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ON A TWO POINT LINEAR BOUNDARY VALUE PROBLEM
FOR SYSTEM OF ODES WITH DEVIATING ARGUMENTS

JAN KUBALCIK

ABsTRACT. Two point boundary value problem for the linear system of ordinary
differential equations with deviating arguments

x'(t) = A(t)x(r11(t)) + B(t)u(r12(t)) + aqu (1),
u'(t) = C(t)x(721 (1)) + D()u(r22(t)) + q2(t),
a11x(0) + a12u(0) = co, a21x(T) + azou(T) = crp

is considered. For this problem the sufficient condition for existence and uniqueness
of solution is obtained. The same approach as in [2], [3] is applied.

NOTATION

R = (—o0, +00) is the set of real numbers.

R4+ = (0,400) is the set of real nonnegative numbers.

I =1{0,T) is the finite segment of ¥, T > 0.

R™*™ is the space of m x n matrices X = (a;5)
1,...,m), (j =1,...,n) and the norm

szZl with elements z;; € R (i =

m n
X[ =" fwyl and X[ = (jzg)]n, -
i=1 j=1

m,n

mMmXn s 3 P ..
R*" is the space of m x n matrices X = (xy5); -,

(i=1,...,m), (j=1,...,n).
If X, Y are m X n matrices, then

with elements z;; € R,

X>Y ifandonlyif X—-Y e R,
E,, is the unit n x n matrix, ©,, is the zero n x n matrix.
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If X, Y are n x n matrices, then [X,Y] is the n x 2n matrix

r11 . . . L1in Y11 . . . Yin

Tnl . . . Tnn Yni . . . Ynn

If X = (25); /2, € R™" then X~ is the inverse matrix to X € R"*", det (X)
is the determinant of the matrix X € £"*™ and r (X) is the spectral radius of the
matrix X € R"*".

C(I; R™*™) is the space of continous matrix functions X : I — R™*™ with the
norm

Xl = sup {[[X(®)] : t € I} .

C(I; R™*™) is the space of absolutely continous matrix functions X : I — J¥m*n
with the norm

Xl = [IX )] +/1 IX“(@)1] dt .

Cloc(I; R™*™) is the set of absolutely continous matrix functions X : I — ™"
on arbitrary subinterval of interval I.

Le(I; R™*™), where 1 < o < 400 is the space of matrix functions X : [ —
R™*™ integrable in the a—th power with the norm

Xl = (/ X ) ,

§Rm><n §Rm><n)

LFo°(I; R™*™) is the space of mesurable and bounded matrix functions X :
I — R™*™ with the norm

X[ = ess sup{|X(8)] : t € I}.

R = K> is the space of n dimensional column vectors x = (z;);_; with
elements x; € R (i=1,...,n).

0,  is the zero n vector.

C(I;R") = C(I; R, CI;R™) = CIT; R, Cloe(I; R7Y) = Croc(I; R
and L*(I;R") = Lo(I; R™¥1).

FORMULATION OF PROBLEM

We consider the system of ordinary differential equations with deviating argu-
ments defined on interval I = (0, T)
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W w'(t) = C(O)x(m1 (1)) + D()u(m2(t)) + q2(t),
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where qi, q2 € L(I;R"), A, B, C, D € L(I; R"*") and 7; is mesurable for
i,7 € {1,2}. In addition, let

(2) x(s) = @(s), u(s)=v(s), forseR\I,

where ¢, 1 : R\ I — R" are the continous and bounded functions. By the pair
(x, u) an absolutely continous n-dimensional vector functions which satisfies (1)
almost everywhere on I and satisfies (2), we understand a solution of (1), (2).
Denote

co = (coi)i_y ER™, cr = (cri)i, €R"

and consider the boundary value conditions for the solution of system (1), (2)
(3) a11x(0) + a12u(0) = ¢g, aux(T) + agu(T) =cr,
where a;; € R for 4,5 € {1,2}. Define 7 : I — I, xr: C(I;R) — {0,1},

0 Tij(t) <0
(4) () =< Ti;(t) m(t)el ; tel, ije{l,2}
T Tij(t) >T

(5) xm(t)):{é jggg el

By (2), (4) and (5) we can the system (1) rewrite as follows

x'(t) = x1(m1(£)) A(O)x (171 (1)) + x1(112(8)) B(t)u(ry (1))
+ 1 =xr(ma ()] A(t)p(ma (1))
6) + [1 = xz(r2 ()] B) ¥ (12(t)) + au(t) ,
w'(t) = x1(721(8)) C(t)x (73 () + X1 (722 (1)) D (t)u(735(t))
+ [ = x1(21(8))] C(t) (721 (1))
+ [1 = X1 (722(8))| D() 9 (722(t)) + qa(t) -

Remark 1. The optimization theory is the motivation for the study of the bound-
ary condition (3). The existence and uniqueness of the solution of a problem similar
to (1), (2), (3) is studied for example by I. Oztiirk in [6], L. Jodar in [7], [8] or 1.
Kiguradze and B. Puza in [9]. The junction of optimization theory and theory of
boundary value problems is considered in [10], [11] and [12].

EXISTENCE AND UNIQUENESS OF THE SOLUTION

Along with system (6) we have to consider the corresponding homogeneous
system

(60)
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and in accordance with conditions (3) we have to consider the homogeneous bound-
ary conditions

(30) a11x(0) + a12u(0) = 0, ,  anx(T) + azu(T) = 0, .

Theorem 1. The problem (6), (3) is uniquely solvable if and only if the corre-
sponding homogeneous problem (6y), (39) has only the trivial solution.

Proof See [1] p. 345. O

The pair (x, u) an absolutely continous n-dimensional vector functions is the
solution of the problem (6p), (3¢) if and only if (x, u) is the solution of following
integral equation on I

x(t) = x(0) + /O [x1(T11(5))A(s)x(711 (5)) + x1(12(5))B(s)u(riy(s))] ds,
(7) :

u(t) = u(0) + /O [x1(721(5))C(5)x(731 (5)) + x1(722(3))D(s)u(rzy(s))] ds.
Clearly

Denote

(9) A(t)=E,, B’(t)=6,, C°t=6,, D) =E,,
A'(t) =/Ot [x1(T11()) A () A (711 () + xr(712(5))B(8)C" ™ (114(s))] ds,
B'(t) =/Ot [x1(711())A(s) B (11 (5)) + x1(712(5))B(s) D'~ (13(s))] ds
Ci(t) =/Ot [xX1(721(5))C(s) A (151 (5)) + x1(722(5))D(8)C" ™ (133(5))] ds,
D'(t) =/Ot [X1(721(5))C(5) B (131(5)) + x1(722(3))D(5) D'~ (72(5))] dls,
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and
(AB)*(x,u)" (1)
= /O t [xr(111()A(s)x(m11 (5)) + x1(12(5))B(s)u(riy ()] ds,
(CD)!(x, w)"(t)
= /O t [X1(721(5))C()x(731 (5)) + X1(722(5))D(s)u(73(s))] ds,
(10) (i=1,2,...),

(AB)'(x,u)"(t) = /Ot [xr(m11(s)A(s)(ABY ~* (x, u) " (7 (5))
+x1(712(3))B() (CD) * (x, w) " (115(5))] ds,
(CD)'(x,w)"(t) = /Ot [x1(721(s)C(s)(AB) ™ (x,w) " (131 (5))
+x1(722())D(s)(CD)H (x,0)" (32(5))] ds,
Note 1. For an arbitrary matrix function Z € C(I;R2"*?") with column
21,...,22, we understand by (ABY(Z), (CD)(Z

(AB) (). ... (AB)'(z)., (CD)'(m).... (CD) (z2s
= [A*(t), B*(t)] , (CD)*(E)(t) = [C*(t), D*(1)], (k

According to (9) we denote

) the matrix with column
), respectlvely (AB)F(E)(t)
= -

(9a)  |A’(t) =E., [B]°(t)=6,, [C|°(t)=6n, |DI°(t)=E,,

AJ'(t) = / [xr(ra () [AIA T (71(5)) + xa (1a2(8)) B[O (7(5))] ds,

|BI'(t /O x1(111(s))|A(9)[| B (111 () + x1(m12(5)) B(s)| | D[ (115(s))] ds,

Cl(t =/O x1(121(5))[C(s)[|A["H(731(5)) + x1(722(5))ID(s)||C"(152(5))] ds,

DI (¢ /O x1(121(8))[C(s)[|BI" (131 ()) + x1(722(5)) D (8)[| D[ (732(5))] ds,
=1,2,...)

So, by (10) we can rewrite (8) as follows
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If we use last equalities in (7) then we obtain

() =x0)+ [ () AG) [x0) + (AB) (e w) (1, (5)]
FX(l)BO) [0) + (D) e )T rfto)] ] s
—x(©)+ | [l ()AE @5 x0)
- r(ma(s))B(s) 5] u(0) + (4820070
= [4°(1) + AX(2)] x(0) + B (t)u(0) + (AB(x, 0 (1)
() = u(0) + [ " [ (7 ()€ (5) [x(0) + (AB) () (o34 (5)]
xr(ra(5))D(s) [u(0) + (CD)-(x, W) (G ()] ds
= [[ e ] <o

+ [En —|—/O X1(722(s))D(s) ds] u(0) + (CD)?(x,u)” (t)
= C'(t)x(0) + [D°() + D' (t)] u(0) + (CD)*(x,u)" (t)

and by the same way

x(t) = [A°(t) + A'(t) + A(1)] x(0) + [B' (t) + B*(t)] u(0) + (AB)*(x,u)" (1),
u(t) = [C'(t) + C?(1)] x(0) + [D°(t) + D*(t) + D*(t)] u(0) + (CD)*(x,u)" (t).

If we continue this process for kK = 1,2,... then we obtain
k=1
P IRNOIE
i=0
k=1
()= [D_C(t)] x
i=0

From (3p) and (11)

ZBi

Zpl ] + (CDY*(x,u)T(t).

+(AB)* (x,u)" (1),
(11)

9277,

( ankE, _ _ a2E, _ )
o S ANT) + gy S CHT) gy FL BUT) + age 521 DI(T)
(12)

. (iggg> i (azl(AB)k(Xv u)T(T)ilam(OD)k(x’ u)T(T)>
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and if we assume the invertibility of the matrix

k—1 k-1
Sk = aiz <(121 Z Ai(T) + 22 Z Ci(T))
i=0

=0

(13) k—1 k—1
— 11 <0121 Z B (T) “+ 2o Z D! (T))
1=0 1=0
then
(14) x(0) = —a12Ri, u(0) = aniRy

is valid, where
(15) Ry, = S; " [a21(AB)* (x,u)" (T) + a2 (CD)*(x,u)"(T)] .
Using (14) in (11) we obtain

x(1) = —ans | A0 | R+ o | 32 BO)| Re 1 (AB)" (x w7 (1)

(16) ;:_01 ;:—01
t) = —aio Z C'(t)| Ry + 11 Z D'(t)| Ry + (CD)™(x,u)"(t) .

i=0 i=0

Henceforth
x(t)\ _ —a12AY(t) a1 B(t)
(u(t)>_lz ( 04120() 0411D()>]
0,

() (8 55) (anstamrimurr ) Tamicoym wri) )|

*(@D)éﬁ%d)'

From (17) by the notation (9a), Note 1 and properties of the norm we obtain

(18) ‘<X> SMkmL <X> ’
u/le v/le
where [y|c = (||yi]|c)7, and
m—1 ; i
A(T)  an|B[(T)
M m = a12| i ]
. [Z}@meﬂ on|DIi(T)
(19) O Sy, O o
en Slzl OzglAk(T) + OéQQCk(T) a21Bk(T) + OéQQDk(T)

|A[™(T) | B™(T)
+QQWﬂ DW@Q

107
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(%)

(20) T(Mk,m,) < 17

and from inequality (18) evidently

(EQn - Mk,m,) < 9277, .

C

Now, if m € {1,2,...} exists, such that

then the inverse (Ez, — Mg ) ™! of the matrix (Eg, — My ,,) exists and

)

< (EQn - Mk,m)_102n = 9277. 5

C
X —
<u> = 9277,

and the problem (6p), (30) has only trivial solution. According to Theorem 1,
we have obtained, that the condition of invertibility of the matrix (13) for any
k = 1,2,... and condition (20) for any m = 1,2,... are sufficient conditions
for existence and uniqueness of the solution of the problem (1), (2), (3). By this
result we can formulate the following theorem: Sufficient condition for existence
and uniqueness of the solution in effective form.

holds, so

Theorem 2. Let positive integers k, m exist, such that the matriz (13) is invert-
ible and the matriz (19) the condition (20) holds. Then the problem (1), (2), (3)
is uniquely solvable.

Consider now the differential system on I

x'(t) = eA(t)x(r11(t)) + eB(t)u(m2(t)) + qui(t),
u'(t) = eC(t)x(m1(t)) + eD(t)u(rea(t)) + q2(t),

~—

(21)

which is dependent on small positive parametr €. Again qi1, q2 € L(I; R"), A, B,
C,D € L(I; R"*™) and 7;; is mesurable for ¢, j € {1, 2} and consider the boundary
value conditions for the solution of system (21), (2)

(3" a1x(0) + agu(0) = ¢cg, a1x(T) + aou(T) = cr,

where a; € R for i € {1,2}. We proved, that Theorem 2 implies for problem (21),
(2), (3) following corollary.

Corollary 1. Let there exist a j € {1,2,...} such that
A T)=©,, DYT)=6, i=1,...,7—1
(22) B (T)=©,, C(T)=©, i=0,...,5—1
det [ag (alAj (T)+ ang(T)) —o (alBj (T)+ an DI (T))] #0.
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Then ey > 0 exists, such that the problem (21), (2), (3’) is uniquely solvable for
arbitrary e € (0, €).

Proof. We apply Theorem 2. Let k = j + 1, m = 1. In addition we denote

A(t;e) = eA(t), B(t;e) = eB(t), C(t;e) = eC(t), D(t;€) = eD(t),

k-1 k-1
Sk(e) = a2 <al Z AN(T;€) + s Z CU(T; 6))
i=0 i=0

k-1 k-1
— o <a123i(T; €) +a22Di(T; e)) ,
i=0 i=0

‘ (g 258 ) (wﬂf (T; e>e+"a20'f<T; e BT e>e+"a2D'f (T;0) ) ‘
. <|A|1<T§e> |B|1<Tfe>> |
C|NT:e) |DINT:e)

where matrix functions A%(.;¢€), Bi(.;¢), C%(.;€), D'(.;¢€) are defined analogously
as in (9). Evidently

Al(tye) = €AN(t), B'(t;e) = €B(t),
C'(t;e) = €CU(t), D'(t;e) = € D'(t), (i=0,1,2,...)

is valid. Hence
Sk(e) = as <a1 S EAT) +any 40@))
1=0 1=0

k-1 k-1
- <a1 Z €' B’ (T) + a2 Z eiDi(T)>
i=0 i=0

= ek_l [012 (OzlAk_l(T) + OéQCk_l(T)) — 1 (Olek_l(T) + OéQDk_l(T))]

+ (042011 — Oélag)En
and in accordance with k = j + 1, (22) implies

det (Sk(e)) # 0.
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So

_ OZQEn (-)n
Mea(e) = ( O, alEn>
1 (6, S;'\ . e, e,
F1\0, S;1)° \aidE(T) + asCH(T) i B¥(T) + asD*(T)
|AJN(T) Bll(T)>
+ € =eM .
(ICll(T) |DIY(T) "
If we get
1
€= —,
0 r (Mk,l)
then r (Mg 1(e)) < 1 is valid for arbitrary € € (0,€p). So, the assumptions of
Theorem 2 are valid and in this way Corollary 1 is proved. ]

Let now a1; = a2 = 1 and aj2 = ag; = 0. Then the problem (1), (2), (3)
call Cauchy-Nicoletti. By Theorem 2 we can formulated the following corollary
for this problem.

Corollary 2. Let a11 = aag = 1, a1a = g1 = 0 and positive integers k, m exist,

such that the matriz -
|z
i=0

is invertible and the matrix
m—1 .
O, |D|(T)

=0

Mk,m, = [

_ 1
e, [Li pim) ( e, o, )
_ 1
0. [Si5 Di(D)|
+<|A|m(T) B|m(T)>
™) |[DI™(T)
the condition (20) holds. Then the Cauchy-Nicoletti problem (1), (2), (3) is
uniquely solvable.

Remark 2. I Oztiirk study the similar problem (but with different boundary
condition) in [6], where 7;;(t) = t;;, ti; € I, i,j € {1,2} (“the problem of in-
terpolation”). The question of existence and uniqueness of problem’s solution is
solvable by Theorem 2 too.

Let now

(23) (Tfj (t))/ exists almost everywhere on I, i, €{1,2}
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and

(24) 0< mf{| ( ”(t))’|} . dje{1,2).
Denote

(25) =t | (S0) 1} ige{2).

Lemma 1 (Holder inequality - see [4], p. 462). Let p, q € (1,4+00) such that
%—F % =1and f € LP(I; R™M*"2) g e LI(I;R"2*"3). Then

Jus@aenas = [1ser ds)% (/ |g<s>||qu>%

Lemma 2 (Wirtinger inequality - see [5], p. 99). Let u: (a,b) — R is absolutely
continous function, such that its derivation in second power is integrable. If exists
to € {a,b) such that

s valid.

(to) =0
then . -
/ uQ(t)dt<4(b;2a) / (W (#)? dt
holds.
So, from (7)

and
(26) |Ixll s < [x(0)l.5

+‘/0 [xr(m11(s))A()x(m1 (5)) + x1(T12(5))B(s)u(miy(5))] ds

Ls

Now

T s #
H(AB X, u HLﬁ < </ (/ ||XI T11(s 7'11 || ds) dt)
0
t s #
+< / [x1(112(5))B(s)u(ris (s))]] ds) dt) ,
0
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By Lemma 1, where f = x;(m11)A, x1(m12)B and g = x(7};), u(r), respectively
and L + % =1 we obtain

om0l < ety | [ ([ Tt o)
/ (/ ||u (s ds) dt][.
Let &7 = 0;(s), j € {1,2}. Then, by (25)

dyy = (19(s) ds, ds = —h_ <

(Ti)j (5))/ B 7-1*1'

+1Ix1(m12)B] 1«

[(AB) (x, W)™ ()]s

2 0 2]
1 B T 711 (1) B
< Al () [/ </0() |X(§11)|2d£11> @
11 0 79,(0

1 [2_3 T 7'102(15) 8 2
T (ra) Bl (—) LU e s ) a
T12 0 795(0)

From Lemma 2, where u = [0} [x(6n)[|* déur ., [720) [u(€2)l|® déra, respec-

tively, we obtain
2 T p B
[ [ et af

Bl (2 ) [ Il dt]%

and by the same transformation
1(AB) e w)" ()], < s (r11) Al ( ) (

2T 1
+ (o) Bl (r) (—) s

1(AB) 6, W (1) 0 < lxe(1) Al (

HXHLﬁ

(27)

Let k=2. By (13), (14) and (15)

x(0) = —a1285 " [ao1(AB)?(x, u)7(T) + a2 (CD)?(x, u)T(T)] .
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So, by properties of the norm
(28) [x(0) s < loazlT7 [|S57] [|oas (AB)? (x, w)T(T) + 22(C D) (%, w) T (T))| -
From (10) evidently

T 7'101(t)
(ABY (x,w)(T) = / [Xz(m(t))A(t) < / (i (5) A(s)x (72, (5)) d)] dt
T[ 711 (t) i
T11 T12(S S)a 7'{)2 S S
+ / m(O)AD < / xr(mia(s)B(s)u(rly (s)) d ) dt

T [ 715 (1) ]
(20) + / (7 (1) B(2) < / xI<721<s>>c<s>x<T§1<s>>ds> dt

T [ 712 (t) T
+/O _XI(Tu(t))B(t) </O XI(T22(S))D(5)U(T&(S))dS)_ di.

holds. Clearly, by properties of the norm

T 7'101(t)
/ [Xr(m(t))A(t) </ x1(711(s)) A(s)x(m; (S))dSﬂ di
0 0

T
</ i
0

T
< / [m(m(t»Aa)n ] dt

T 7'101(75)
S/O llxz(m(t))A(t)ll </0 [[x1(711(5)) As)x(7fy (5)) d5>] dt

is valid. Hence, by Lemma 1, where f = xr(7i1)A, g = x(r{;) and g + 5 =1

711 ()
xr(Ti1(t))A(t) </0 x1(11(5))A(s)x(77; (5)) dS)

7'101(15)
/O X (71 () A(s)x(7 (5)) dis

(1)
(31) /O [xr (111 (s)A(s)x(7y (5))]] ds < [Ixr(rin) Al pas (1% s -

Denote

(32) e / et (ri () A(s)]| ds

and || B||1(t), |C|I*(#), HD|| (t) analogously. By the same way

[(AB)*( D) < [IAINT) s (r) All o
+HIBINT) x1(r21)Cll o | %1l o
+ [IIAIN(T) Ix1 (112) B o
+IBINT) lIx1 (r22)D] o | 1uall s -

(33)



114 J. KUBALCIK

Analogously

[(CD)*( )| < [ICIMT) Ixr (ran) Afl o
HIDIMT) Ixr (721)Cll e ] 1]l 10
+ [ICI1HT) Ixr (112) Bl -
+ [ DIM(T) [[x1(r22) Dl e ] [0 5 -

If we denote

Hy = [(Joaa] - [AIN(T) + laze| - [CIHT)) Ixr (r11) All o
+ (Jaza| - [|BIN(T) + Jazz| - [ DINT)) lIx1(721)Cll po- ]
= [(Jazr| - [|AIN(T) + laza| - [CIH(T)) lIx1(712)Bl| o
+ (Jo2a] - [BIIN(T) + laza| - [|DI(T)) Ix1(r22) Dl o] -

(35)

then from (28), (33), (34) and (35)
1 — 1 —
(36) 1%(0)| s < le12|T7 |85 Hu x|l s + |12| T7 [|S5 || Ha [[ull s -

By (26), (27), (35) and (36)

2 1
2T \? (1 \*? 1 e
|st{|>a<m>A||m () (%) +laui? ||821||H1}|xm

™ 11

2 1
2T \? (1 \* 1 e
(37) +{|>a<m>B||La( -) () i ||s21||H2}|u||m.
12

UNED

From (7) analogously

2 1
2T \ # 1\~7 1 _
ull s < {|XI(721)C||La ( . ) (T) + lan|T7 |83 | Hl} [ES[F¥
T 7’21

21

2 1
2T \? (1 \7? 1 e
(39) +{|XI<TQQ>D|LQ () (%) +laulr? ||821||H2}|u||m-
22

T2

So, on the whole, by (37) and (38)

(39) <|XL5> <M<|XL5>
lallzs ) = lallzs )’
where

(40) M_<|XI(711)A||LQTF1+U21 X1 (712 )B||LQT1*2+U22>

Ix1(m21)CllLaTs) + Ut |Ix1(722)D||aT55 + Utz
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and for 4,5 = 1,2

51\ .
=+ Ui=lowulT7|8;"|H;

2
2T
TTij ij

is valid and from inequality (39) evidently
(E; — M) ( HXHLH ) <b,.
lullzs ) —

Now, if
(41) r(M) <1

holds then the matrix (E; — M)~ inverse to the matrix (Ey — M) exists and

(Ixm> < (By— M) 10, = 0,

[all s
(i) = 9277,

and the problem (6), (39) has only trivial solution. According to Theorem 1, we
obtained, that the condition of invertibility of the matrix (13) for k = 2, conditions
(23), (24) for 7(t) and condition (41) are sufficient conditions for existence and
uniqueness of the solution of the problem (1), (2), (3). By this result we can
formulate the following theorem - sufficient condition for existence and uniqueness
of the solution in effective form.

is valid, so

Theorem 3. Let conditions (23), (24) are valid, the matriz (13) is invertible for
k =2 and the matriz (40) the condition (41) holds, where 1 < a < +o0, < + % =
1, L+ % = 1. Then the problem (1), (2), (3) is uniquely solvable.

Y ot

Note 2. Let oy = ao1 = 1 and oz = oy = 0. Then we obtain in the both of
cases (Theorem 2, Theorem 3) the same results as in [3].
The following corollary for Cauchy-Nicoletti problem we can formulated.

Corollary 3. Let a11 = gz = 1, a1a = ag1 = 0, conditions (23), (24) are valid,
the matrix
V = — [Es, + D}(T)]

is invertible and the matrix

_(Ixz(m)AllLan‘l [x1(12) Bl Lo TTy

: : ) L TRV
() Cllie T s (r22)D e T

(0 ICI D) Ixr (i) Al o + [IDIH(7)l[x2 (720)Cll Lo )T
0 [ICIIMTD)Ixz(r12)Bll e + IDIIN(T)lIx1(r22)D]| o
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the condition (41) holds, where 1 < a < 400 =1

problem (1), (2), (3) is uniquely solvable.

,ai %—1 Then the

R~

_|_

SN

Considering the following differential system on I with delay (retarded argu-
ment)

'(t) = Ax(t — A) + Bu(t — A) + qi(t),

(1) w(t) = Cx(t — A) + Du(t — A) + q(t),

with boundary conditions (2) and (3), where a1, q2 € L(I; ®"), A, B, C, D €
RrRexm A € Ry, Theorem 3 implies

Corollary 4. Let the matrix
Sa = (12021 —a11022) Ey +[a12(a21 A +a22C) —ar1 (o1 B+ageD)| max{0; T— A}

is invertible and the matrix

JAL(Z)7 +wa [C (2

)" + Wy ||ID| (2

)" + Wi

M = (max{0; T — A}) 7

=‘|ﬂ :'|ﬂ
:'|ﬂ :'|ﬂ

B (2 )" + Wiz

where fori,j =1,2
1 -1 25-1
Wij = loai T7||Sy || Hj max 5= {0; T — A}

and

Hy = [(loaa || Al + |az2|[Cl) |A[] + (a2 |[IB]| + |az2| [ D) [|CI]
= [(Jozn[[|A[l + |22[[C])) Bl + (|21 Bl 4 |az2|[[D]]) | D]
the condition (41) holds, where 2 < 3 < +00. Then the problem (1), (2), (3) is
uniquely solvable.

Proof. The result is obtained from Theorem 3 by directly way. In this special
case, Theorem 3 gives using (4) and (5) that

0 0 t< A ..

B0={,°5 1Za7 telijc,
1 t>A o

x1(7i;(t)) = {0 PN tel, i,je{l,2}.

From (9) we obtain

AL :/0 [xr(s — A)A] ds:A/O x1(s — A)ds = Amax{0,t — A}
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and for B(t), C'(t), D'(t) analogously. From (32) we obtain

LAl (¢ / Ixr(s = A)A[l ds = IIAII/ Ixr(s = A)ll ds = [|Al| max{0, ¢ — A}

and for || B||1(¢), ||C|I*(t), || D|]*(t) analogously. Clearly

T
Ixi(s — A)A|pe = < / xi(s — M)A ds>

r ; 1
~ 1Al ( | hata- ) ds> — A (max{0; T — A})*

o

and for [|xs(s — A)B||La, |Ix1(s — A)Cl|lLa, |Ix1(s — A)D||r« analogously. The
results for o we obtain by the same way. So

1 2 -2 1 1 -1
—:1——:6— and —:1——:6—,
a B B a* B B
if 8 = +00 we understand, for example, by 52
. B=2
m —F-

Evidently, the condition (24) is not valid on segment (0, A). Hence

T ¢ B 5
</ </ ||X[(S—A)Ax(7'&(s))|| ds) dt)
0 0
5o\ 3
=</ (/ Ixt(s — A)Ax(s — A)] ds> dt) = (+)

and by Lemma 1, where f = x;(s —A)A, g =x(s —A) and + + % = 1 we obtain

() < lha(s — M)Al [/ (/ Ix(s — A |2ds) at

if £ =s— A, then d§ = ds and

= (%)

1

T t—A 5 2 p
(+5) = s(s — A)A . /A (/ |x<s>||fdf> dt]
[ T t 5 2 %a
< (s — M)A / (/ |x<s>||fdf) dt] . O
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Note 3. The system (1) can be rewrited as follows

y'(t) = 24: Pi(t)y(ri(t)) +a(t),
where -
=(3) mo=(%8) &) mo=(8 )
P~ (& &) ro=(8) 56) o= ()

Tl(t) = Tll(t), Tg(t) = Tlg(t), Tg(t) = T21(t), 7'4(t) = TQQ(t).

So, the problem for arbitrary finite integer N € ®,, 4 = 1,..., N can be consid-
ered.
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