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REDUCTION OF THE MODIFIED POINCARE
DIFFERENTIAL EQUATION TO BIRKHOFF MATRIX FORM

ICE B. RISTESKI

ABSTRACT. In this paper the reduction of the modified Poincaré linear differential
equation with one n-tuple regular singularity to the Birkhoff canonical matrix form
is given.

1. INTRODUCTION

In the previous paper [1] it is shown that the general Poincaré linear differential
equation is reduced to the following Cauchy matrix form (zI — D)%Y = QY,
where [ is the n X n unit matrix, @) is an n X n constant matrix of the reduction,
D = diag (dy,da, -+ ,dy,) and d; (1 < i < n) are distinct regular singularities. If
we formally substitute d; = 0 (1 < ¢ < n) into the last equality, then we easily find
that the modified Poincaré linear differential equation with one n-tuple regular
singularity is reduced to the following Birkhoff matrix form =TI % = QY, which
means that the Birkhoff canonical matrix system is a special case of the Cauchy
matrix system. However, as we see below, the matrix ) is not constant in this
case. It is just this type of reduction that will be an object of investigation in the
present paper.

2. PRELIMINARIES

Consider the modified Poincaré differential equation

(1) a"y™ = 2":(2 aiﬂj)iﬂn_iy(n_i) ;

where r is a positive integer. For the equation (1) the characteristic constants
pi (1 < i < n) of the regular singularity at the coordinate origin x = 0 are given
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as roots of the equation

1(p) = [pln = D _aiolpln—i =0,

where
Pl =plp—1)---(p—k+1), [plo=1,

such that p; # p; (mod 1) (i # j; 1 <4,j < n). The last equation is derived when
we look for a solution of (1) behaving as z” near x = 0. The constants p; (1 <
1 < n) enter the formulation of our main result. For the sake of completeness we
note that the principal characteristic constants ) (1 < ¢ < n) of the irregular
singularity of rank 1 at infinity x = oo are given as roots of the equation

TN =X = a4 A" =0.
1=1

It is derived when looking for a solution of (1) behaving as exp (Az"/r) times an
arbitrary power of = at infinity.

3. MAIN RESULT

We shall need the following

Lemma. Let &},&2,--- ,£8 be constants satisfying the equality
(2) [l + & pln1+ -+ & =] (e —pv)-
v=1
Denote
ps+p—(n—2) —1 0 -~ 0
3 p=(=3) ~1 0 0
f(p) = )
w2 0 0o - -1
! 0 0 -

where ,u% (1<j<n-—1) are some constants. Let the unknown variable ¢ satisfy
the following equalities
&+~ (n—1)]=p,

(3) G+C-m-PNwy " =my 2<j<n-1),

Cug~t & =0.



REDUCTION OF THE MODIFIED POINCARE DIFFERENTIAL EQUATION ...

If ¢ takes one of the values p,, say ( = py, then

n—1

(4) Fo) = [Pl + plpln—a+ - +ug " = [[(0—p0).

Proof. Since

ws+wm -1 0 -~ 0
u% ya —1 .- 0

g2 o 0 -+ -1

pt 00

n—1

= Y1Y2 - Yno1 T HOY2Y3 Y1+ H0YsYA Yot o pg

then
f(p) = [pln—1 + p[pln—z + -+ py "

and

(p—pn)fp) = [p]n —(pn =+ Dlpln-1 + 5lpln—1— (pn — 1+ 2)p15[pln—2
[Pl = pnpig ™!

n—1

I

n n—1

105

=[Pl +&lolna+-+& =[[e=p)=(0=pa) [[(p—p0)-

v=1 v=1

Now we will prove the following result.

Theorem. The equation (1) is reduced to the Birkhoff matriz form

dUu

) o1 %~ g
where
q11(x) z" 0 e 0 0
q21(x) q22() " e 0 0
(6) Qz)= :
In-11(%) qn-12(x) qn-13(x) - Gn-1n-1(x) "
qn1() qn2() qn3() Tt QH,n—l(x) Inn ()
and

(7) qu quj .] < Z 7& n) QHJ ZQn] .] < n
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(in particular, gg; = pi—(i—1)r, 1 <i <n, and g; = any1-jrni1-j), 1 < j<n)

by a linear transformation with polynomials in = as its coefficients.

Proof. Let us denote

(8) yp(a) = o=y (@)

After a differentiation this yields

(9) ry, =2 Ypr1 + spy1yp (0<p<n—1),

where
si=—(@—-1(r—-1) (1<i<n).

If we multiply the equation (1) by "™, then it takes on the form

(10) Yn = Fi(@)yn—i,
i=1
where
(11) Fi(z) = Zaiﬂj_ri (1<i<n).
=0

Let us denote D = z-L. Now according to (9) and (10) we obtain

Yo
Y1
DY =D :
Yn—2
Yn—1
. [ Yo ]
S1 T 0 0 0 n
0 So z" 0 0 .
0 0 0 Sn—1 x"
" Fo(z) a"Fhoi(x) 2"Fh_o(z) -+ 2"Fa(x) sp +a"Fi(z) Yn—2
L Yn—1 4
= L(2)Y,
i.e.
(12) DY = L(x)Y .

By the linear transformation of Turrittin [2]

(13) U=C(z)Y,
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where
o1 0 0 0 07
ca1(x) 1 0 0 0
cz1(x)  cz2(z) 1 0 0
C(z) = :
Leni(x)  cp2(x) ens(z) -+ epn—1(x) 1
we obtain the equality
(14) DU = [DC(z) + C(z)L(z)]C(z)U = Q(x)U,

and hence it follows that
(15) DC(z) + C(x)L(z) = Q(z)C(x).

From (15) ¢;j(z) (¢ > j) can be uniquely determined so that all entries of the
matrix Q(x) are polynomials of the required form (7).
If we denote

C@L@) = [py(@)]  and Q@OE) = [ty@)] .

nxn nxn

then we have

pij(r) = 2"cijo1(x) +sje; (1<i<n—1),
(16) .
Pnj() = 3"cn j-1(x) + sjcn5(x) + 2" Frjia(z)
and
(17) tij(x) = gij(x) + Y qiw(@)ey;(2) + 2" cipr5(z)
v=3+1
where

ci(x) =1, ¢j(x)=0 (j>1), colz)=
Then (15) can be written as
(18) DCij(Jf) +pij($) = tl-j(x) (] <1+ 2)

These relations are identically satisfied for the entries above the diagonal be-
cause pi7i+1(.13) = 2" and ti,i+1 ="

For the diagonal entries (18) becomes
pii(x) = tis(x)

which implies that
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(19) ' i—1(x) + 8 = qui(x) +2"cip1,(x) (1<i<n-—1),
(20) 2 Cnm—1() + sn + 2" F1(x) = gnn(z),
and for the j-th subdiagonal entries we obtain

Dejjivj(x) + a"ciimj—1(2) + simjcii—j(2)

(21) , |
=qi,i—j(z) + Z%,i—u(x)ci—u,i—j(x) +acipi-5(x) (2<i<n-—-1),

Ddcpp—j(x) + 2 cnm—j—1(z) + Sn—jcnn—j(x) + " Fj11(x)
(22) : .
= QH,n—j(Jj) + Z QH,n—u(x)Cn—v,n—j(x) (1 < ] <n-— 1) .

From the equalities (19) — (22) the subdiagonal entries of C(x) can be de-
termined as polynomials of the same degree with respect to z7!. Now we will
substitute

(23) Ciij() =a7"cl (@) + a7, @)+, ()
2<i<n; 1<j<i—-1),

where ¢, _;(z) (1 < m < j) are polynomials of = of degree at most 7 — 1. The
coefficients F;(x) (1 <i < n) can be represented in the form

(24) Fi(z)=aipi+a "Fra)+a 2 Ff )+ +2 "F(z) (1<i<n),
where F/™(x) (1 < m < i) are polynomials of degree r — 1, i.e.

(25) F™(x) = F™M0) + Ffw + -+ Fl_ja" "

In particular, F/(0) = a;p (1 < i < n). Now we will introduce the following

notation
r—1

D[x_mrcm(x)} = D(x_mr Tz_l,ujxj) =g ™ [Z i (—mr + j)a?
=0

Jj=0

=2 " D™ (),

r r—1
(X te) (we)

j=0 j=0

T[ trpto +tr—1pn + o tapie—1) + (Grpa +trapi + - taple1)T
ot (trppo1)a" 1]
+ [(topo) + (topur + trjso)x +- - -+ (foptr—1 + trjir—o +- -+ tr_1p10)z" "]
= T[q(x)c(x)]o + [q(x)c(x)]l

q(x)c(x)
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Substituting (23) and (24) into (21) and (22), we obtain

m ..m m—+1
DinrCilij + Si—jCiij + Cigj1

(26) = 1 0
= Z{ [qi,i_w?ll,,i_j] + [qﬂi—vcﬁt}i—j] } + ey
v=0
j—1 0
(27) Qii—j = Cll,i—j—l - Z[Qi,i—vcg—u,i—]} - C%—&-l,i—j )
v=0
DinrCrin—j + Sn—jCpin_j + oty + FT!
(28) = 1 0
= Z{ [QH,n—uCT_%n_j} + [QH,n—uCzljl,l’n_j} } )
v=0
j—1 0
(29) Qnn—j = C}m,n—j—l + FJ-1+1 + aj+1,r(j+1)xr - Z |:Q11,n—ucql1—u,n—j:|
v=0
(1<m<y),
where
il yioj=0 (m>j—v).
From (26) it just follows that
(30) Inin—j = Qj+1,0(j+1)% + lower order terms (0 <j <n-—1).

Now we are able to determine all coefficients of the polynomials ¢j}(z) and
qij ().
First we will start by the determination of ¢’

n,n_j(ac) (1<j<n-1)and gn(z).
From (20) and (28) we obtain

1 1 T
Cn,n—l + Sp + F1 = 4nn — A1rT ,

(31) Djrc{z,n—j + Sn—jCJ + C{m—j_nl—j—l + Fjjill = [anci,n—j]l

n,n—7j

(1<j<n-1).
If we substitute

Oy =ty + -+ pl 2"t (1<j<n—1),

r—1
r § : v o,V
gnn — A1 T = ApnT
v=0
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then from (31) it follows that

(32) ,ué:qgn—sn—am:qgn—k(n—l)r—(n—1)—a10,
iy = (@0 + 37— Sn—j)ph — 41,0
(34) =lgn,+(n—1r—(n—j— 1w —ajt10,
= [gh, + (n— 1r —m — (n— j — 1), + g
m—1
(35) + Z QZn:ugn—l/ - quj-_ll,m
v=1

1<j<n—-11<m<r—-1),
J

0
where u', =0 and > = 0. Applying the Lemma to (32) and (34), it follows that
v=1

q°,, + (n — 1)r is one of the roots p; (1 < i < n) of the equation

[pln — Zaio[ﬂ]n—i =0.

By the substitution

(36) G + (= 1)1 = pyy

the coefficients 17 (1 < j < n — 1) can be determined. Using (33) and (35), we
will determine p7, (1 < j <n—1) and then ¢7, successively for m =1,---,r— 1.
In fact, according to the equation (4) the determinant

Yy 4 pn —m — (n —2) —1 0 - 0
2 pu—m—(n=3) -1 - 0
ug 2 0 0 -1
pe ! 0 0 Pn—m
n—1
= [Pn - m]n—l =+ .U(%[pn - m]n—2 + ﬂg_l = H(Pn —m—py,)

v=1
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is again different from zero, which means that the coefficients of ¢}, ,,_;
Gnn(x) can be uniquely determined.

Further the coefficients sz_ j(x) (1<j<i—1)and g;(z) will be successively

determined. From (19) and (26), it follows that

(z) and

1 _ 1
Ciim1 T8 = Qi + Ciyq45

j j j+1 j 1 j+1 . .
Djrcg,i—j + Si—jcg,i—j + (’i,i—j—l = [qiicg,i—j] + Cg—&-l,i—j 1<j<i-1).

(37)

Further we apply the mathematical induction. Let
i@ =87+ Me v g (0<j<i-1)
be polynomials and let the constants 53 (1 < j <) satisfy the equation
i
(38) ol + &lolii+-+ & =] (0 — ).
v=1

This is so for ¢ = n — 1 by virtue of the Lemma.
By the changes

r—1
Cﬁ,i—j =pp ettt (1<) <i-1), Qi = ZQZWV
v=0
(of course, the coefficients 1, (1 <v <r—1) of cfl_ ; are in general different from
those of cf;,n_ ; but we suppress the dependence on 1) we obtain
(39) o =+ (i = r — (i = 1) + &,
(40) b = G+ & (1<m <r—1),
(41) =g+ == (= - D+ &,
() P =l (= D —m = g = D g + D bt + G
v=1

(1<j<i—-1;, 1<m<r—1)
where y¢, = 0. Applying the Lemma to the equations (39), (41), it follows that

(43) g5 + (i = 1)r = p;
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and
. 1—1
(44) olic1 + polplica+ -+ s = [ (0 — o)
v=1

Again, assuming that (6) and (7) hold, c“ @) (1 <5 <i—1) and gi(z)
can be determined. Thus by mathematical induction we proved that for each
i(1<i<mn) ¢, ;) (1<j<i—1)andgi(z) can be determined. By using

(36), (38), (43) and (44), we also obtain that g;;(z) has the form
() = pi— (i—Dr+>» gpa”  (1<i<n),

where ¢f; =0 (i # n) and ¢, = ai,.
Finally, we will prove that the sets of polynomials

{QH,n—j($)7 CT—j—m('r); 1<m<n _.j - 1}

and

can be determined successively for the values n and ¢ (1 <4 <n —1). It will be
proved by induction on j. Let the sets {gn n—v, i} and {qii—v, ¢ ,_,,} (1 <
i <n—1) be known for 0 < v < j — 1. Then from (28) we obtain

m . m m—+1
Dmrcn,n—j—m + S"—]—mcn,n—j—m + Cn,n—j—m—l

= [qnncgn—j—m]l + [q"»n—jcg—j,n—j—mr

(45) j§_ 1: m 1 j§_ 1: m+1 m—+1
=+ [qﬂ,n—ucn—u,n—j—m] =+ [qﬂ»n—Vcn—u,n—j—m] Fg+m+1
v=1 v=1

(I<m<n-—j-1).
By the change
C{’—ja"—j—m:ggl+§rx+"'+§ﬁ1$r_l (1<m<n-—j-1)

and using (38) and (44), we obtain

n—j—1

(46) [Pl + & lplnja+ -+ & H p—pi).

=1

If we substitute

T

_§ : v v

QH,n—j - qn,n—jx ’
v=0
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" =g+ pi 4+t (I<m<n—j-1),

Cn,n—j—m

then from (29) there follow the equalities
(47) Gnn—j = QG+1,r(j+1) 5
(48) @ n_j =t + known terms 0<v<r—1),

and from (45) we obtain
v v
(49)  (=mr v+ sujom)il + T = @i+ > G
k=0 k=0

1<m<n—j-1;, 0<v<r—1),
The equation (49) can be represented in the following form
P =lon —jr—v—(n—j—m=1)u +q &

v—1

(50) -
=+ Z qzzn/ﬂun—k + Z qg,n—quun—k +ee
k=1 k=0

and hence we obtain the determinant

§o+pn—jr—v—(n—j-2) -1 0 - 0
& pn—jr—v—(n—j=3) -1 -- 0
. 0 0o - -1
g_]_l 0 0 - pp—yJgr—v
= [on = §7 = VIn—j1+ &lon = jr = Vin—ja+ -+ &7

= I[ (pn—ri—v—p)#0.

n—j—1
=1

K3

Thus, the set {gn,n—j, ¢, ;j_,,} is uniquely determined. In order to prove that
the sets {g;;—; c?fi_j_m} (1 <i<n-—1) can be uniquely determined, we again
apply mathematical induction. The arguments are similar to those above, so we
omit the details. O
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