Archivum Mathematicum

Xiao-Tian Bai; Qi Han
On unicity of meromorphic functions due to a result of Yang - Hua

Archivum Mathematicum, Vol. 43 (2007), No. 2, 93--103

Persistent URL: http://dml.cz/dmlcz/108055

Terms of use:

© Masaryk University, 2007

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/108055
http://project.dml.cz

ARCHIVUM MATHEMATICUM (BRNO)
Tomus 43 (2007), 93 — 103

ON UNICITY OF MEROMORPHIC FUNCTIONS
DUE TO A RESULT OF YANG - HUA

X1AO-TIAN BAI AND QI HAN

ABSTRACT. This paper studies the unicity of meromorphic(resp. entire) func-
tions of the form f™f’ and obtains the following main result: Let f and g be
two non-constant meromorphic (resp. entire) functions, and let a € C\{0} be
a non-zero finite value. Then, the condition that E3)(a, = E3)(a, g"q’)
implies that either f = dg for some (n+1)-th root of unity d, or f = c1e* and
g = c2e~°* for three non-zero constants ¢, c¢; and ca with (c1c2)?t1c? = —a?
provided that m > 11 (resp. n > 6). It improves a result of C. C. Yang and
X. H. Hua. Also, some other related problems are discussed.

1. INTRODUCTION AND MAIN RESULTS

In this paper, a meromorphic function will always mean meromorphic in the
open complex plane C. We adopt the standard notations in the Nevanlinna’s value
distribution theory of meromorphic functions such as the characteristic function
T(r, f), the prozimity function m(r, f) and the counting function N (r, f) (reduced
form N(r, f)) of poles. For any non-constant meromorphic function f, we denote
by S(r, f) any quantity satisfying S(r, f) = o(T(r, f)), possibly outside a set of
finite linear measure that is not necessarily the same at each occurrence. We refer
the reader to Hayman [3], Yang and Yi [8] for more details.

Let f be a non-constant meromorphic function, let a € C be a finite value, and
let k € NU {400} be a positive integer or infinity. We denote by E(a, f) the set of
zeros of f —a and count multiplicities, while by E(a, f) the set of zeros of f —a but
ignore multiplicities. Further, we denote by Ey(a, f) the set of zeros of f —a with
multiplicities less than or equal to k (counting multiplicities). Obviously, E(a, f) =
Eo)(a, f). Define E(oo, f) := E(0,1/ ) for the value oo, and define E(oo, f) and
Ej (00, f) correspondingly. For a € CU {oo}, we denote by Ny, (r, 1/(f - a)) the
counting function corresponding to the set Ej)(a, f), while by Ny4q (7“, 1/(f— a))
the counting function corresponding to the set E41(a, f) := E(a, f) — Ep(a, f).
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Also, we denote by Ny (r,1/(f —a)) and Nygy1(r,1/(f — a)) the reduced forms
of Ny (7“, 1/(f - a)) and N(j11 (r, 1/(f - a)), respectively.

All those foregoing definitions and notations hold well for any small meromor-
phic function, say, « (i.e., whose characteristic function satisfies T'(r, ) = S(r, f)),
of f.

Let f and g be two non-constant meromorphic functions, and let a be a common
small meromorphic function of f and g. We say that f and g share a« CM (resp.
IM) provided that E(a, f) = E(a,g) (resp. E(a, f) = E(a, g)).

W. K. Hayman proposed the following well-known conjecture in [4].

Hayman Conjecture. If an entire function f satisfies f*f' # 1 for all positive
integers n € N, then f is a constant.

It has been verified by Hayman himself in [5] for the cases n > 1 and Clunie in
[1] for the cases n > 1, respectively.

It is well-known that if two non-constant meromorphic functions f and g share
two values CM and other two values IM, then f is a Mdbius transformation of g.
In 1997, C. C. Yang and X. H. Hua studied the unicity of differential monomials
of the form f” f’ and obtained the following theorem in [7].

Theorem A. Let f and g be two non-constant meromorphic (resp. entire) func-
tions, let n > 11 (resp. n > 6) be an integer, and let a € C\{0} be a non-zero
finite value. If f*f" and g"g’ share the value a CM, then either f = dg for some
(n+1)-th root of unity d, or f = c1e°* and g = cae™* for three non-zero constants
¢, ¢1 and ca such that (cico)"tic? = —a?.

Remark 1. In fact, combining their original argumentations with a more precise
calculation on equations (20) and (23) in [7, p.p. 403-404] could reduce the lower
bound of the integer n from 7 to 6 [7, Remark 2] if f and g are entire.

In 2000, by using argumentations similar to those in [7], M. L. Fang and H. L.
Qiu proved the following uniqueness theorem in [2].

Theorem B. Let f and g be two non-constant meromorphic (resp. entire) func-
tions, and let n > 11 (resp. m > 6) be an integer. If f"f' and g"g' share z
CM, then either f = dg for some (n + 1)-th root of unity d, or f = cre’” and
g= 026"322 for three non-zero constants ¢, ¢; and co such that 4(0162)”“02 =—1.

In this paper, we shall weaken the assumption of sharing the non-zero finite
value a CM (i.e., E(a, f"f') = E(a,g"g’)) in Theorem A to Es(a,f"f') =
FEsy(a,g"g’). In fact, we shall prove the following three uniqueness theorems.

Theorem 1. Let f and g be two non-constant meromorphic (resp. entire) func-
tions, let n > 11 (resp. n > 6) be an integer, and let a € C\{0} be a non-zero
finite value. If Esy(a, f*f') = Es)(a,g™g’), then f"f" and g"g’ share the value a
CM.

Theorem 2. Let f and g be two non-constant meromorphic (resp. entire) func-
tions, let n > 15 (resp. n > 8) be an integer, and let a € C\{0} be a non-zero
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finite value. If Eoy(a, f*f') = Eq)(a,g™g’), then f"f" and gy’ share the value a
CM.

Theorem 3. Let f and g be two non-constant meromorphic (resp. entire) func-
tions, let n > 19 (resp. n > 10) be an integer, and let a € C\{0} be a non-zero
finite value. If Eyy(a, f*f') = Evy(a,g™g’), then f"f" and g9’ share the value a
CM.

Remark 2. Obviously, Theorem 1 is an improvement of Theorem A.

2. SOME LEMMAS

Lemma 1. Let f and g be two mon-constant meromorphic functions satisfying
Ey(1, f) = Eyy(1,g) for some positive integer k € N. Define H as the following

(2.1) H::(%—zfjil)—(“(;—,—ngil).

If H #0, then

N(r, H) < No(r, f) + Nz (r, %) + N(r,g) + N (7’, ;) + Ny (7‘, fl) + Ny (r, gl)
(22) N (1) + N (ro =) + 507 + S(09)

where Ny (7", l/f') denotes the counting function of zeros of f' but not the zeros of
f(f=1), and Ny (r, 1/g’) is similarly defined.

Proof. It is not difficult to see that simple poles of f is not poles of J}—,,, — 21" and

71
simple poles of g is not poles of gg—, - 92%1. Then, the conclusion follows immediately
since we assume Ey (1, f) = Ej(1,9). O

Lemma 2 (see [7, p.p. 397]). Under the condition of Lemma 1, we have

23) Ny (7“, ﬁ) = Ny (r, gi

Lemma 3 (see [7, p.p. 398] or [9]). Let f be some non-constant meromorphic
function on C. Then,

1) < N(r,H)+ 8@, )+ S(r,9).

(2.4) N (r, fi) < NG )+ N (r, %) +5(r, 1)

Lemma 4 (see [8]). Let f be a non-constant meromorphic function on C, and let
k € N be a positive integer. Then,

(2.5) N(r75) £ T 1) = TG 1)+ N (15 ) +50.5).
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3. PROOF OF THEOREM 1
Define F := 'T, and Fi :=
and G =

n+1 /

a(n+1) Then, F{ = F. Similarly, define G :=
Now, by equations (19)—(20) in [7, p.p. 403-404], we have

ey
N(r,F) = Np(r,F) = N(r. f),

(3.2) N(r,G) = Nu(r,G) = N(r,9),

and

09 ) e Ralg) =280 ) e 7).

00 () eSu(g) <28l 4 (nd)

Then, by the conclusions of Lemma 4, we derive

(n+1)T(r,f)=T(r, F1) + O(1)

ST(T,F)-}-N(T,L)—N( ,%)-Fs(ﬁf)

Fy
(3.5) < T(r,F)—i—N(r,%) —N(r,%) + S0 f).
Similarly, we obtain
(n+1)T(r,g) =T(r,G1) + O(1)
(3.6) §T(T,G)+N<r,é) —N(r,&) +S(r,g).

Firstly, we suppose that equation (2.1) is not identically zero, that is, H # 0.
Here, we replace the functions f and ¢ in the statement of Lemma 1 by F' and G,
respectively. Combining the conclusions of Lemmas 1 and 2 with the assumption

Nl)(r, Fl_ 1) < N(g(r, F)+ N(Q(r, G) + N(g (r, %) + N(Q (r, é)

#30(n5) + 2ol g7) + ()
(3.7) # Nu(r g ) + 50,0 + S(9)

Applying the second fundamental theorem to the functions F' and G with the
values 0, 1 and oo, respectively, to conclude that
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T
+N(r,G) + (r, 5) +J\7(r, m) —No(ﬁé) +S(r,9)
+

(3.8) —No<r,%)—No(7“7i, +S(r, f)+S(r.g).
Noting that
N(r ) = 5% () N y) <58 (n )
_ 1 1 1 - 1 1 1
Nrg=) -3 (rg—) +Nalig—) =3V (rg—)-

Then, combining the above two equations with Es)(1, F) = Es3)(1,G) yields
_ 1 _ 1 - 1 — 1
N(rg=) + ¥ (n g=3) + Falrg=5) + Na(r 7=5)

nEo) T e Tr) Thelne ) T el E

(3.9) Ny %) < %(T(r, F)+T(r,G)) + 5(r, f) + S(r.g).

Hence, equations (3.7) - (3.9) imply

T(r,F) + T(r,G) < 2<N2(r, F) + Na(r, G) + Na(r, %) + N (r, é))
(3.10) +S(r, f)+S(r,9),
where No(r, F) := N(r, F)+Nq(r, F) and N2 (r,1/F) := N(r,1/F)+Ng(r,1/F),

and Na(r,G) and N3 (r,1/G) are similarly defined.
From equations (3.1)-(3.6) and (3.10), and noting Lemma 3, we derive

(n+1)(T(r, f)+T(r,9)) <2 <N2(’I", F)+ No(r,G) + N (r, %) + N> (7“, é))

TR B
+S(r, f) + S(r,9)

<A(N(r, f) + N(r,g)) + 5(N<7“v %) + N<7"’ ;))

1

+N(r,?

) + N(r, é) +S(r, f)+ S(r,9)
(3.11)
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< 5(N(r, 1) —I—N(r,g)) —|—6<N<r, %) —|—N<r, 5))
(3.12) +S(r, f)+ S(r,9),

which implies (n—10)(T'(r, f)+T(r,g)) < S(r, f)+5S(r, g), a contradiction against
the assumption that n > 11.
In particular, if f and g are entire, equation (3.11) turns out to be

(313) (TL—5)(T(T', f)—i—T(r,g)) SS(T,f)-i-S(T’,g),

since both the terms N(r, f) and N(r, g) equal to O(1) now. Obviously, it contra-
dicts the assumption that n > 6.
Hence, H = 0. Integrating the equation H = 0 twice results in
!/ !
FF; 1 =k Gci 1 + ko (kl € (C\{O}, ko € (C),
which implies that F' and G share the value 1 CM.
This finishes the proof of Theorem 1. O

4. PROOF OF THEOREM 2

From the condition that Es)(1, F) = Es(1,G), if we furthermore suppose that
H # 0, then similar to equation (3.7), we have

Nl) (7”,

1 1) < Nep(r, F) 4+ No(r,G) + N(g(r, %) —|—N(2<r, é)

F—
1 1 - 1
+N°(T’F) +N0<r’5> +N(3(r’ F— 1)
— 1
(41) +N(3(T,m)+5(7",f)+5(7’,g)
A routine calculation leads to
- 1 1 1 1 1 1 1
12) N(r, )= 5Ny () + 5N () < 5N (7).,
(4.2) PEo1) T E—) TeenE ) S I E
. 1 1 1 1 1 1 1
. — ) -z —— ) += — )<= — ).
(43) N(“ G- 1) zN”(r’ G- 1) + zN“(r’ G- 1) = 2N<7"’ G- 1)
Applying the conclusions of Lemma 3 to F' and taking reduced forms of the
counting functions on both sides of equation (2.4) to conclude

N(g('f’,ﬁ)i (2<r,%>+5(r,f)§]\7(7”,%)+S(T',f)

<N F)+N(r %) + S0 )

AN

)+ 50 f)
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and similarly,

(15)  No(r Gl_ _) <2N(r,g) + 28 (r, é) +8(r.g).

Hence, equations (4.2)—(4.5) yield

V(=) +8(r ) + Ml ) + Nl )

Analogous to equation (3.10), we have

T(r, F)+T(r,G) < 2 (Ng(r, F)+ No(r,G) + N (1. %) + 1 (r, é))

+ Z(N(r, D)+ N(rg)+N(r, %) +N(r, é))
+S(r, )+ S(r,9).
Combining the above equation with equations (3.1)~(3.6) yields
(n+1)(T(r, f) + T(r,g)) <T(N(r. f) + N(r.g))
(4.6) +8<N(r, %) —I—N(r,é)) +5(r,f)+S(r.g),

which implies that (n — 14)(T(r, f) + T(r,g)) < S(r, f) + S(r, 9), a contradiction

since we assume n > 15. In particular, if f and g are entire, then equation (4.6)

turns into (n — 7)(T(r, f) + T(r,9)) < S(r, f) + S(r,g). Obviously, it contradicts
the assumption that n > 8.
Hence H =0, and F' and G share the value 1 CM.
This finishes the proof of Theorem 2.

5. PROOF OF THEOREM 3

From the condition that E)(1, F') = E1)(1,G), if we furthermore assume that
H # 0, then similar to equation (3.7), we have

Ny (r, %) < N(g(r, F)y+ N(Q(r, G) + N(g (r, %) + N(Q (r, é)

+ Ny (7«7 %) + Ny (7“, é) + ]\7(2 (r, %)

(5.1) + No(r g ) +S0.0) + 8(r,9)
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It is not difficult to see that

(5:2) N(T’%) ;N1>(T’F1—1)S%N<’"’Fl—1)’
59 N(ngo)-gMlrg=r) <)
Also, as shown in inequality (4.4), we have

No(r s ) < N(r ) +501)

(5.4) <2N(r, ) + 2N r %) +S(rf)  and
(5.5) N (7", %) < 2N(r,g) + 2N(r, é) +8(r, 9)

Hence, equations (5.2)—(5.5) yield

ﬁ) +N(r’ Gl—l) +N<2(T’ﬁ) +N<2<T’G1—1>
—Nl)(r, Fl_ 1) < %(T(T,F)+T(T,G))
+2<N(r,f)+N(r,g)+N(r,%) +N(r,é)>
+S(r, f)+S(r,9).

N(r,

Analogically, we have

T(r F)+T(r,G)<2 (NQ(r F)+ Nyo(r,G) +N2< F)

>)

H/—\

+4(N( )+ N(g)+N(r, —) +N

+S(r, f)+S(r,9).

Hence,
(n+1)(T(r, f) +T(r,9)) <9(N(r, f) + N(r,9))
1
(5.6) + 10( ( ?) ( )) +S(r, f)+S(r,9),
which implies that (n — 18)(T'(r, f) + T'(r,g)) < S(r, f) + S(r,g), a contradiction

since we assume n > 19. In particularly, if f and g are entire, then equation (5.6)
turns into (n — 9)(T'(r, f) + T(r,g)) < S(r, ) + S(r,g). Obviously, it contradicts
the assumption that n > 10.

Hence H =0, and F' and G share the value 1 CM.

This finishes the proof of Theorem 3. O
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6. RELATED RESULTS

Final Note 1. If we assume that f and g share the value co CM (resp. IM) in
the statement of Lemma 1 besides the assumption that (1, f) = E(1,g) for
some positive integer k € N, then equation (2.2) becomes

N(r, H) < N(g(r,%) +N(2(r,§) +N0( f’) +N0( gl)

~ 1 _
(2.29) + Nig+1 (7“; 1ﬁ) + Ng+1 (7“;

=) 4 S0 1) + (),

and respectively,

N(r,H) < %N(r, H+ %N(r, g9)+ N(Q (r, %) + N(g (r, é) + Ny (r, %) + Ny (r, ;)
(2.2) + N (r, 1%) + Nt (r, i 1) +S(r, f)+ S(r.g).

Applying the argumentations used in our proofs with equation (2.2%) (resp.
(2.2%)) could reduce the lower bounds of the integers n from n > 11, 15 and 19 in
Theorems 1, 2 and 3 to n > 9, 13 and 17 (resp. n > 10, 14 and 18), respectively,
provided that we assume furthermore that f and g, and thus F' and G, share the
value oo CM (resp. IM).

Final Note 2. Using similar argumentations as those in our proofs and replacing
the notations F, Fy (resp. G, G1) in Section 3 by new ones F = f"f'/z, F} =
7/ (n+1) (resp. G = g"g' /2, G1 = g""1/(n+1)) (then, F] = zF and G = 2G),
we could weaken the assumption of sharing = CM (i.e., E(z, f"f') = E(z,9"¢"))
in the statement of Theorem C to Ey)(z, f"f') = Eyy(z,9™¢') for k=1, 2 and 3.

In fact, if f and g are transcendental, our original proofs go well, while if f
and g are rational functions (resp. polynomials), routine calculations on the term
“logr” would lead to analogous conclusions. However, in those cases we may have
to increase the lower bounds of the integers n from n > 11, 15 and 19 (resp. n > 6,
8 and 10) to n > 14, 19 and 24 (resp. n > 9, 12 and 15), since now f and g have
the same growth estimate as that of the function z, in other words, of O(logr).
Below, we give an outline of the proof for those special cases.

Proof. First of all, according to the conclusion of [2, Theorem C], we know that
[ is rational whenever g is, and vice versa. Similarly, we have N (r, F') = N(r, f)+
logr and Na(r, F) < 2N(r, f)4+logr, and N(r,G) = N(r,g)+logr and Ny(r,G) <
2N(r, g) + logr. Furthermore, we have

(n+ DT(r, f) = T(r, Fy) + O(1) < T(r,2F) + N (1, Fil) -N(r ZLF) +o(1)

§T(r,F)+N<T,%) ( f,)+1ogr+0( )
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(n+ 1)T(r,q) = T(r,G1) + O(1) < T(r, 2G) + N(r, Gil) _ N(r, i) +0(1)

o(1 zG
( ) (,;)—i—logr-l—O(l).
If E3(z, f"f') = E3(2,9"¢),

(n+ 1)(T(r, f) +T(r,9)) <5

then analogous to equation (3.11), we derive

(N(r.f) +N(r.9)

+6<N<r,%) +N<r,§)> +6logr+0O(1),

which implies that (n — 10)(T'(r, f) + T(r,g)) < 6logr + O(1).

Noting the discussions in [2, p.p. 437-438] fail here, we may have to suppose
that (n—10)(T(r, f)+T(r,g)) > (2n—20) logr, and hence (2n—26)logr < O(1),
a contradiction since we assume n > 14.

If By (2, f*f') = Eyy(2,9"g") for k = 1, 2, then parallel to equations (4.4)(4.5)
and (5.4)—(5.5), we have

N(k(r, %) <2N(r, f) + 22\7(7“, %) +logr + O(1),

N(k(r, Gl_ 1) < 2N(r,g) +2N(r, é) +logr+ O(1).

If £ =2, we have
(n+1)(T(r, f) +T(r,g9)) <T(N(r, f) + N(r,9))

+8<N<r,%) +N<r,§)> +8logr +O(1),

which means (2n — 36)logr < O(1), a contradiction since we assume n > 19.
If K =1, we have

(n+1)(T(r, f) + T(r,9)) < 9(N(r, f) + N(r.9))

+ 10<N<7’7 %) +N(r, ;)) + 10logr + O(1),

which shows (2n — 46) logr < O(1), a contradiction since we assume n > 24.
If f and g are polynomials, then N (r, F') = N(r,G) = logr, and hence N (r, F) =
Ny(r,F) = N(r,G) = Na(r,G) = logr. Similarly, we derive

(n+1)(T(r, f) +T(r,g)) < 6<N<r, %) —|—N<r, é)) +6logr+0(1) (k=3),
(n+ 1)(T(r, f) + T(r,g)) < 8<N<r,%) +N<r, é)) +8logr+0(1) (k=2),

(n+1)(T(r, f) + T(r,g)) < 10<N<r, %) + N(r, ;)) +10logr +O(1) (k=1).
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All the above three equations contradict the assumptions that n > 9 (k = 3),

n > 12 (k=2) and n > 15 (k = 1), respectively. O
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