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ON THE MINIMAL DISPLACEMENT OF POINTS UNDER
MAPPINGS

A. I. BAN AND S. G. GAL

ABSTRACT. New contributions concerning the minimal displacement of points
under mappings (defect of fixed point) are obtained.

1. INTRODUCTION

Given a set X in a Banach space and T : X — X that has no fixed points, it
is natural to see how near T has fixed points, that is estimation of the quantity
inf {||lz — T (z)|| : « € X} is required. The study of this problem called minimal
displacement of points under mappings, was started in the papers [6], [7], [8], [13],
[14] and in the book [9], p. 210-218. In this paper new contributions to this topic
are obtained. Many examples illustrating the concepts are presented. In Section 2
we give definitions and examples concerning the concepts of defect of fixed point
and of best almost-fixed point for a mapping. In Section 3 we study the concepts
introduced in Section 2 for various classes of mappings. Section 4 deals with some
applications to various kinds of equations that have no solutions. Also, we use the
concept of fixed point to introduce and study the concept of defect of property of
fixed point for topological spaces.

2. DEFINITIONS AND EXAMPLES
Let us introduce the following.

Definition 2.1. (][9], p. 210). Let (X, d) be a metric space and M C X. The de-
fect of fixed point of f : M — X is defined by g (f; M) = inf {d (z, f (x)) ;2 € M}.

If there exists xg € M with eq (f; M) = d (xo, f (z0)), then 2o will be called the
best almost-fixed point for f on M.

Remark 2.1. 1) If f: M — X has a fixed point, i.e. 3 g € M with f (x¢) = xo
then eq (f; M) = 0. On the other hand, the defect can be 0 without to have
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1
f fixed point. For example, if M = X = [l,+00) and f(z) = z + p then

eq (f;[1,400)) = 0 (where the metric d is generated by the absolute value |-|) but
f has no fixed point on M.

2) Let us suppose that ez (f; X) = 0. Then obviously there exists a sequence
(%n),en in X, such that d (2, f (z,)) 2%, 0, sequence which is called asymp-
totically f-regular. Although this condition is not sufficient for the existence of
fixed points for f, imposing some additional assumptions on f can be derived fixed
point theorems (see e.g. [4], [10], [15]).

3) If M C X is compact and f : M — X is continuous, then introducing
F: M — Ry defined by F (z) = d (x, f (x)), it easily follows that F is continuous
on M and as a consequence, there exists 1y € M with eq (f; M) = d(xo, f (z0)).
Also, in this case eq (f; M) = 0 if and only if f has a fixed point.

4) If M is not compact or f is not continuous on M, then in general does not
exist xg € M with eq (f; M) = d (xo, f (x0)). The following two simple counterex-
amples show us the above statement: M = X = (0,1),d(z,y) =z —y|,f: X —
X, f(x) =2>and M = X = [0,1],d(x,y) =[x —vy|,f: X —- X, f(z) = 1if
x =0, f(x)=0if z € (0, 1], respectively.

5) Let (X, ||']|) be a normed space and M C X be nonempty compact set. In [5]
it is proved that for any continuous map f : M — X, there exists a point zyp € M
such that ||zg — f (zo)|| = inf {||f (z0) — yll;y € M}. It follows that if moreover
f:M — (X\M), then 0 < eq(f; M) < |lzo — f (x0)]| (where the metric d is
generated by norm ||-||). Indeed, let us suppose that ¢4 (f; M) = 0. It follows that
there exist 2, € M,n € N, such that ||z, — f (z,)| —— 0. Because M is
compact too, there is yg € M such that ||yo — f (y0)|| = 0, i.e. yo = f (vo), which
is a contradiction because yp € M and f (yo) € X \ M.

Example 2.1. Let B denote the unit ball in the space
Cl-1,1]={x:[-1,1] - R| = is continuous on [-1,1]}

with the uniform metric d(x,y) = sup {|z (t) —y (¢)| : t € [-1,1]}, and for fixed
k> 1 set

-1, if —1<t<—¢
at)=qkt, if —1<t<4
1, if $<t<1.

If the mapping T' : B — B is defined by
(Tz) (t) = a (max{—1, min{1, z (t) + 2t} })
1
then d(z,Tz) > 1 — % for each z € C[-1,1] (see [9], p. 212). This implies
1
ea(T;B) 21~

Example 2.2. Let X = ¢y be the Banach space of the sequences that converge to

0 endowed with the norm [|z[| = sup {|z,|;n € N}, 2 = (), Ff: X = X
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is defined by

1 1 1 1
F (@1, @2y 0oy Ty ) = (1, 2] % ., 2n] 2 ) n (1, S _)
2 n

then f is continuous and for every k € R, the equation f (x) = kx has no solutions
(see [12], p. 67).
Let My C X,

My ={z = (z1,22,...,%n,...) € co : (|Tn|)n>1 is decreasing}
r 1
and fo : Mo — X, fo(z) = f(z) + 2. Then d(fo(z),z) = max {2’ lwa|? + 5},
where d (fo(z), z) = |[fo () — 2| and
ed (fo; Mo) = inf {d (fo(z),z) : x € My} = 2.
The set of the best almost-fixed points for fy on My is given by

{x = (21,22, e, Ty ...) € Mo : 22| < %} .
Let M7 C X,
M, = {x = (21,22, ., T, -.) €0 1 (Tn),>q 18 increasing}
and f1 : My — X, f1(z) = f(z). Because v = (11,22, ...,Tn,...) € My implies

1
T, < 0,Vn > 1 we obtain that (|acn|E — a:n) oy is a decreasing and positive
n_

sequence, therefore

d(fi(x),x) = max {2 — 1, |x2|% + % - 3:2} )
The defect of fixed point of f; on M is
eq (fi; My) =inf {d(f1(z),z) :x € My} =2
and the unique best almost-fixed point for f; on M is o = (0,0, ...,0,...).

Example 2.3. Let F': C'[0,1] — C'[0,1] be defined by
(Fz) (t) = (max{t, | (1) = (0)[})* .

The function F' is continuous and for every k € R, the equation Fx = kz has no
solutions (see [12], p. 67).
Let A:C[0,1] — C0,1] be defined by

(Az) () = (Fz) (1) + (1 = k) = (2)

and let z € C'[0,1]. We denote m = il[%f }x (t),M = st}x (t) . We get
te0,1 tefo,1
[(Az) (t) — = (1) = [(Fz) (t) — kx (1) < [(Fz) ()] + [k (2)]

= (max (t, v (t) — = (0))))* + || |2 (1)
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for every ¢t € [0,1]. Because the above inequalities become equalities if x (t) >
0,Vt € [0,1],k < 0 and 1 is the maximumpoint of z or if x (¢) < 0,¥t € [0,1],k >0
and 1 is the minimum point of x, denoting

Cy[0,1]={z€C[0,1]:z(t) > 0,Vt e [0,1]},
C_10,1]={zeC|0,1]: = (t) <0,Vt € [0,1]},
Ci0,1]={zeCy[0,1]:x(1) >z (t),Vt€[0,1]},
Cr0,]]=4{zeC_[0,1]:2(1) <z (t),vt€|0,1]},

and considering the uniform metric d, we obtain

ea (A;C7[0,1]) = inf{(max(l,M— 2(0)) — kM :z € CL [0, 1]} —1,Yk<0
and

eq (4;C*[0,1)) = inf{(max(l,a:(()) - m))% —km:x e C*|0, 1]} =1,Vk>0.
A best almost-fixed point for F' on C% [0,1] and on C* [0, 1] is the same, namely

the constant zero function (if k # 0 then it is unique).
Now, let us consider the metric d : C'[0,1] — R defined by

)= ([ 0 - vio)*ar)

We observe that = (t) > 0,Vt € [0,1] and k <0 or z(¢t) <0,Vt € [0,1] and &k > 0
imply

1
2

(Fz) () —ka (t) = (max (4, |z (t) -z (0)]))F — kz () > & — ka (t) > t2,¥t € [0,1]

with equalities when x (t) = 0,Vt € [0,1]. By using the above notations we have

1
2

eq (A;C4[0,1]) = mf{( /O 1 (Fz) (t) — kz (£))? dt) cx ey 0,1] }

:(/ltdt)%zl, VEk<0
0

and

1
2

eq (A;C_[0,1]) = mf{( /O 1 (Fz) (t) — kz (£))? dt) Lz eC_o, 1]}

:(/ltdt)%zl, Vk>0.
0

A best almost-fixed point for A is the constant function zero.
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3. MAIN RESULTS

Taking into account the Remark 2.1, 1), 2), 3), in this section we consider some
results for mappings f that satisfy e; (f; M) > 0, i.e. for mappings that neither
have no fixed points nor asymptotically regular sequences. The first result is the
following.

Theorem 3.1. Let (X,d) be a metric space and f : X — X be a nonerpan-
(f

sive mapping, ie. d(f (2),f (1)) < d(z,), for all z,y € X. Then ea(f; X) <
neq(f; X) and 1nf{d( "(z), PN (e)); 2 € X} =ea(f; X), Vn € {1,2,...}, where
f™ denotes the n-th iterate of f.

Proof. Firstly, by applying iteratively the triangle inequality, we easily ob-
tain d (z, f*(z)) < nd(x f(x)). Secondly, by eq(f; X) < d(f*(z), f(z)) <
d(fr(z), fr(z)) <--- < d(x, f(z)), passing to infimum, we obtain the desired
equality. O

Remark 3.1. 1) If (X,d) is compact and f : X — X is contractive, i.e.
d(f(z), fly)) <d(z,y), for all z,y € X,z # y, then it is known that f has a fixed
point xg = f (x¢) and in this case obviously we have e; (f; X) = eq (f*; X) = 0,
V¥n € N. But a nonexpansive mapping even on a compact metric space (X, d) has
no in general a fixed point, so the statement of Theorem 3.1 is not a trivial one.

2) If f: X — X is a-Lipschitz with a > 1, i.e. d(f(x), f(y)) < ad(z,y),
Vz,y € X, then reasoning as in the proof of Theorem 3.1 we obtain the inequality

eq (f; X) <inf {d (f*(z), [ (z)); € X} <a’eq(f; X), Vn>1.
Let us denote
F ={g: X — X;g has fixed point in X},
where (X, d) is supposed to be compact. A natural question is to find the best

approximation of a function f : X — X, f ¢ F, by elements in F. In this sense,
we can define

Er (f) =inf{D(f,9);9 € F},
where D (f,g) = sup {d (f (x) ,g (2)) ;0 € X}
The following lower estimate for Ex (f) holds.
Theorem 3.2. We have e; (f; X) < Ex (f), forany f: X — X.
Proof. Let g € F be with the fixed point y. We get
d(y, f(y) <d(y,g ) +dg).fw)<D(f9),
ie.
ea (f; X) < D(f,9)
forall g € F. As a consequence, ¢; (f; X) < Ex (f), which proves the theorem. O

Given a metric space (X,d) not necessarily compact and f : X — X, an
important problem is to establish the existence of points zg € X with e (f; X) =
d (o, f (z0)) . Notice that [6], [7], [8], [9], [13], [14], do not treat this problem.
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In this sense might be useful the following results.

Theorem 3.3. Let (X, d) be a complete metric space and f: X — X be continu-
ous on X with eq (f; X) > 0. Let € > 0 be arbitrary and x € X with

eq (f; X) <d(z, f(z)) <ea(f; X) +e.
Then there exists xe € X such that d (ze,x) < 1,0 < d(ze, f (x:)) < d(z, f (z))
and 0 < d (ze, f (ze)) < d(y, f (y)) + ed (2, y), for ally € X,y # z..
Proof. Let us define F' : X — R4, F(x) = d(z, f(x)). By hypothesis, F is
continuous on X and bounded from below. Applying the well-known Ekeland’s

variational principle to F' (see e.g. [2], [3] or [1], p. 33, Th. 3.1) we obtain the
statement in the theorem. O

By replacing d with s‘%d, in Theorem 3.3 we immediately obtain:

Theorem 3.4. Let (X, d) be a complete metric space and f: X — X be continu-
ous on X, with eq (f; X) > 0. Let € > 0 be arbitrary and v € X be with

0 <eq(f; X) <d(z, f(2)) <ea(f; X)+e.

Then there exists x. € X such that d (ze,z) < /6,0 < d(ze, f (z:)) < d(z, f (z))
and 0 < d (., f (vc)) < d(y, f (y)) +Ved(ze,y), for ally € X,y # ..

Deeper results can be obtained if we consider (X, ||-||) as a real Banach space,
because in this case we can use the differential calculus too in normed spaces.
Firstly we need some well-known concepts.

Definition 3.1. Let (X,||[;),(Y,]]-]|,) be normed spaces and f : X — Y. We

say that f is Gateaux differentiable at a point z € X, if there exists the limit
fm L@@ e x

t—0,t£0 t

We say that f is Gateaux derivable on M C X if for each z € X there exists a
mappings denoted Vf (z) € L(X,Y) = {G: X — Y;G-linear}, such that
- flz+th)— f(x)
1 =
i . (VI () (h),
for all h € X. The mapping V f (x) is called the gradient of f at the point x.

We present

Theorem 3.5. Let (X, (,)) be a real Hilbert space and f : X — X be Gateaux
derivable on X with eq (f; X) > 0. Then for each € > 0 there exists x. € X such
that

0<eq(f; X) <|lze = f(ze)l <ea(f; X)+¢

and

Te — f (335)
<m (Lx = vf(z2)) (h)> < VE,

where 1x (h) = h, for all h € X, ||z|| = /{z,x),x € X and the metric d is
generated by norm ||-||.
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Proof. Let us denote F (x) = ||z — f (z)]| > 0,z € X. Obviously F': X — Ry is
bounded from below. Then

I F(x+th)—F(z) . (FQ(x—Fth)—FQ(J:). 1 )
1—0.6£0 t T 0.0 t F(x+th)+ F(x)
9 1
= (VF?(2)) (h)- @)
But because F?(x) = (z— f(z),2— f(

x)), simple calculations show us that
(VF2 (@) (h) = 2@ —  (2) . (1x — V. (2)) (h)) ,Wh & X.

As a consequence, 3 (VF (z)) (h) = <|x — fgxin (1x — Vf (z)) (h)>, for all

xz € X and all h € X. Then taking in the last inequality of Theorem 3.4, y =
xe £th,h € X,t # 0, and passing with ¢ — 0 (see also e.g. [1], Theorem 3.4, p.
35), we obtain

0<eq(f; X) < lwe = flae)| <ea(f; X) +e

and

(VF (x)) (h)] < VE,
which proves the theorem. |
Because the main problem is to prove the existence of minimum points for
the nonlinear functional F (z) = || — f (z)||, obviously we can use well-known
variational methods.
In this sense, it is immediate the following.

Theorem 3.6. Let (X, (,)) be a real Hilbert space, ||z| = /{z,x),x € X, the
metric generated by norm ||-|| denoted by d and M C X.

(i) Let f : M — X be Gateaur derivable on xyg € M, xq interior point of M,
with eq (f; M) > 0. If |xo — f (x0)|| = eqa (f; M) ,x0 € M, then

(zo — f (x0) , (1x =V f (w0)) (h)) =0,

forallh e X.

(ii) If F(x) = ||z — f (z)]|,x € X is moreover Gateauz derivable on M C X
open convex, then ||zo — f (x0)|| = ea (f; M) if and only if

(wo = f (z0) , (1x = Vf (20)) (h)) =0, Vh e X.

Remark 3.2. As a consequence, the best almost-fixed points of f on M must be
among the solutions of the equation (x — f (z),(1x — Vf (z)) (h)) =0,Vh € X.

4. APPLICATIONS

Firstly, the concepts and results in the previous sections allow us to approach
the study of equations that have no solutions.

Indeed, because each equation E (x) = Ox in a normed space (X, ||-||) can be
written as f () = x, where f () = E (x) + z, for the case when FE (z) = Ox has
no solutions in X, a best almost-fixed point y of f will also be called best almost-
solution of the equation E (z) = Ox, satisfying ||E (y)| = inf {||E (2)|;z € X} .
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We consider the case of algebraic equations.

Theorem 4.1. Let P, () be an algebraic polynomial of degree m € N, with real
coefficients such that the equation By, () = 0 has no real solutions. Then m is

even, there ezists at least one and at most % best almost-real solutions of the

equation Py, (x) = 0.

Proof. The fact that m must be even is obvious. Denote f (z) = B, (z) + «.
Let xp € R be such that e; (f) = |zo — f (0)] = |Pm (z0)| > 0 (the metric d is
generated by absolute value |-|). Because the scalar product on R is the usual one,
(Ix = Vf(x0)) (h) = (1 = f'(x0)) - h, by Theorem 3.6, (i), it easily follows that
f'(xo) =1, 1ie. P! (xg) = 0. But the degree of P, (z) is odd, so the equation
P/ (z) = 0 has at least one solution. We are interested in the maximum number
of points x; € R that satisfy

ea (fiR) = it {|Pyy (2)]:2 € R} = [Py (a0)] & € {1, .0}

Obviously that P, () = 0,k € {1,...,p}, where xx,k € {1,...p} are considered
in increasing order.

We show that if eq (f; R) = | Py (2g)], then eq (f;R) # |Pm (£r41)], which will
prove the theorem. Indeed, because B, (z) has no real solutions, it follows that
P, (xz) > 0, for all x € R or P, (x) < 0, for all z € R. Let us suppose, for
example, that P, () > 0,Vz € R (the case B, (z) < 0,Vz € R is similar). If
ed (f;R) = Py () = Pp, (Tk41), then we get that there is £ € (ag, zr41) with
P! (&) =0, i.e. z) and x5+ are not consecutive, a contradiction. The theorem is
proved. [l

Now, we will consider the following integral equation which appears in statistical
mechanics

1

u(x):1+>\/ u(s—z)u(s)ds x€l0,1],

x

where A is a real parameter, A > —1. In [16], p. 236 — 237 it is proved that for
A > £ the above equation has no solutions u € C'[0,1].
Let us consider C'[0, 1] endowed with the uniform metric

d(f,g) = sup{[f (z) —g ()] : x € [0, 1]} .
Denoting A : C'[0,1] — C[0,1] by

1

<Au><x>=1+A/ u(s — ) u(s) ds,

x

where A > 1, it follows that A has no fixed points in C'[0,1].

Theorem 4.2. Let A: M — C[0,1], where X > 1, A is defined as above and

M ={u e C[0,1] : u is deriwable, u'(z) > 0,Vz € [0,1],0 < u(0) < u(l) < 1}.
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4N —

1
Then eq (A; M) = and a best almost-fized point for A on M is u:[0,1] —

R,u(x)=—,Vz €]0,1].

1
2X
Proof. We have

eqd (A; M) = inf {sup {|(Au) () —u(z)|: x € [0,1]} :u € M}

:inf{sup{‘)\/m u(s—x)u(s)ds—u(a:)—kl‘ ix € [O,l]}:ueM}.

The function g : [0,1] — R defined by
g(z) = A/lu(s—x)u(s)ds—u(a:) +1
is monotone decreasing. Indeed,
g (x) = —A/lu’(s—x)u(s)ds —u(0)u(z) —u (x) <0

for every w € M. Then

sup {lg (@) 0 € 0.1)} = max {| sup g @) | imf o ()|}

:max{‘)\/ u2(s)d5—u(0)—|—1‘, I1—u(1) |}
0
and the conditions 0 < 4 (0) <« (1) < 1 imply
1
sup{lg (z)| : z €]0,1]} = )x/ u?(s)ds —u (0) + 1.
0
This means that the defect of fixed point of A is
1
ed(A;M):inf{)\/ u2(s)d5—u(0)—|—1:u6M}
0

=inf {M?(0) —u(0) +1:u€ M, u(z)=u(0),vVz € [0,1]}

a1
D)
and a best almost-fixed point for A on M is the function u : [0,1] — R, defined
1
= . O
by u(z) = 55
If we replace the uniform metric on C'[0, 1] Wlth the metricd : C'[0,1]xC[0,1] —
R defined by d (u, v) ( I (2))? dac)E we obtain

1
Corollary 4.3. For the operator A defined above, \ > o we have eq (A; M) =1
and a best almost-fized point for A on M isu(zx) =0, Vz € [0,1].
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Proof. We get

d (u, Au) = (/01 ()\/;u(s—x)u(s)ds—u(a:)—|—1)2dx)% >—u(l)+1

by ubing the monotony of g (as above). The inequality becomes equality if
)\f (s —x)u(s)ds — u(xr) = —u(1l), almost everywhere xz € [0,1]. It follows
)\f (s —x)u(s)ds = u(x) — u(l), almost everywhere x € [0,1],u € M. But
u(x) —u(l) < 0 and )\f;u(s—x) u(s)ds > 0, which implies u(z) = u (1),
almost everywhere xz € [0,1]. Replacing in the above equation, it easily fol-
lows w(x) = 0, almost everywhere z € [0,1], which by v € C[0,1] implies
u(x) = 0,Vz € [0, 1] . Therefore

eqd (A; M) =inf{d (u,Au):ue M} =1,

and a best almost-fixed point for A on M is u (z) = 0, Va € [0, 1], which proves
the corollary. O

Finally, we will use the defect of fixed point to introduce a similar concept for
topological spaces. Firstly, we recall the following definition, well-known in the
theory of fixed point (see for example [9], [16]).

Definition 4.1. The topological space (X,7) has the property of fixed point if
any continuous function f : X — X has fixed point.

The concept of defect of fixed point introduced in Section 2 suggests the fol-
lowing

Definition 4.2. Let (X, d) be a metric space and 73 be the topology on X gen-
erated by d. The defect of fixed point of topological space (X, 7;) is defined by

t(X,7q) =sup{eq (f; X)|f: X — X is continuous } .

Remark 4.1. We can reformulate the above definition in a more general frame,
considering (X, 7) a metrizable space and d the corresponding metric.

Remark 4.2. If (X,7;) has the property of fixed point then ¢4 (f; X) = 0 for
every continuous function f : X — X, therefore ¢ (X, 7;) = 0.

Example 4.1. We consider the Euclidean metric § on R? and we denote by 75
the Euclidean topology on R2. Because the defect of fixed point of the continuous
function f : R* — R? defined by f (z,y) = (z + a,y + b) is & (f; R?) = Va? + b2,
we obtain ¢ (R?,75) = +o00.

Nevertheless, there is a subset X dense in the topological space (R2, Tg) such
that ¢ (X, Z5]x) = 0. Indeed, if we denote C' = {(z,y) € R* : 2% +¢? =1} and

{#1,...s Zn, ...} a dense subset of C' then the set X = |J X,, where X,, =
neN*

{tnz, : 0 <t <1}, is dense in (R2, Tg) and any continuous function f : X — X
has at least a fixed point (see [12], p. 145).
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Example 4.2. There exist topological spaces that have as defect of fixed point
real positive numbers. Indeed, let us consider a,b,c,d € R,a < b <c < d,
a+d = b+c,ad—bc # 0 and the continuous function f; : [a, b]U][c, d] — [a, b]U]c, d]

- be — ad
defined by fp () = = + a;l_ be if x € [a,b] and fo (z) =+ Z_Z if x € [e,d].
We have eq (fo;[a,b]U|c,d]) = % (relative to the metric d generated by
absolute value [-|), therefore ¢ ([a,b] U [c,d], Tq) > m;)i;bc\' On the other hand,
—a

ed (f;la,b]U e, d]) < d—a for every function f defined on [a,b]U [c, d] with values
in [a,b] U [¢, d], which implies ¢ ([a,b] U [¢,d],T4) < d — a.

By using Remark 4.2 and Remark 2.1, 3) we obtain the following characteriza-
tion of topological spaces with the property of fixed point.

Theorem 4.4. Let (X,d) be a compact metric space and Ty the topology on
X generated by d. Then (X,73) has the property of fized point if and only if
t(X,75) =0.

The property of fixed point is invariant by homeomorphisms, with other words
it is a topological property. An analogous result can be proved for the defect of
this property.

Theorem 4.5. (i) If (X,d) and (X', d’) are isometric thent (X, Tg) =t (X/,Td/) ;

(ii) ¢ (X, 7q) < diam X;

Proof. (i) Let f : X’ — X’ be a continuous function and ¢ : X — X’ the isom-
etry between (X,d) and (X',d’), that is the function 4 is bijective and d (z,y) =
d' (i (x),i(y)), for every x,y € X. Because i and i~' are continuous (see [11], p.
123) the function i~1 o foi : X — X is continuous and

d((i7tofoi)(x),z)=d(f(i(x)),i(z)), VzeX.
We have

ea (f; X')

inf {d' (f (2'),2"): 2’ €e X'} =inf{d' (f (i (x)),i(x)): 2 € X}
inf{d((i_lofoz') (m),x) :xeX} :ed(i_lofOi;X) ,

therefore t (X', 74) < t(X,73). We analogously obtain the converse inequality
and the property is proved.

(ii) By
ed (f; X)=inf{d(f (z),z): 2z € X} <diam X

for any continuous function f : X — X, we obtain the inequality. |
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