into (1,6) aiid passing' to the 
lT\ 

limit for m —> oo. since W -- -> 0 for m -» oo. 
\m/ 

Note 1,3. In the classical theory of differential equations the formula (1,10) 
dF dF 

is proved for the case that -TTT , -^r are continuous. In this case the equations 
ct ot 

diX d?y -

(1,2) and (1,4) are equivalent to the classical equations -r- = f(x, t), •— = f(y> t) 
dF - dF 

respectively, where / = --r- , / = -57-. 
vt ut 

As in this case a>2(rj) = Lr\ and co3(̂ ) = Mrj, we have ||/(x2, £) — f(xx, t)\\ <£ 
^ L\\x2 - a?-J| for (%, t), (x2, t) e G and \\f(x} t) — /(a, t)\\ ^ -/¥ for (a, t) € G. 

Note 1,4. If co2(rj) = Lrj, L a positive constant, we obtain from theorem 1,4 
the uniqueness Q! solutions x(r): 

Indeed, if x(r), y(r) are two solutions of equation (1,2), x(0) = y(0), both 
defined on <0, T>, \\x(t2) - x(t±)\\ = 2a>1(|i8 - tx\), \\y(t2) - y(tx)\\ ^ 2a>1(|*a -
— *il)> h>h € <0, T), |*2 — *il < ff> then fr0IQ- theorem 1,4, where we put 
F(x, t) = F(x, t) we obtain \\x(T) — y(T)\\ = 0, since in this case M = 0. Evi­
dently, it is not a substantial limitation to take the fundamental interval to be 
<0, y>, and the uniqueness theorem may be proved for any point of the inter­
val where the solution is defined. 

The following theorem may be useful in the case that equation (1,2) has 
a solution which slightly differs from a constant. 

If x(r) = xQ = const is a solution of (1,2) for r e <0, T}, then 

(1,11) JJ)F(xQ,t) = 0 
h 

for tl912 e <0, T}, and xQ is unique by [2], Hence it is plausible that if the 
equation (1,11) is fulfilled approximately, the solution x(r) will remain near to 
its initial value xQ. 

Theorem 1,5. Let 0 fg tx < t2 < T <£ o, and let the following conditions be ful­
filled: 

a) F(x, t) c F(G, (ol9 o)2, a). 
b) 2cox(T) co2(t2 - tx) fg \o>S* - h). 
c) There exists a non-negative integer N such that 

\\F(x0, y - F(x0 h)|[ ^ ^ I co^h - h) 

d) (*, - h) W(t2- h) ̂  &,.&- h), w(n) = J - v(f.) > vfo) -= -^-^ "-M-
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' // X(T) is a solution of equation (1,2) which satisfies the conditions x(0) '=' % 
\\x(ts) - x(tx)\\ g 2cox(t2 - tx), 0 ^ *x < *2 <. T, (x(r), t) eQ for r,te <0, T), 

then \\x(Tx) - x0\\ ^ i cox(Tx) for O^Tx<T. 

Proof. Let 0 <; tx < tz <: T. Suppose that for some non-negative integer 
k^N 

vU',M) Mh) ~ -5(*i)|| _ i , Swift - *i). 

Then 

Hh) - *(h)\\ = II t^F^r), OH _ \\F(x(tx), Q - J ( x W , *.)|| + 
'. 

. + ( * , - *i) & Y(h - h) _ ll-Wi), *.) - F(x(tx),tx) - F(x0, h) + 

+ F(x0, tx)\\ + \\F(x0, h) - F(x0, tx)\\ + (t2 - *,.) 1 !F(*2 - fj ^ - ^ 

< \\x(tx) - x0\\ co&(tz- tx) + \\F(x0, h) - F(x0, tx)\\ + 

+ ~k (h - *i) -?(*, - *i) 

As ||z(íY) - *o|| _ 4 2 W l ( n • 2* ' 

2* (1,13) ll^í,)' - x(tx)\\ <ž ±2cox(T) a>2(í2 - řx) + ||ÍX*0, í2) - 2 ^ , , t j + 

+ j ' ( * l - * l > y & - * l ) . 

From (1,13) and conditions a), b), c) of our theorem we obtain 

(1,14) •' \\x(t2) - xfaW ^ ~ I co^h - *i) + i I © i ^ - « + 

Since (1-12) holds for k = 0, (1,14) holds for any k -^N and the theorem is 
thus proved. , . , 

N o t e 1.5. I t will be shown that the -uniqueness theorem in [2] is a consequence 
of theorem 1,5. Indeed, if x(r) -= x0 is a solution of equation (1,2) for r € <0, T>, 

*» 
then JDF(x091) = -F(#05 t2) — \F(x0i tt) === 0, and condition c) of theorem 1,5 is 

*i 

thus fulfilled for any N. Cbnditions b), d) are evidently satisfied whenever T is 
sufficiently small. If y^t) is a solution of equation (1,2) for x e <0, T}, \\y(t2) — 
- 2/(̂ )1] ^ 2o>1(tj| - *-.) for 0^h<t2^ 2\'y(0) = a,0, then |fj/(_Tx) - s0|| = 0 
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for 0 fg T1 = T from theorem 1,5. Consequently, in this sense, a constant solu­
tion of equation (1,2) is uniquely defined by its initial condition. 

Theorem 1,6. Lei F(x, t) e F(G, cox, co2, a), /a > 0. Let x(r) be a solution of 
cLc 

-r- = D/Li F(x, t), defined on <0, T}, T < a, and satisfying the following condi­

tions: x(0) = x0, \\x(t2) — x(tx)\\ = 2ft cox(t2 — tx) for 0 =* tx < t2 ^ T, (x(r), t) e<? 

for r, t e <0, T). 
Then \\x(Tt) - x0- fi[F(x0, Tx) - F(x0, 0)]|| ̂  ^ W x ) /or 0 £ Tx = T, 

4 Ш wftere yfo) = ̂  ™ ^ h£l, ^fa) = 2«>i(*?) ̂ >2(^). 
x v \ / 

Proof. Let 0 ̂  tx = £2 ̂  T. Then 

4F(x(t2), t2) - JP(a,(*8), tj) - F(x(t1), t2) + F(x(tx), tx)\\ =" 
^[A.2[l (Dx(t2 — t±) a>2(t2 — £x) = {X2 tp(t2 — tx) . 

Hence the theorem follows immediately from theorem 1,1. 

Note 1,6. For classical equations an analogical result may be obtained by 
means of the method of successive approximations. 

2. Let us consider the vector equations 

dr 
(2.1) Tt=p(t,Vf(x)+g(x,t), 

(2.2) %^g(y>t). 

The scalar function p(t, X) is defined and continuous for 0 ̂  t fg T, 0 < 
< X < 1, and* 

h 

\fp(a, X) dcr| <; X for 0 < X < 1, tly t2 e <0, T> . 
h 

The vector function f(x) e F?n has continuous partial derivatives of the second 
order in H, H being an open subset of En.-

The function g(x, t) e En is defined and continuous for (x, t) e H x <0,17) and 
satisfies the following conditons: 

\\g(x, t)\\ = Ag , \\g(x2, t) - g(xt,1)\\ =" ̂ ||a?2 - xx\\ 

for x, a?l5 x2 e H, t e <0, 21). • 

Theorem 2,1. .Le£ y(t) be a solution of (2,2) which satisfies the following condi­
tions: y(t) e H1for0 < £ <̂  T, i/(0) = y0, where Hx is an open subset of H whose 
closure Hx is a compact subset of H, Let there be given a function x0(X) defined for 
0 < X < 1, x0(X) e En with Hm x0(X) = y0. 

.wo 
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Then there exist positive numbers X09 hl9 h% such that the following proposition is 
irue\ '••-]. 

a)* There exists a solution x(t9 X) of equation (2,1) satisfying the comifiion 
x(09 X) = xQ(X), x(t9 X) e H for 0 ^ t£ T, 0 < X < X09 X0 e (0, 1). 

b) \\x(t, X) - y(t)\\ ^ \X + k2\\xQ(X) - y0|| /Or 0 ^ * ^ 2\ 0 < A < A0. 

Proof. The method of proof consists in a transformation of coordinates 
Twhich transforms the vector f(x) = (f^x^ ..., xn)9 .,., fn(xl9 ..., xn)), into a»,con-
^tant vector. To preserve the one-to-one correspondence of the mapping, the 
transformation is carried out in an (n + 1} —- dimensional space. Accordingly, 
we shall consider differential equations 

(2,3) *** =fi(Xl9...,Xn)9 i = l , . . . , n , 

dXn+1_ 

ior (Xl9.:.9Xn)eH. 

By our assumptions on the function ./(#.) there exists a positive. number 
A <^ 1 such that in every point (gl9..., |w) cH1 there exists precisely 
•one solution X€(fx, ..., fn, £), i = 1, ..., r&, of the system of % equations 
(2,3) satisfying the following condition: Xi(£l9...,£n91) eH for — A <it^A} 

Xi(il9..., Sn9 0) = £€, i = 1, .... n. As the solution of the last equation of the 
system (2,3) we choose -Xn+1(f1} ..., £n> t) = t. 

Let (£l9..., fn) c Hl9 £n+1 e <— A9 Ay. Let a mapping T* of Hx x <— J , z4> 
into H x <— .d, Ay be defined by the relations 

<2,4) a?, = X«(f 1? ..., f *, £w+1), (i = 1, ..., n + 1). 

Since the solutions of equations (2,3) are uniquely defined by their initial 
conditions, to every point of the set Ht x <— A9 Ay there corresponds one and 
only one point of the set 

T*(HX x < - A, Ay) cH x<~-A,Ay 

•and vice versa. Let the inverse mapping T*x of the set T*(H1 x <—Zl, J » o n t o 
J-fx x <— A, Ay be defined by the relations 

(2,5) Si = St(xl9 ..., xn+1), i == 1, . . . ,n + 1 . 

Then evidently 

for (X l 5 . . . . Xn+1) e T*{HX X < - . 4 , ^ » , (Sx, ...,Sn+1) eB1 x < - d, Ay. 
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•Since the mapping Î7* relates to n + 1 coordinates, it is convenient to consi­
der in place of the equations (2,1), (2,2), the equations 

0.x • 
*2 '6) ~d.f = ^> Vf*(xi> •">*») +9i(xi> ..;xn,t), i = l,...,n, ' 

åxn+1 
= P(t, Я) 

d* 

wdth the initial conditions 0 (̂0, X) = xiQ(X), i = 1, . . . , n, xn+1 (0, X) = 0, and 

<2,7) -J- =gi(y1, ...,yn,t), i=l,..:,n, 

<fyn+l _ 0 

" dt ' • 

with the initial conditions y{(0) = yiQ, i = 1, ..., n, yn+1(0) = 0. 

Evidently the functions y^t), i = 1, ...,n, yn+1(t) = 0 are solutions of the 
system (2,7) and (y±(t),..., yn(t)) e Kx for 0 ^ J 5g J7, where K^ is a compact 
subset of f-V By means of the mapping (2,5) the solution (yx(t), ..., yn+i(t)) is 
transformed into a vector function (tji(£), ..., rjn+1(t)) iov 0 ^t = T. As £i == 
= 3i(xl9 ..., an, 0) = xi9 i = l, ..., n, £n+1 = 3ri+1(xl9 ..., xn, 0) = 0, we have 
yi(t) = Vi(t)iori = l,...,n + l i 0 ^ t ^ T . ' 

If we substitute £,. for a?if i = 1, ..., n + 1, with respect to (2,4), the equa­
tions (2,6) are transformed into 

^ ?x ; 

+ ^ ( X - ^ , . . . , £n+1),..., Xn(f lf..., £n+1)x t), i~ 1, . . . ,», 

f»+l = :PM) . . • 

for (£l9 ..., £n+1) e Hx X < - ZJ, ,d>, 0 ^ * ^ T. 

Asfrom(2,3), (2,4) it follows that ^ r - i - = - ^ = fi(X1,...,Xn)ioT.i =l,.*.,n,. 

we can easily verify from (2,8) that 

(2,9) k, =J-j, j = i , . . . , n , 

r j / y • X ) 
where J is the Jacobian • _; *' •"> «+i1 0f the system (2,4) and J , arises from 

IJlfi, • ••, f»+i) 
J by replacing the ?* column of J by the vector (g±(;Xl9..., Xn, t), ..., gn(Xx, .. .T 

Xnit),0). 
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Thus we have shown t h a t the solution (xx(t9 X),..., xn+x(t, X)) of the system. 
(2,6) which satisfies the initial conditions x{(0, X) = xi0(X), i = 1, ..., ft, 
xn+x(0, X) = 0, is transformed into the solution (i-x(t, X), . . . , £n+x(t, A)) of the 
system. (2,9), while the solution (yx(t),..., yn+x(t)) of (2,7) is not changed by the 
mapping (2,5). 

Let us introduce the following notation: 

(2.10) ' . -f = ^(f-., . . . , fn+1, t) for j = 1 , . , . , n , 

f = (fi, . V , fn+l) , 9(M) = (9l(£, *), — ¥>.(£ 0, 0) 

for (f,, . . . , fn) € H l f fn+1 e < - A, A}, te <o, r > . 

Since X^f , , . . . , fn, 0) = f< for i = 1 , . . . , n, 8 Z » + ^ > — ^ = 1 , we 
0£«+l 

c o n c I u d e a X i ( g l ?
: : : ' ? l n ? 6 ) = ^ (<5„ = Oiori * j , r3„ = !)> *, j = 1, . . . , n + U 

"Si 

Hence 

(2.11) ^ ( f i , . . ., fn, 0, *)• = gtfi,.,., fn, 0 

for (flf . . . , f j c f f , , <€<0, r > , y = 1,',..,». 

Now let us consider the system (2,9) which,with respect to (2,10), maybe 
written in the form • 

(2.12) f, = 9,-(fl3 . . . , fn+1, t), j = 1 , . . . , n , 

'fn+1 = P(*> *) • 
. . . . * 

As the functions cp^ are continuous and as fn+1(£, X) = fp(r, X) d r , by (2,11) 
o 

we obtain t h a t 
* (2.13) lim ^(fx, . . . , fn, / p ( T , X) dr, t) = gs(Sl9 . . . , fw, *)• 

A->0 0 

uniformly for (f-., . . . , fw) * fflf t e <0, T>, j = 1 , . . . , n. 

As the functions Xt in (2,4) have continuous partial derivatives of the second 
order and J # 0 for f e Sx X <— A, A}, i t follows that there exists a positiye 
constant Lx such t h a t . . f 

(2.14) \W, t) - rtr,.*)|| <£ J J | f • _ f'|| 

for f, f* eHx X < - - d , J > . 

The solution y(t) of equation (2,2) satisfies, the condition y(t) e Kx for 0 g 
<S * ̂  T. Let us denote Jjy--g the distance from Kx to the boundary of the set Ex. 
Evidently Q > 0. By continuity of the functions ^ ( f i , •.., f»+1, 0 , J = l> 
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.,..,?&, it follows from (2,13) and (2,14) that the theorem on the continuous de­
pendence of solution (St(t9 X), ...,£n(t, X)) of the equations 

<2,lб) f, = Ç.ДЃ!, ..., f„ /p(т, X) dт, í), . J = 1, ..., n 

on the parameter X may be used for X = 0. Hence there exists a l 0 ^ / J such 
that the solution u(t9 X) = (ut(t, X), ..., un(t, X)) of equations (2,15) which sa­
tisfies the initial condition u(0, X) = x0(X) is defined on <0, T) and satisfies 
the inequality \\u(t, X) — y(t)\\ <, o whenever 0 < X < X0. 

t 

Let us denote u(t, X) = (ux(t, X), ..., un(t, X), jp(t, X) dr) and w(t, X) = 
_ o 

= T*(u(t9 X)) for 0 <: t <; T, 0 < X < X0. From (2,4) it follows that w(t, X) € 
< H X (— A, A} ior 0 <* t <* T, 0 < X < X0. With respect to the properties of 
the mapping T* it is obvious that w(t, X) is a solution of (2,6). If we denote 
{wx(t, X),..., wn(t, X)) = x(t, X), the first part of the theorem is proved. 

In order to prove the proposition b), let us denote by p(t, X) a vector (0, 0,... , 
0, p(t, X)) e En+1. The system (2,12) may be written in the form> 

<2516) £=p(t,X)+<p(£,t) 

wrhere cp = (<pl9..., <pn9 0). 

The solution u(t, X) of the equations (2,16) will be compared with the solu­
tion y(t) = (yx(t), ..., yn(t), 0) of the equations (2,7), which may be written in 
virtue of (2,11) in the vector form 

<2,i7) y = cp(y,t) \ 

ivhere y = (yl9 ...,yn,0). 

By substituting their respective solutions into (2,16), (2,17), subtracting 
(2,17) from (2,16) and using (2,14) we obtain 

\\u(t, X) - y(*)|| £ ||/p(tr, X) da\\ + \\u(Q, X) - y(0)|j- +. 
o 

+ \\f[<p(u(e,X), a) - <p(y{a), <x)] der|| < 1i,X +"II«(<>, X) - y(0)|| + 

+ J-ill/tstc V - y(o)l M\ 

for 0 < t <. T, 0 < X < X0. 

Hence it follows that 

\\u(t, x) - y(t)\\ < [M + IK°> *) - y(°)lll exP (-V) 

for 0 ^ t ^ T, 0 < X < X0. 
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Since the functions X^l) , i = 1, .,.., n + 1 in (2,4) have continuous partial 
derivatives of the second order, evidently there exists a positive number i^ 
such that 

ix,(n-x,(r)i^i2||r-rn 
whenever {-',£" eH± X <— A, Ay. Thence and from the fact that u(t, X)» 
y(t) € Hx X <— A, Ay for t<s <0, Ty, A e (0, A0), the proof of the theorem 2,1 can. 
be completed readily. 

Now we will consider the equations 

Ax 
(2.18) -^=q(t,X)f(x)+g(x,t), 

(2.19) § = L?(.M). 

Here q(t, X) is an n X n matrix, defined for O g . ^ J 1 , 0 < A < 1 , contimu*-
ous in £, with the following properties: 

jJ<7(U)|| 2SA-*, 0 < . * < 1 , \\Jq(t,X)6t\\^X 

iox 0 ^t ^T, 0^tx^t2^T, 0< X<1. f(x) = (fx(x),..., /n(x)) is defined 
for x € H and satisfies 

||/(*)|| =" Af , \\f(x%) - /fe)|| < Lf\\x2 - arJI 

for xt, x% e if, where H is an open set in En* 

The function gr(a;, t) = (^(a?, #), ..., gn(x, t)) is defined and continuous for 
(x, t) e H X <0, Ty, \\g(x, t)\\ <S -4ff, j]gr(a;2, 0 — g(xl31)\\ <I Lg\\x2 — ̂ | | , #, xl9 x2 $ 
€H, O^t^T. 

Lemma 2,1, Letu(t) be a vector function defined on <0, Ty which saMsfiesfflm 
following conditions: u(t) e H forte <0, Ty, \\u(t2) — u(tx)\\ 5̂  A(t2 — tx) for 

Then f(u(t)) = fP(t) — fN(t) for t e <0, Ty, where the components fPi, fm of 
the vectors fP(t), fN(t) are non-decreasing and 

| | /p(*)| |^| | /(«(0))| |+£ / .42', \\fN(t)\\^LfAT. 

Proof. Since for every subdivision %m: 0 = t0 = tt <£ ... <£ tm = T, we have* 
m 

2\\mti))-fHti-i))\\^LfAT, 
i - 1 

each component /* of / being of bounded variation on <0, Ty. Consequently 

/,(*(*)) =- «u(0)) + PS) ~ N,(t) , 

where P4(t) and Nt*(£) are non-negative and non-decreasing on <0, Ty, P*(0) = 
= Ni(0) = 0, i = 1B ..., n. 
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Let us denote 

/p(0 = (/i(«(0)) + P1(t),..., /„(«(0)) + P„(0), 
/JV(0-=(iV1(0,...,-V„(0), 0 < * < T , 

m 

SUP y .!/<(«(*,)) —/.(«(*,-i))| -= F , , * = 1, ..., n . 
atm - ^ • 

J - 1 

Since Pt(t) ^ F*, #,(«) ^ 7,, it follows that 

(2.20) HMOII < ||/(«(0))|| + ||Pi(0, • • -, Pn(t)\\ < 
^||/(«(0))|| + ||(F1,...,F„)||, 

||M«)|| <||(F1,...,FJ||. 
Furthermore, we have 

m 

(2.21) 11(7,, ..., F„)|| = ||(sup 2 |/i(«(*,)) - /i(«(«,-i))|, • • •, 
0(m j - 1 

m m 

s ^ 2 !/.(«(*,)) - /.(«(*,-i)) 1)11 = sup ||(2 |/x(«(«,)) - /i(«(*,_i))|, • • •, 
9tm j-1 %m j-1 

m 

2\tMh)~UMh^))\)\\. 
j f - i 

The equation (2,21) may then be proved as follows: To every e > 0 there* 
exists a subdivision %ml such that 

m m. 

sup 2 !/.(«(*,)) - /,(«(*,_i))| - 2 !/.(«(*,)) - A(«(*,-i))l < e 
9(m j-1 j - 1 

for i = 1, ..., n. 
Since all the norms introduced in footnote1) are equivalent to the Euclidean, 

norm* there exists a constant y (independent of e) such that 
m 

| | (BUp2 | / l (« (* , ) ) - / l (« ( ' , - l ) ) | , • . . , . 
2(m j - 1 

sup 2 !/,(«(*,)) - /n(«(*,-i))|)|| -11(2 l/i(«(«,)) - /i(«(«i-i))l, • • • > 
*&m j ' - l j-1 

m*. 

2 !/.(«(*,)) - /.(«(*i-i))|)ll < y* • 
j-1 

In virtue of (2,21) and using the properties of / we have 

11(7,,..., Vn)\\ < sup 2 ||(|/x(«(.,-)) -/i(«(*,-i))|, •••, 
2tm j V l 

i/«(«(*i)) -'/»(«(*i-i))i)ii = 

= sup iiK/i(«(*,)) - A(«(*,-i)),.., /.(«(*,)) - /.(«(*,-i)))ii ^ 
%n i = l 

m *" 

= sup 2 LfA(tj - t^) = LfAT . 
atm j-1 

Hence the lemma follows from (2,20). 
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Theorem 2,2. Let x(t, X) be a solution of (2,18) for 0 < X < 1 defined o?i <%F> 
and satisfying the initial condition x(0, X) == x0(X). Let y(t) be a solution of (2,19) 
defined on <0, T}, y(0) = yQ. 

Then there exist non-negative constants fc4, Jc5 (independent of X) such that ' 

. \\x(T, X) - y(5T)l| <S M 1 -* + *.||*g(A) - y0|| . 
Proof. Let 0 < X < 1, Consider the function z(t, X) = #(£, X) — y(£). Substi­

tuting the solutions x(t, X), y(t) into the equations (2,18), (2,19) respectively, 
•and subtracting (2,19) from (2,18) we obtain 

^ % ^ = ff(«, A) /(*(*, A)) + g(x(t, X), t) - jr(y(#), *) , 

whence 

<2,22) \\z(t, A) - z(0, X)\\ ^ ||/a(<r. A) /(.-(a, A)) dcr|| + 

+ \\f[g(x(a, A), a) - g(y(a), a)] da\\. 
0 

Obviously \\x(t2, A) - x(tl3 A)|| ^ {^A-* + -4,)(*„ - tx) for 0 5̂  h <̂  £2 <̂  T. 
In virtue of lemma 2,1 there exist functions fP(t), fN(t) (depending on A) such 
that f(x(t, A)) = fP(t) — /w(*), whose components fPi(t), fm(t), i = 1,..., n, are 
non-decreasing on <0, T}, 

\\fP(t)\\ j2 \\f(xa(X))\\ + Lf(Afl-« +Ag)T, 
\\fN(t)\\^Lf(AfX-« + A0)T. 

t t n 

The components of the vector fq(a, X) f(x(a, X)) do* are / ]> ^-(a", A) /* (&(<>•, A)) do-, 
0 0 i - l • • • • 

fi(x(a, A)) = /Pff(<r), — fm(<f) W€--> consequently, the second mean-value 

theorem may be used. Hence [|/ff(ff, A)/(#(<7, A)) do*|| 5̂  ||/q(o-, A) fP(a) dojj + 

+ ll/W.A)Mcr)diT||^M1^ 
0 

Erom (2,22) we obtain 
||*(t, A)|| 5̂  H*(0, A)|| + M 1 - + Lgf\\z(a, X)\\ da 

o 
and 

for 0 5^ t <̂  T, 0 < A < 1. This completes the proof of theorem 2,2. 
No te 2,1. The following more general proposition maybe proved analo­

gously: Theorem 2,2 remains true if in (2,18) the member q(t, X) f(x) is replaced by 
s 

2?<(*> ^) /^fc). where qt are » X «• matrices satisfying the conditions: 

max Wqtf, A)|| ^ A~a , max [| / qt(t, A) d*|| ^ A , 
1 S ' S » 1S>£« <j 

||/W(.-)|| ^ A,, H/(*)(.-,) - / ^ M l £ Lf\\x* - a..]) for i =- 1,. . . , s . 
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Example 2,1. Some problems of particle motion in accelerators lead to the 
equation 

(2.23) pf = X0(x) + 2 {B% cos « t + C%)} A^(x), 

i**l 

X0(x), A(%x) e En for x e En , \\X0(x2) - X0(xx)\\ ^ Lg\\x2 - xx\\ , 

||-4<'>(a?a) — A^xJW <; ^ 1 1 ^ — a?-J|, xx, X2eEn, 
Bfl, C% oofl are real numbers, i = 1,.. . , 8, /, 1c = 1,.. . , n, min co% is large 

in some sense. 
Equation (2,23) is often solved by means of the approximate method of 

Kryloff-Bogolyuboff which consists in replacing the r. h. s. of equation (2.23) 
by the expression 

T • • 

lim i f [X0(z) + J {B% cos « t + C%)} 4<0(:r)] At = X0(x) . 

Note 2,1 makes it possible to estimate the error of this approximate 
solution. Indeed, let us put 

X0(x) = g(x, t) , f«)(x) = A<*)(z), 

&(*, A) = {B$ cos (a>$* + C#)} , i = 1, ..., 8 . 

Evidently 

|| jg<(#, A) dl|| ^ cx(min O - i , ||g,(c, A)|| £ c2, 
*i f,I,fc 

i = 1,..., 5, i, £1? £2 e (— oo, oo), where c1} c2 are constants independent of oofk. 
If we put (min cofD^1 = A, note 2,1 may be used for oc = 0 and we conclude 

i*jt fc 

that the order of error of this approximate solution is X, i. e. (min cô )"""1. 
*>j> fc 

In the final part of this paragraph we will consider the equations 

(2.24) ^=D{P(x,t,X)+G(x,t)}9 

(2.25) ^ = D G ( y , * ) . 

Here P(a?, t, X) e En is defined on H x <0, T> X <0, 1>, where H is an open 
subset of En. For x, x1,x2eH,0^t1^t2^T,0<X<l we assume 

||P(a>, h, X) - P(ar, tl9 X)\\ < A3 min [(*, - ^ , 2] , 

\\P(x2, t2, X) - Pfo, tl9 X) - Pfo , *2, X) + P(zl9 h, A)|| ^ 

<£ ||a?a — ^H Lz min [(J2 — ^)^, X], f < /? ^ 1 , 

^43, £3 positive. 
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G(x, t) e En is defined on JET X <0, T} and satisfies the inequalities 

\\G(x, t2) — G(x, tx)\\ <L A$2 — tt), At =. const, 

\\G(x2, t2) - G(x2, h) - G(xl912) + G(xl9 tj\\ = 

^ ||a8 — a?J| Lt(t2 — tx), L^ = const, 

whenever x, xl9 x2 e U, 0 ^tt < £2 =S -Z7. 

Theorem 2,3. Zte£ &7, &8 be positive constants. Let x(r, X), 0 ^ X ^ 1, be a so-
lution of the equation (2,24) defined on <0, T} which satisfies the conditions 

(2.26) \\x(t2, X) - x(tl9 X)\\ £ k7{Az min [(t2 - tjft, X] + A±(t2 ~~ ^)} 

/or O ^ ^ ^ T , x(0, X) = a;0(A). 

Let y(r) be a solution of (2,25) defined on <0, T> awd! satisfying the inequality 

(2.27) \\y(t2) - y(h)\\ ^ k8 AJh - tx) 

for O ^ ^ ^ r , y(0) = y0. 

TAen there exist constants k9, k10 (independent of X) such that 

\\x(r, X) - y(r)|| g M*~ 1 + k10\\xQ(X) - y0\\ 

for0^r^T,0<X^l. 

Proof. Let us denote z(r, X) = x(r, X) — y(r) for 0 <£ X ^ 1, T€ <0, :T>. 
Substituting the solutions x(r, X), y(r) into the equations (2,24), (2,25) respecti­
vely and subtracting (2,25) from (2,24), we obtain 

(2.28) z(r, X) - z(0, X) = f&P(x(a, X), t, X) + 
o 

+ fD{G(z(o, X) + y(o), t) - G(y(o), t)] 
0 

for 0 = T ^ T, 0 = X £ 1. 

The first integral on the right hand side of equation (2,28) may be estimated 
as follows: If 0 ^ rx <> r2 ^ T, 0 ^ X = . 1, then 

||P(a;(T2, A), T2, X) - P(x(r2, X), rl9 X) - P(x(rl9 X), r2, X) + 

+ P(x(rl7 X), rl9 X)\\ £ \\x(r2, X) - x(rl9 X)\\ Lz min [(T2 - rty, X] = 

^ &7{.-43 min [(T2 — rxy, X] + -44(T2 — T2)} JC3 min [(T2 — rty, X] = 

= ^ ( T 2 — T2) . 

Evidently the function y(^) is continuous and non-decreasing on <0, T}. 
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If 0 g n ^ min [T, A?], we have 

_ JC7L3A,ГÌ^ —J- + *.7_-3_.4 ^ * 

_t 

If /]/ _g ^ <_ T, evidently there exists a positive integer v (depending on Y\, X) 
I i 

such that %-<X0, -J~^Xfi and 
2" ' 2"~ 

00 # 

*•-!___ 1 + &7_-3_4A(v - 1) + 

+ M ^ s 2-KiFT) 22/?-l - 1 + ^ M _ \^j cy _ 1 * 

Hence V 2V157) < °° a n ( i *n virtue of theorem 1,1 
. - 1 * ' 

I / _ P ( _ ( a , A), t, A) - P(_0(A), r, A) + P(x0(A), 0, A)|| ^ J _ (r) 
0 -3 

f o r O ^ T ^ T , O ^ A ^ l . 

Thus it follows that there exists a positive constant c3 such that 

(2,29) ||/DP(-(o, A), *, A)|| <. c3A2i 
0 

for 0 ^ T ^ _T, 0 _£ /t _£ 1. 

To estimate the second integral on the right hand side of (2,28) we shall 
proceed as follows: If 0 g_ T_ ___ T2 g_ T, 0 5g A <_i 1, then 

\\G(x(r2, X), T2) — #(y(Ta), T2) — #(a?(Ta, X), T_) + #(t/(Ta), T_) — 

- «(a_(T_, A), T2) + G(y(r1), T2) + £(_(T_, X), T_) - £(y(T_), T_)|| ^ 

^ ||a?(T2, A) - x(rx, X)\\ LA(r% — T_) + ||y(Ta) - _/(T_)|| L±(r2 - T_) fg 

^ {_7[_43 min [(T_ — T_)*, A] + -44(T2 — T_)] + _8 ^._(T2 — T_)} J_4(T2 — T_) . 

Let us denote 

J_4 rj{k7[Az min [^, X] + _44^] + M t f } = ^(rj), 

i - i * ' 

(Analogically as in the case of f(v) we verify that / ^1(^7) %' 
4 _, i * l 

* < » . ) 
ť - 1 
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Let T € <0, T}> In virtue of theorem 1,1 we have for every positive integer nx 

T 
and for 0 = tL < t2 < ... < tПl = т, ti+1 = ^ : 

т n . - l ti+1 

\\jB[Q(x(a, X), t) - G(y(a), í)]|| á 2 || / V[G(x(r, A), t) - G(y(r), t)]\\ < 

£ 2 ||(?(a;(íť, X), ti+1) - G(y(ti), ti+1) - G(x(ti, X), íť) + G(y(ti), tt)\\ + 

+ (*.« - *.) ̂ ( í m - «,) ^ 2 IWť<>x) - y^)\\ L & M - *<) + 
І = I 

+ (ti+1 - tt) v&i+1 - u) ^ 2 W<> x)\\ Lsi+1 - *,) +r9r

l (A. 
<-i \nll 

Since z(x, X) is continuous in T and lim ^i(^) == 0, it follows that 

\\JI>[G(x(<x, X), t) - G(y(a), t)}\\ g £4/||z(*, A)|| d* . 
0 0 

Thence and from (2,28), (2,29) we obtain 
||*(T, X)\\ <g ||i(0, X)\\ + czX^l + Lj\\z(t, X)\\ dt, : 

0 

i. e. 
|HT, 2)|| £ \czt~l + \\z(0, X)\\] exp (£4 T) . 

The proof of theorem 2,3 is thus complete. 
Note 2,2. The assumptions (2,26), (2,27) in theorem 2,3 represent no substan­

tial limitation. Indeed, using theorem 1,2 and note 1,2 we conclude that con­
ditions (2,26), (2,27) are fulfilled for sufficiently large constants k7, k8, if the 
number <y* in theorem 1,2 can be chosen independent of A. The latter condition 
is satisfied if 

(2,30) »7 .-*.(«?)< ®ifo) 
for 0 < rj < 2CT*, where ai^tj) = A3 min (rj0, X) + A$\, co^rj) = L3 min (rj^, X) + 

+ Ljj), WM = 2 ^ aj^j a>t(-|) , 0 £ X £ 1 (cf. note 1,2). 

We shall now prove that there exists a cr* > 0 such that (2,30) is fulfilled for 
1 

0 <£ X £ 1. It can be readily verified that ¥2(rj) <; c^-1 £ or 0 <£ rj <£ >!/, 
2-1 i 

iF2(̂ ) <£ c5A ^ + Cfi for X# £r] £T, where c4, c5, c6 are constants indepen­
dent of X. It follows that the relation (2,30) may be written in the form 

i 

(2,31) c4i?V-i < ALs^-1 + A* for 0 < V g Â  , 

c5A ' + c6^ < AsXrj-1 +At for X* -£rj £T , 

0 g A5S 1. 
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Let us choose l e <0, 1>. Evidently there exists an rjx > 0 such t h a t the 
relation (2,31) holds for 0 < rj <£ rjv Denote the upper bound of these rjx by rj2 

(rj2 evidently depends on X). Let rjz = mi rj2. We will prove t ha t rjz > 0. 

Indeed, suppose t h a t rjn = 0. Then there exist two sequences {rj(i)}, {X{i)}} 

i = 1, 2, ..., rjW -> 0, A«> ~> ̂ 0 for i ~> oo, 0 < <̂> S T , O S A«> S 1, such 
that (2,31) is not t rue for rj = rj^, X = A<*>, i = 1, 2 , . . . But this is a contra­
diction, as the first of inequalities (2,31) is always fulfilled for rj suffici­
ently small and the second one is evidently satisfied if X0 = 0. (If X0 > 0, 

i 

then rj{i) < (X(i))0 for % sufficiently large and (2,31) reduces to the first in­
equality.) 

Note 2,3. In [1] the notion of a regular solution of a generalized differential 
equation was introduced, and all fundamental theorems in the theory of 
generalized equations were proved for regular solutions only. The assump­
tion of regularity corresponds, in essence, to the assumptions (2,26), (2,27). 

Note 2,4. If we put 8 = —-•— in theorem 2,3, the assumptions of theorem 
1 + a 

2,3 are fulfilled whenever the conditions of theorem 2,2 are satisfied. Conse­
quently, theorem 2,3 relating to the theory of generalized differential equa­
tions yields, under more general conditions, substantially the same estimate 
as theorem 2,2. 

The following example shows that the estimate in theorem 2,3 cannot be 
improved. 

Example 2,2. Let us consider the scalar equation 

(2,32) ^ « a ? A - - o o B ^ + A-«sin. ' &t X1+« ' A1+<* 

for 0 < X < 1, 0 S a < 1 with the initial condition #(0, X) = 0. 

We obtain 
t 

x (t,X) = exp |A sin —^ J ?r« sin ^ exp | - X sin -~^ do- = 

o 
t 

= exp (A sin ^ [ A ( I - cos ^ ) - J V - s i n ^ d a + o(A*-)] = 

=- exp (A sin jLJj [ A ( I - cos J L ) - A-- ( | - - -£• sin ^ ) + 

-«) = — Л1— + o(A2-) | - - A-- \ + o(A). 
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If we wri e equa ion (2,32) in h form 

dx I t . t 
Dl xX cos - r— + / sm -

it can be seen readily that (2,32) is a special case of (2,24) where we have put 

H 1 +0C 

The following example shows that theorem 2,3 yields, even in the case of 
classical equations, a better estimate than note 2,1. 

E x a m p l e 2,3. Let there be given a scalar equation 
die 

(2,33) -g = fx(x) X-y cos X-^+yn + f2(x) X~*y cos X~*1+yH , 

0 ^ y < l , H> I, 0 < A < 1, fx(x), f2(x) are bounded and fulfil a Lipschitz 
condition on (-co, oo). Let x(t, X) be a solution of (2,33) defined for t e <0, T} 
and satisiying the condition x(0, X) = 0 for 0 < A < 1. From note 2,1 we have 
\x(t, X)\ ^ hnX1-** for 0 ^ ^ ^ I7, 0 < X < 1. From theorem 2,3 we obtain 
|a#, A)| ^ i ^ - r . 
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V ý t a h 

ODHADY VZDÁLENOSTI DVOU &EŠENÍ ZALOŽENÉ 
NA TEORII ZOBECNĚNÝCH DIFERENCIÁLNÍCH ROVNIC 

ZDEK&E: VOBEIL, Praha 

Článek navazuje na práci [1], kde byl zaveden pojem zobecněné diferenciální 
rovnice a dokázána věta o spojité závislosti na parametru, a je jejím doplněním 
v tom smyslu, že obsahuje odhady vzdálenosti řešení dvou rovnic, zatím co 
v [1] jsou věty limitního charakteru. 

Definujme třídu <p(K, oc, />) vektorových funkcí f(x, t) takto: f(x, t) e q>, jsou-li 
pro (x, t) e Gy kde G je otevřená množina v En+l9 splněny tyto podmínky: 

a) | / / f e * ) * l á J f | * i - ' i l a » 
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K, ťx, /3 jsou kladná čísla, 0 < <% ^ 1, 0 < /? ^ 1, <x + p > l, 0 ^tx^t2^Tm 

Veta0,1. Budiž f(x, t), f(x, t) e <p(K, a, 0)f \ f[f(x, t) - f(x, t)] dt\ ^ a>(\tt -1 ± \) . 
h 

Budiž x(t) resp. y(t) řešením rovnice (0, 1) resp. (0, 4) splňující počáteční podmínky 
x(0) = y(0) = x0. 

Potom pro každé přirozené m platí nerovnost (0, 5), hde cx je hladná konstanta 
nezávislá na m. 

Speciálně, je-li f(x, t) omezená na G a platí \f(x2, t) — f(xl91)\ fg L\x2 — xx\, 
\f(x, t) — f(x, t)\ ^M, limitním přechodem pro m -> oo v (0,5) dostaneme známý 
odhad 

\x(T) - y(T)\ <S ^ (e"1 - 1) . 

Má-li rovnice (0,1) konstantní řešení x(ť) = x0, potom zřejmě platí (0,6) pro 
tl9tt*<Q,T>. 

V práci [2] bylo dokázáno, že toto konstantní řešení je jediné, jestliže / c <p. 
Lze nahlédnout, že řešení rovnice (0,1) se příliš nevzdálí od své počáteční hod­
noty x0, je-li rovnice (0,6) přibližně splněna. 

h 
Věta 0,2. Budiž f(x, t) € <p(K, <x, /}). Nechť existuje e > 0 tah, že | / f(x0, t) dt\ <£ 

h 

rg e(t2 —- £x)
a pro 'tl912 e <0, Ty. Budiž x(t) řešením rovnice (0, 1) splňujícím počá­

teční podmínku x(0) -= x0. 
Potom existuje T± <• <0, T) (které závisí pouze na třídě <p(K, <x, /?)) takové, že 

\x(t) — x0\ <, Zet* pro 0 £ t ^ Tt. 
Následující věta může být užitečná v případě, že v rovnici (0, 7) /u, předsta­

vuje malý parametr. 

Věta 0,3. Budiž x(t) řešením rovnice (0, 7) splňujícím počáteční podmínku 
x(0) = x0. Budiž ju > 0 a f(x, t) e <p(K, <x, /?). 

Potom platí pro0<Lt<*T 
t 

\x(t) — x0 — juff(x0, r)dr\ <: /jflcj^fi , 
o 

kde c2 závisí pouze na třídě <p(K, oc, /?). 
t 

Smysl věty vynikne pro ff(x0, o) der = 0. 
o 

Druhá část práce je věnována srovnání metod klasických a metod založe­
ných na teorii zobecněných rovnic. Úěinnost nové metody je prověřována na 
rovnicích speciálního typu (0,8) a (0,9). 
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p(t, X) je skalární funkce definovaná a spojitá pro t e (0, T}, X e (0, 1) a splňuje 
r2 

podmínku / \p(o, X) do\ = X pro 0 < X < 1, jakmile t1} t2 e <0, T}. (Za funkci 
h 

X~a t 
p(t, X) můžeme např. vzít — sin -r-^, oc > 0.) 

f(x), g(x, t) jsou spojité, f(x) má spojité derivace druhého řádu a g(x, t) splňuje 
Lipschitzovu podmínku s konstantou nezávislou na (x, t). 

Veta 0,4. Nechť x(t, X) (y(t)) je řešením rovnice (0, 8) ((0, 9)) s počáteční pod­
mínkou x(0) = Í/(0) = x0. Potom existuje kladná konstanta kx tak, ze \x(T, X) — 
- y{T)\ ^ M-

Další věta se týká obecnější třídy rovnic, zato odhad vychází větší než 
v předchozím případě. 

V rovnicích (0,10), (0,11) q značí čtvercovou matici spojitou v t, \q(t, X)\ _ 

^ A-«, 0 < a < 1, | fq(t, X) át\ ^ X. 
h 

Funkce f(x), g(x, t) jsou spojité a splňují Lipschitzovu podmínku vzhledem 
k x s konstantou nezávislou na (x, t). 

Věta 0,5. Budiž x(t, X) (y(t)) řešením (0, 10) ((0, 11)) .splňujícím počáteční 
podmínku x(0) = y(0) = x0. Potom existuje konstanta k2 (nezávislá na X) tak, ze 
\x(T,X)-~y(T)\^k2Xi-«. 

Následující věta, na rozdíl od vět 0,4 a 0,5, byla dokázána na základě teorie 
zobecněných diferenciálních rovnic. 

Věta 0,6. Nechť x(t, X) (y(t)) je řešením rovnice (0, 12) ((0, 13)) splňujícím 
počáteční podmínku x(0, X) = y(0) = x0. 

p(x, t, X) je vektorová funkce splňující podmínky: 
h__ 

\Jp(x, t, X) át\ £Amirx ((t2 - txy, X), 
h 

-»_ __ 
I / ÍP(%2, t, X) - p(xx, t,X)]dí\^L min ((t2 - txy, X) 
h 

pro 0 <£ tx < t% <£ T, A, L, /? konstantní, | < /? < 1. g je spojitá a splňuje 
Lipschitzovu podmínku s konstantou nezávislou na (x, t). 

2 - 1 

Potom existuje konstanta kz tak, že \x(T, X) — y(T)\ ^ kzX &. 

Položíme-li /? = • • ve větě 0,6, vidíme, že věta 0,6 dává za obecnějších 

předpokladů stejný odhad jako věta 0,5. 
Je uveden příklad ukazující, že odhad ve větě 0,5 a 0,6 nelze již řádově 

zlepšit. Na dalším příkladu je ukázáno, že věta 0,6 dává podstatně lepší odhad 
než metoda založená na větě 0,5. 
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Резюме 

ОЦЕНКИ РАССТОЯНИЯ МЕЖДУ ДВУМЯ РЕШЕНИЯМИ, 
ОСНОВАННЫЕ НА ТЕОРИИ ОБОБЩЕННЫХ 

ДИФФЕРЕНЦИАЛЬНЫХ УРАВНЕНИЙ 

ЗДЕНЕК ВОРЕЛ (Мепёк Уоге1), Прага 

Статья примыкает к работе [1], где было введено понятие обобщенного 
дифференциального уравнения и была доказана теорема о непрерывной 
зависимости от параметра, и является ее дополнением в том смысле, что 
содержит оценки расстояния между решениями двух уравнений, тогда 
как в [1] приводятся теоремы предельного характера. 

Определим класс <р(К, ос, /?) векторных функций ](х, I) следующим об­
разом: 1(х, I) € ср, если для (х, 2) е О, где О — открытое множество в Еп+г, 
выполняются следующие условия: 

а) |//(<м)а*| ^Щи — к\а* 

б) | Д/(*2, *) - /(«1, *)] & ^ К - хг\ Щк — к\* , 
ч 

К, ос, /3 — положительные числа, 0 < < х < ^ 1 , 0 < /3 ̂  1, <% + /?> 1, О ^ 
< *2 ^ *2 < Т. 

'» . • 
Теорема ОД.. Пусть ](х, I), }(х, I) е ср(К, ос, /9), \{ ](х, О) — }(х, 0) сИ <̂  

^а>(\Ь-^\). 

Пусть х(Ь) иу(1) являются, соответственно, решениями уравнений (0,1) 
и (0,4), удовлетворяющими начальным условиям х(0) = у(0) = х0. 

1 

Тогда для любого натурального т справедливо неравенство (0,5), где 
сг — положительная постоянная, не зависящая от т. 

В частности, цели ](х, I) ограничена на Г и \](х2, I) — ](хг, 1)\ <̂  
<̂  Ь\х2 — хг\, \](х, I) — ](х, 1)\ ^ М, то предельным переходом для т —> 
-> оо в (0,5) мы получим известную оценку 

\х(Т)~у(Т)\^^.(еЬТ-1). 

Если уравнение (0,1) обладает постоянным рещением х(1) -= х0, то, 
очевидно, справедливо (0,6) для 1г, Ь2 е <0, Г>. 

В работе [2] было доказано, что это постоянное решение является един­
ственным, если I е ср. Нетрудно видеть, что решение уравнения (0, 1) не 
слишком удалится от своего начального значения х0, если уравнение (0,6) 
приближенно выполняется. 
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Теорема 0,2. Пусть 1(х, I) с <р(К, ос, /?). Пустъ существует в > 0 так, 
ч 

что \{1(х0, 1) дИ\ ^ в\12 — Ьг\
а, для Ьъ 12 е <0, Т). Пусть х(1) — решение 

ч 
уравнения (0,1), удовлетворяющее начальному условию х(0) = х0. 

Тогда существует Тг е <0, Ту (зависящее только от класса <р(К, ос, /3)) 
такое, что \х(^ — х0\ ^ Зг#а для 0 ^ I ^ Тг. 

Следующая теорема может быть полезна в том случае, когда в уравнении 
(0,7) II является малым параметром. 

Теорема 0,3. Пусть х(Ь) — решение уравнения (0,7), удовлетворяющее на­
чальному условию х(0) = х0. Пустъ [л > 0 и 1(х, I) € <р(К, ос, /?). 

Тогда для 0 ^ I ^ Т 
г 

\х(1) — х0 — II /1(х0, т) <1т| <; рс2с2№
+# , 

о 

где с2 зависит только от класса <р(К, ос, /3). 
I 

Смысл теоремы выступает более ясно для {1(х0, а) йа = 0. 
о 

Вторая часть работы посвящеатся сравнению классических методов 
и методов, основанных на теории обобщенных уравнений. Эффективность 
нового метода проверяется на уравнениях специального типа (0,8) ж (0,9). 

р(%, X) — скалярная функция, определенная и непрерывная для # е <0, Ту, 
ч 

X € (0, X) и выполняющая условие |/р(сг, X) сЦ ^ X для 0 < X < 1, как 

только 1г, Ъ2 € <0, Ту. (В качестве функции р(1, X) можно, например, взять 
Х~а . I 

{(х), д(х,1) непрерывны, 1(х) обладает непрерывными производными 
второго порядка, а д(х, И) удовлетворяет условию Липшица с постоянной, 
не зависящей от х(Ь). 

Теорема 0,4. Пустъ х(1, X) (у(1)) является решением уравнения (0,8) 
((0,9)) с начальным условием х(0) = у (О) = х0. Тогда существует положи­
тельная постоянная 1сг так, что \х(Т, X) — у(Т)\ ^ 1сгХ. 

Следующая теорема касается более общего класса уравнений, зато 
оценка получается больше, чем в предыдущем случае. 

В уравнениях (0,10), (0,11) ^ означает квадратную матрицу, непрерыв­
ную относительно I, 

ч 
|#(г, х)\ ^ я-«, о < ос < 1, \^^(^, X) щ ^ х. 

Функции /(а?), д(х, I) непрерывны ж удовлетворяют условию Липшица 
по отношению к ж с постоянной, не зависящей от (х, I). 
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Теорема 0,5. Пустъх(1, Х)(у(Ь)) является решением (0,10) ((0,11)), удовле­
творяющим начальному условию х(0) = у(0) == х0, Тогда существует по­
стоянная к2 (не зависящая от X) так, что \х(Т, X) — у(Т)\ —- к2Х

г~а. 

Следующая теорема, в отличие от теорем 0,4 и 0,5, была доказана на 
основании теории обобщенных дифференциальных уравнений. 

Теорема 0,6. Пустъх(1, Х)(у(1)) является решением уравнения (0,12) ((0,13)) 

удовлетворяющим начальному условию х(0, X) = у(0) = х0. 

ф(х, I, X) есть векторная функция, удовлетворяющая улсовиям: 

\1р(х, I, X) а*| ^ А т ш ((и — ЬУ, X) , 
н 

\}[р(х2, I, X) - р(хъ Ь, X)] Щ ^ ^ т т ((*, _ 1гу, X) 
ч 

для 0 51 1г < 12 <1 Т, А, ^, /? — постоянные, \ < /9 < 1. д — непрерыв­
ная функция, удовлетворяющая условию Липшица с постоянной, не за­
висящей от (х, I). ' 

Тогда существует постоянная кг так, что 

\х(Т,Х)-у(Т)\^к3Х*~г*. 

Если положить /? = 1/1 + <* в теореме 0,6, то видно, что теорема 0,6 дает 
в более общих предположениях ту же оценку, как и теорема 0,5. 

Приводится пример, показывающий, что порядок оценки в теоремах 
0,5 и 0,6 уже нельзя улучшить. На следующем примере показано, что 
теорема 0,6 дает существенно лучшую оценку, чем метод, основанный на 
теореме 0,5. 
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