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GAP PROPERTIES OF HARMONIC MAPS AND
SUBMANIFOLDS

QUN CHEN* AND ZHEN-RONG ZHOU'

ABSTRACT. In this article, we obtain a gap property of energy densities of
harmonic maps from a closed Riemannian manifold to a Grassmannian and
then, use it to Gaussian maps of some submanifolds to get a gap property of
the second fundamental forms.

1. INTRODUCTION. MAIN THEOREMS

Let f: (M™,g) — (N™ h) be a smooth map between two Riemannian mani-
folds, e(f) = %|o1lf|2 be the energy density of f. f is called a harmonic map if it is
a critical point of the energy functional

(1) E(f) = /M e(f)dvar

It is known that (see [7]) if the Ricci curvature Ric™ > A > 0 and the Riemannian
sectional curvature Riem™ < B, B > 0, and if f is harmonic, then e(f) = 0 or
e(f) = ﬁ whenever e(f) < %.

Let N be a Grassmannian, M a general closed Riemannian manifold, f a har-
monic map from M to N. In this paper, we find some non-negative numbers A, B
( A < B) such that if A <e(f) < B, then e(f) equals to A or B.

We denote the Laplace-Beltrami operator on (M™, g) by Aps. Then —Ajs has
a discrete spectrum:

(2) SpeC(AM):{O:)\0<)\1</\2<---—>oo},
Let

p
(3) A(p, k) = m <)\k + Aet1 — \/)\i + /\iJr1 +

4 —6p

)\k/\k-+1)
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and
(4) B(p, k) = P Ao+ A1 + \/AQ +22. .+ ﬂAk)\kJrl .
’ 2(2p—1) Bk p

Then A(p,0) = 0, B(p,0) = 2;%1/\1; Al k) = Mg, B(1,k) = Agg1. Let G p
be the Grassmannian consisting of linear oriented m-subspaces of the Euclidean
m + p-space. One can embedding it into the Euclidean space of m-wedge vectors.
We denote the image of G, ), under this embedding still by G, ,. We obtain

Theorem A. Let f : M9 — Gy, p be harmonic. If A(p, k) < 2e(f) < B(p, k) for
some k, then 2e(f) = A(p, k) or 2e(f) = B(p, k). Especially, we have

(1) Let f : M — S™(1) be harmonic. If \p < 2e(f) < Ag+1 for some k > 0,
then 2e(f) = Mg or Agt1-

(2) Let f: M — Gmp be harmonic. If 2e(f) < 5P A1, then 2e(f) =
or 0.

A1

_p
2p—1

As a corollary, we have

Theorem B. Let M™ be a closed submanifold of E™ 1P with parallel mean curva-
ture, o the square length of the second fundamental form. If A(p, k) < o < B(p, k)
for some k >0, then o = A(p, k) or o = B(p, k).

Especially, we have

(1) ifp=1 and Ay < 0 < Agy1, then o0 = A\ or Agyr;

(2)ifp>2ando < ﬁ)\l, then o =0 or 2;';_1)\1,

S. S. Chern et al proved that if the square length ¢ of the second fundamental
form of a minimal submanifold of spheres satisfies o < %, then o =0 or 2;”_’71.
Our Theorem B shows that the similar gap phenomenon exists for submanifolds
of the Euclidean space with parallel mean curvature. Our method is very different

from theirs.

2. PRELIMINARIES

Let M™ and N™ be two Riemannian manifolds, f : M — N be a smooth
map. On M, we choose a local orthonormal field of frame around z € M :
e={e;,i=1,...,m}. The dual is denoted by w = {w;}. The corresponding fields

around f(z) are e* = {eX,a =1,...,n} and w* = {w}}. We use the convention
of summation. The ranges of indices in this section are:
(5) 7, -=1,2,....,m; o, B,---=1,2,...,n.

Then the Riemann metrics of M and N can be written respectively as
(6) ds%; = wa ; ds% = Zw(*f .

Let

@ frwi =3 aaiwi.

then

(8) frdsy = Z Ui G WiW5 -
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Hence, the energy density of f is:

1 * 7.2 1 2
(9) e(f) = §t1"f dsy = B Z(aai) :
The structure equations of M are:
(10) dw; = ij‘ NWji, wij + wj; = 0,
1
(11) dw;; = Zwik ANwrj + Q45,85 = ~5 Z Rijriwr N wy,

where R;jj; is the Riemannian curvature tensor of M. Take exterior differentiation
in (7) and use the structure equations of M and N. we have

(12) ZDGM ANw; =0

where

(13) Dag; = dag; + Z QajwWji + Z agiw;a of =: Z AaijW; -
By Cartan’s Lemma, we have

(14) Qaij = Gaji -

Define

(15) b(f) = aaijwi ®w;j ® el o f NI M @T*M @ f~'TN).

We call b(f) the second fundamental form of f, 7(f) := trb(f) = > aasi€l o f the
tension field of f. Then 7(f) = 0 if and only if f is harmonic. If b(f) = 0, we say
that f is totally geodesic. Apparently,

(16) T(f)=0= i =0; b(f) =0 aqi; =0.

Let P be the set of all orthonormal frame of the m + p-dimensional Euclidean
space E™*TP with the positive orientation. On P, we introduce an equivalent
relation ~: e = (e1,...,emtp) ~ € = (€1,...,Em+p) if and only if (e1,...,&y) =
(e1,...,em) - g, if and only if (€1, .., Emtp) = (Emt1,---,Emtp) - h where g €

SO(m) and h € SO(p). We denote P/ ~ by Gp,p. It can be identified with

%, also with the space consisting of oriented m-linear subspace of E™1P.

We call it a Grassmannian.
Let V = A™ME™TP be the space of m-degree wedge product of E™*P. There is
a natural inner product in V:

(17) <eil A A Cimy €1 ARERNA ejm> = 5;1;7:1 ’

with respect to which, V' forms a K = C}}, -dimensional Euclidean space, where
(e1,... emtp) € Pand iy, jr € {1,...,m+ph k=1,...,m.
We define a map 7 : G, , — V by:

(18) X—e N Nenm

for any X = [e1,...,€m+p] € Gmp, the equivalent class of (e1,...,emtp) € P
with respect to the relation ~. Then 7 is an embedding (see [1]) from G, p to V'
(precisely to SE=1). We denote (G, p) still by G, -



62 QUN CHEN, ZHEN-RONG ZHOU

In the rest of this section, our indice ranges are:
19 i, 5,k,l=1,....,m; abc,d=m+1,...,m+p;
(19) A, B,C,D=1,....m+p.

The motion equation of point z in E™*? is:

(20) dszwAeA,

and the motion equation of the frame {ea} is:

(21) dey = ZwABeB .

Then the structure equations of E™*P are:

(22) dwa = ZwB ANwpa,waB +wpa =0,
(23) dwap = ZWAC AWEER .

For any X € G, p, we can set X =e1 A~ Aey. We have
X = d(er A~ Aew)
:Zel/\"'/\eifl/\dei/\ei+1/\---/\em
i

(24) = Zel N ANei_1 N (ZW”BJ + Zwiaea) ANeip1 N Nep,
i 7 a
:ZwiaEia

where Ejq = €1 A= ANeji—1 Aeg Aeix1 A+ Aen. Hence, {E;,} forms a base
of TxGpp. Let ds? = (wiq)?. Then it is a Riemannian metric making {F;, }
orthonormal.

Let M be an m-dimensional submanifold of E™P. Identify the oriented tangent
space at any point of M with an oriented m-dimensional linear subspace of E™*P
in the natural way. Suppose that (e1,...,e;,) is a frame of the tangent space with
the positive orientation. Then, w, = 0. Therefore, w;, = > hi;wj, hi; = hj;. We
call (h{;) the Weingarten matrix of M in E™*P. We define the Gaussian map
g: M — Gy p of M by
(25) gx)=e1 N Nep, .

Then, by (24) we have, the tangent and the cotangent map g, and ¢g* of g at = are
(26) geei = dgle;) =Y wja(e)Eja = > hf;Eja,

(27) g wia =Y hjw;.

By (7), (9) and (27) we know that the energy density of g is
1 ave 1

(28) e(g) = ) Z(hw) 3%

where o is the square length of the second fundamental form of M in E™1P,
Hence we have
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Lemma 2.1 Let M™ be a submanifold of E™P, g the Gussian map of M™,
o the square length of the second fundamental form of the submanifold. Then we
have

(29) o =2e(g). O

Suppose that M? is any ¢-dimensional closed manifold. Consider the following
composition:

(30) MG, 5V,

where ¢ is the the inclusion of G, in V (noting that we have embedded G, ,
into V). Let F =to0 f. In the following, we calculate the Laplacian of F.

For any x € M, set f(x) =e1A---Aem € Gy p, where (€1, ... €m4p) € P. Then
F(z) € V. The ranges of indices in this section are the same as the above section.
But u € {1,...,q}. Let {ey,u = 1,...,q} be a local orthonormal field of frame
around z, whose dual is {0, }, and let

(31) [ wia = Z awa
Then we have

Lemma 2.2

where
(33) G = 2 Z’L<] a<b Z ( iy ]u - albua’?u)Eia,jb o f7 m,p > 2’
0, otherwise.

Here Eia,jb :Eij‘UJ =e1N---Nej—1NegNegp1 A ANej_1 ANep ANejri A= ANem.
It is a normal vector of G p in V.

Proof. Notice that {F;,} is an orthonormal base, whose dual is {w;,}. By the
structure equation (23) we have

dw;, = Zwij ANWwjq + Zwib A Wha
(34) = ijb N (—w¢j5ba + wba(ﬁj)
= ij A w;b,ia © f

where w;b,m o f = —w;;0pa + Whadi; are the connection forms of Gy, p.
The tension field of f is

(35) T(f) = af,Eiao

where (see (13))

(36) Z a;'luveﬂ = da;'lu - Z aZ)HUU + Z a?uf*w;b,ia .

Let f. = fuf,. Then by (31) we have f, = > a% E;, o f.
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Therefore

quvav = dfu - vaguv = Zdafn : Eia o f
+) a,d(Eigo f) = > alEiq 0 fu, .
It is not difficult to check that if m,p > 2, we have

d(Em o f) = —f*wjiEja o f + f*wjbEjb,ia 9] f + f*wm-F + f*wabEib @) f R

(37)

and that if m =1 or p = 1, we have
d(Eia o f) = —f*WjiEja of+ f*me + f*wabEib of.

When m,p > 2,

D fuly = (al,, 00 + a0y — W3 i) Bia 0 f
+ Z agy, (= f*wjiEjq o f + f*wjbEjb,m of+ ffweiF + ffwapEi o f)
=Y a8, Eia 0 fOuy
(38) = Z a0 + afyOup — by, (— f*wij6ba + [*Whadis)) Eia © f
+ Z aiy (= f*wjiEja o f + ffwjpEjpia © f + ffwaiF + ffwapEip o f)
- Z agyEia o fOuy
= Z ag . Fiaby + Z awaﬂ)EmJbﬁq, — Z al,al, Fo, .
iraw i£d,ab iraw

Because AF = Af =5 fuu, we have

(39) AuF =7(f) =2(f)F+2 > > (af,ab, —aba},)Eiajeo f.

i<j,a<b u

Similarly, When m =1 or p = 1, we have
(40) AnF =71(f) —2e(f)F.

The lemma follows. O

The following theorem is well known:
Lemma 2.3 (Ruh-Vilms’ Theorem) Suppose that M is a submanifold of the
Euclidean space. Then M has a parallel mean cavature if and only if its Gaussian
map s harmonic.

For the proofs, see [6] and [3]. Here we give another one.
Proof. Let g. = Y A(ja)iwi @ Eja09 € D(T*M @ g~ (TG p)). Then by (26), we
have A(yq); = hi;. Thelatter is in I'(T* M @T*M & N M) where N M is the normal
bundle of M. We denote the covariant derivative of h¢, in T(T*M @ g~ (TG, p))
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by hj;.;, and that in NT*MT*M ® NM) by hzilj. Then

Z i jw; = dhig; + Z hijjwji + Z h?iwikzb)(ka) °og
= dhy; + Z higjwii + Z hi; (—wkiSba + Weadki)

(41)
=dh, + Y hiwii — > hfwr + Y hYwha
=2 b
Hence 7(9) (ka) = iisi = higyjs = Biypi = hiyp- The lemma follows. O

Let A be a m X n matrix, A’ its transport. Define N(A) = tr(AA’). Then, we
have

Lemma 2.4 N(AB’' — BA') <2N(A)N(B) for m x n matrices A and B

This inequality is proved by G. R. Wu and W. H. Chen in [9]. For completeness,
we prove it in the following.

Proof. N(A) is invariant under orthogonal transformations. Put C = AB’— BA'.
It is anti-symmetric. By the theory of linear algebra, 3U € O(m) such that

Y R T 0 )\1 O )\p
(42) UC'U—C’—deg((_)\1 0 ),...,(_)\p 0 >,O>

where 2p = rankC, A1, ..., A\, are non-zero real numbers, the last 0 is a zero matrix
of (m —2p) x (m —2p). Let A=UA= (&) and B=UB = (). Then we have
(43) C~’2TfL2T = Z(fgr—lngr - fgrngr—l) = )‘T ’ 1 S r é p-

[e3%

Hence we have

N(C)=N(C)

p 2
SN OCAEELT W)
1 «

(44)

;
23 (X, - Y,)?
r=1

where X, = (521r71’ s ’ggrfl’girv e ’ggr)’ Y, = (ﬂ%r, N _n%rflv R —775?71),
X, - Y, stands for the euclidean inner product. By Schwarz inequality we have

p p
N(C) =2 (X, ¥,)? <2 X, |1, 2
r=1 r=1

(45) &

p p P
<2, 1 Z;IYTI‘*QZlIXrI?ZlIEIQ

< 2N(A)N(B) = 2N(A)N(B)

as desired. O
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3. PROOFs OoF THEOREMS A AND B

Proof of Theorem A

Expand F as F = Fy + > Fy, where Fj is a constant vector called the mass
s>1
center of F'or f, Fys, s > 0 are eigenfunctions of Ap; with respect to the eigenvalues
As, 1€

(46) AMFe = _ASEQ .
If Fy = 0, we say that F or f is mass-symmetric. If Ju; > 1,7 =1,... k, such that
k

F=F+ Z F,,, then F or f is called of k-type and {u1,...,u;} is by definition
i=1

the order of F' or f. For example, if f is a minimal isometric immersion of M?

into S9TP, then F = i o f is mass symmetric, of 1-type and its order is {k} for

some k > 1 by Takahashi theorem([8]):

(47) AyF =HF —qF
where H is the mean curvature of f.
Denote
(48) \I!k:—/ <AMF,F)de—>\k/ (F, F)dvyy ,
M M
M M
Then

\Isz/ (Z)\SFS,ZFS>dUM—>\k/ ) F,>  Foduy
(50) —Z)\/ (F,, F, dUM—Z/\k/ (Fy, F)dvyg
= Z)\Sas — Z)\kas

where as = [, (Fs, Fs)dvy. Similarly

(51) Ok =Y Mag— X Y Aas.
Accordingly
Ok — M1 Wr = Meder1ao + (s — M) (As — Aeg1)as > 0,
(52) s>1
Yk >0,

and the equality holds if and only if F is
(a) of 1-type and its order is {1} when k = 0;
(b) of 2-type and its order is {k,k + 1} when k > 1.
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On the other hand, by (32), and noting that E;, j is normal to G, p, at f(x),
and also normal to F'(z) (as a vector in V'), we have:

(53) / (F, F)dvp = Vi the volume of MY
M

[ B P = 280,
M
(54) by Lemma 2.2 and noting that 7(f)(z) L F(x);

/(AMF,AMFMUM:/ i (F), 7)) dvag
M

M
df|*d G|?d .
(55) +/M|f| vM+/M| vy
Hence,
(56) Uy =2E(f) — MV
0, = (), 7(f))d df|*d GPdvy — 20 E(f).
(57) A /M< () r(F)) vM+/M|f| vM+/M| Bdons — 226 E(f)

From (52), (56) and (57) we get:

/ (r(F)o7(f))dons + / GPdvrs
(58) M M
+ / (f2 = M) (2 = Mg )diong > 0.
M
So, when p is 1, we have
(59) / (r(F)o7(f))dosr + / (F2 = M) (dF P — Ays)doas > 0,
M M

whence, if 7 = 0, we have

/ U = M) (f[2 — Aesr)dons > 0,
M

ie.

(60) /M<2e(f> — M)(@e(f) = Awsr)dors > 0.
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When m,p > 2, we put A, = (a?,) be m x ¢ matrices. From Lemma 2.4, we have

ot =2 3 (St~ dag) = X5 (St - )

1<j,a<b u a<b 1i,j
=) N(AuA, — AyA,) <2 N(Al)N(A)
a<b a<b
— ’ 2 P 1 2
= ((;N(Aa)> - Za:(N(Aa)) ) < T(ZG:N(A“))
_ (r—1) 4
(61) = |df[* .

Insert it into (58), we have

/ (r(£),7(f))doas
M

(62)
+/M <2p _()\k+/\k+1)|df|2+/\k)\k+1)d'uM >0,
[ (oo
(63) M

2p—1 2_ 4 2 v
+ 2 /M(Idfl Alp. K)(df2 — Blp.k))dvar > 0.

If f is harmonic, then 7(f) = 0. Therefore (63) becomes

(64) /M<|df|2— Alp. K)(df2 — Blp.k))dvar >0,
(65) /M<2e<f> ~ A(p. k) 2e(f) — B(p, K))dvas > 0.

This inequality is also valid for p = 1 by (60). Hence if A(p, k) < 2e(f) < B(p, k)
for some p > 1 and some k > 0, then the integrand in (65) is non-positive, hence
vanishing. So 2e(f) = A(p, k) or 2e(f) = B(p, k). Theorem A follows. O

Proof of Theorem B
By Theorem A, Ruh-Vilms’ Theorem (Lemma 2.3) and Lemma 2.1, Theorem
B follows. O

Remark 3.1. The order of the map in Theorem A must be {1} when k& =0 or
{k,k+ 1} when k > 1.

Remark 3.2. When p =1, G,,, = S™. From (60) we conclude that

(i) If f is mass symmetric and of order {k,k + 1}, and 2e(f) < A or 2e(f) >
Ak+1 for some k > 1, then f is harmonic, and 2e(f) = \x or 2e(f) = Ag+1-

(ii) If f is of order {1} and 2e(f) > A1, then f is harmonic and 2e(f) = A;.
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