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ON NEUMANN ELLIPTIC PROBLEMS WITH
DISCONTINUOUS NONLINEARITIES

NIKOLAOS HALIDIAS

ABSTRACT. In this paper we study a class of nonlinear Neumann elliptic
problems with discontinuous nonlinearities. We examine elliptic problems
with multivalued boundary conditions involving the subdifferential of a locally
Lipschitz function in the sense of Clarke.

1. INTRODUCTION

In this paper, using the critical point theory of Chang [3] for locally Lipschitz
functionals, we study nonlinear boundary problems with discontinuous nonlinear-
ities and nonlinear Neumann boundary conditions. Let Z C RN be a bounded
domain with a C''-boundary I'. The problem under consideration is:

. —div(|Dz(2)|P72Dz(2)) = f(z,2(2)) a.e. on Z
S —g—fp(z) € 9j(z,7(x)(2)) a.e. on T2 <p < 00.

Here, 0 is the subdifferential for locally Lipschitz functionals in the sense of
Clarke [4].

First, we convert the single-valued problem to a multivalued problem by filling

in the gaps. The multivalued one is:

(2) { — div(|Dz(2)|P~?Dx(2)) € [fi(2,2(2)), fa(z, 2(2))] ae. on Z

_59_51, € 9j(z,7(z)(2)) a.e. on I, 2 < p < 00.

with fi(z,2) = liminff(z,2) and fa(z,2) = limsupf(z,2). First we prove an
existence result for problem (2) using the critical point theory of Chang [3]. Fi-
nally we prove an existence result for the single-valued one under more restrictive
hypothesis on the right hand side. Stuart-Tolland [7] proved an analogous theo-
rem for a Dirichlet boundary value problem involving the laplacian operator. Also
Ambrosetti-Badiale [1] studied a Dirichlet problem by using Clarke’s dual action
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principle and they used a very interesting technic so that the energy functional
remains a C'! functional. Finally, Heikkila-Lakshmikantham [5] had studied these
problems using the method of upper and lower solutions.

Here we study Neumann problems with the p-Laplacian operator and nonlinear
boundary conditions. It seems that is the first such result on Neumann problems.
In the following section we state some facts from the critical point theory and the
subdifferential for locally lipschitz functionals.

2. PRELIMINARIES

Let Y be a subset of X. A function f : Y — R is said to satisfy a Lipschitz
condition (on Y') provided that, for some nonnegative scalar K, one has

[f(y) = f(2)] < Ky — x|

for all points z,y € Y. Let f be Lipschitz near a given point x, and let v be any
other vector in X. The generalized directional derivative of f at x in the direction
v, denoted by f°(z;v) is defined as follows:

f°(x;v) = limsup w

y—a t
t10

3

where y is a vector in X and ¢ a positive scalar. If f is Lipschitz of rank K near x

then the function v — f°(x;v) is finite, positively homogeneous, subadditive and

satisfies | f°(z;v)| < K|v|. In addition f° satisfies f°(x; —v) = —f°(x;v). Now we

are ready to introduce the generalized gradient which denoted by df(x) as follows:
Of(x) ={we X" : fo(x;v) > (w,v) forall veX}.

Some basic properties of the generalized gradient of locally Lipschitz functionals
are the following:
(a) 0f(x) is a nonempty, convex, weakly compact subset of X* and |w|. < K
for every w in df(x).
(b) For every v in X, one has

F(@;0) = max{{w, v) s w € Of (@)}
If f1, fo are locally Lipschitz functions then
Nfi+ f2) COfL+Of2.
Let us recall the (P.S)-condition introduced by Chang.

Definition. We say that Lipschitz function f satisfies the Palais-Smale condition
if any sequence {x,} along which |f(x,)| is bounded and

A(@n) = Mingeay(a,) [wlx- — 0
possesses a convergent subsequence.

Let us now recall a theorem of Chang for minimization of locally Lipschitz
functionals.
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Theorem 1. Suppose a locally Lipschitz function f defined on a reflexive Ba-
nach space, satisfies the (P.S)-condition and it is bounded from below. Then
c=infx f(z) is a critical value of f.

Recall that we say that c is a critical value of f if there exists a critical point

T, in f71(e).
In the next section we will use the following inequality which appears in Tolks-
dorft [§].

N
3) X (o) = s =1f) = Ol =/

for n,n" € RN, with a;(n) = |nP~n;
3. EXISTENCE THEORY

Let us state the hypotheses for the function f and j of problem (1).
H(f): f:Z x R — R is a function such that
(i) f(z,-)is N-measurable (i.e. if z(-) € W1P(Z) is measurable so is f(z,z(2))).
(ii) there exists h : R — R such that h(x) — oo as n — and there exists
M > 0 such that —F(z,z) > h(|z|) for |z| > M with F(z,z) = [, f(z,7)dr.
(iii) |f(z,2)] < a(2) + c|z|*~ L, u < p for almost all z € Z and all x € R.
H(j): j : Zx R — Rsuch that z — j(z, z) is measurable and z — j(z, z) locally
Lipschitz. Also j(z,-) > 0 for almost all z € Z and finally |w(z)| < a1(2) +c|z|P" !
with p* = FN:LP for every w(z) € 9j(z, x).

Remark. If hypothesis H(j) holds, then theorem 2.7.5 of Clarke [4] is satisfied.

Proposition 1. If hypotheses H(f), H(j) holds, then problem (2) has a solution

x e WhP(Z).

Proof. Let ®(z) = — [, F( 2))dz and ¥(z) = %||Dx||g—|— Jri(z,7(z(2))do.
= O(z) + (x).

Claim 1: R(-) satisfies the (P.S)-condition of Chang [3].

Indeed, let {z,}n>1 € WP is such that R(z,) — ¢ as n — oo. We shall prove
that this sequence is bounded in W p(Z). Suppose not. Then |z,| — oco. Let
yn(2) = "z( ") Then clearly we have v, — 3 in W'?(Z). From the choice of the
sequence we have

Then the energy functlonal is R( )

1
(4) D(2a) + = Dwal < M
p
(recall that j(z,-) > 0). Dividing with Hxn"p the last inequality, we have
| T % ynlp < -
z  lznl |znl?

By virtue of hypothesis H( f)(iii) we have that W — 0. Hence

limsup | Dy, |5 — 0. Thus, |Dy| = 0 and it arises that y = ¢ € R. But [y,| = 1,
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so ¢ # 0 and we have that |z, (2)| — co. Going back to (3) and using hypothesis
H(f)(ii) we have a contradiction. So |z, is bounded, i.e x, % z in W'P(Z). It
remains to show that z,, — z in WP(Z). From the properties of the subdifferen-
tial of Clarke, we have

OR(xzy) C 0D(xy,) + O (xy)

c a@(xn>+—a<§WDngD-+/§6w<a71xn<z»>da

(see Clarke [4], p. 83).
So we have

@%w=M%wHth—A%@M@W,

where r,(2) € 0j(z,2,(2)), vn(2) € [fi(z,2n(2)), fo(z,2n(2))], w, the element
with minimal norm of the subdifferential of R and finally A : W 1P(Z) — WP (Z)*
is such that (Az,y) = [,(|Dz(z)|P~2(Dz(z), Dy(z))gndz. But x, = z in
WYP(Z), so x, — x in LP(Z) and z,(z) — z(z) a.e. on Z by virtue of the
compact embedding WP (Z) C LP(Z). Thus, r, is bounded in L(Z) (see Chang
[3], p. 104 Proposition 2), i.e 7, — r in L9(Z). Choose y = x,, — . Then in the
limit we have that limsup(Az,,, x, — ) = 0 (note that v, is bounded). By virtue
of the inequality (3) of Tolksdorff we have that Dz, — Dx in LP(Z). So we have
xn — @ in WHP(Z). The Claim is proved.

Claim 2: R(-) is bounded from below.
Indeed, suppose not. Then there exists some sequence {z,},>1 such that
R(x,) < —n. Then we have

(I)(mn) + ¢($n) <-n

(recall that j(z,-) > 0.) By virtue of the continuity of ®+1) we have that |2, | — oo
(because if |zy| is bounded then ®(z,) + ¢ (z,) is also bounded). Dividing with
|zn|P and letting n — oo we have as before a contradiction (by virtue of hypothesis
H(f)(ii)). Therefore R(:) is bounded from below.

So by Theorem 1 we have that there exists € WP (Z) such that 0 € dR(x).
That is 0 € 0®(x) + 04(z). Let vr(z) = L and yy(x) = [4(z, 7(2)(2)do.
Then let ¢ : LP(Z) — R the extension of ¢, in LP(Z). Then 9y (z) C 9y (x)
(see Chang [3]). It is easy to prove that the nonlinear operator A : D(A) C
LP(Z) — L%(Z) such that

(Az,y) = /Z ID2(2)|P~2(Dx(2), Dy(2))dz for all y € WP (2)
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with D(A) = {a: e Whtr(2) : Az € L1(Z)}, satisfies A = 0. Indeed, first we
show that A C 81/; and then it suffices to show that A is maximal monotone.

(Av,y—x) = /ZIIDx(Z)II”_Q(Dx(Z)vDy(Z) — Dx(2))p~dz

- / |D(2) [P~ 2(Da(2), Dy(2)) v dz — / | Da(2) Pz
A

D a(p—2)| D q D
< /(II z(2)| [Dz()]? | y( )P Jdz — |Dal?
A q
Dz|? D
_ qll 1Dapp 1 PR 1Dyl}

= i(y) —i(z).

The monotonicity part is obvious using inequality (3). The maximality needs
more work. Let J : LP(Z) — L4(Z) be defined as J(z) = |z(-)P~2z(-). We will
show that R(A\ + J) = L4(Z). Assume for the moment that this holds. Then let
v e LP(Z),v* € LY(Z) such that

(;1\(33) -V, —V)pg >0

for all z € D(A). Therefore there exists € D(A) such that A(z) + J(z) =
v* + J(v) (recall that we assumed that R(A + J) = LI(Z)). Using this in the
above inequality we have that

(J(v) = J(z),z —v)pg > 0.

But J is strongly monotone. Thus we have that v = z and E(a:) = v*. Therefore
A is maximal monotone. It remains to show that R(A\ +J) = Li(Z). But J =
J |win(z)y: WHP(Z) — WHP(Z)* is maximal monotone, because is demicontinuous
and monotone. So A + J is maximal monotone. But it is easy to see that the sum
is coercive. So is surjective. Therefore, R(A +.J) = W P(Z)*. Then for every
g € LY(Z), we can find z € WP(Z) such that A+J(z) =g = A(z) =g—J(z) €
LY(Z) = A(z) = A(z). Thus, R(A+ J) = L1(Z).
So, we can say that

(5) /Z w(z)y(z) = /Z | D) P2 (Da(z), Dy(2)) d= + / o(2)y(2) do

r

with w(z) € [fi(z,2(2)), f2(z,2(2))] and v(z) € 0j(z,7(x(z))), for every y €
Wr(Z). Let y = ¢ € C3°(Z). Then we have

/ w(z)(z) dz = / |Da(2) [P 2(Da(z), Do (=) d
Z Z
But div(|Dz(z)|P~?Dxz(z)) € W=19(Z) then we have that

div(|Dx(2)|P~2Dx(2) € LY(Z) because w(Z) € L1(Z).

Then we have that — div(|Dx(2)[P~2Dz(2)) € [fi(z,2(2)), f2(z,2(2))] a.e. on Z.
Going back to (5) and letting y € C*°(Z) and finally using the Green formula
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1.6 of Kenmochi [6], we have that —g‘—é € 9j(z,7(x)(2)). Sox € WHP(Z) solves
). 0

Let now state the following condition on f.

H(f)1: f satisfies H(f) and in addition there exists g : Zx R — R Carathéodory
such that © — g(z,x) — f(z,x) is increasing.

Remark. If f satisfies the hypothesis H(f); then has countable number of dis-
continuities.

Theorem 2. If the hypotheses H(f)1, H(j) holds, then problem (1) has a solution
x e WhP(Z).

Proof. If

O(x) =— /Z F(z,x2(2))dz+ /Z /:(Z) g(z,r)drdz,

v) = Sl + [ ey~ [ | " ey drds.

then the energy functional is R = & + .

From Proposition (1) we know that there exists € WP(Z) such that 0 €
OR(z). Then from definition of the subdifferential of Clarke we have 0 < R°(x;v)
for all v € WLP(Z). So, we have 0 < ®°(z;v) + ¥°(x;v) = —0°(z;v) < ¢°(z3v),
that is —0®(z) C 9v(x).

We will show that Mz € Z : z(z) € D(f)} =0 with D(f) = {z € R: f(z1) <
f(z7)}, that is the set of downward-jumps.

Let w € 9(—®(z)) and for any t € D(f), set

(6) p=(2) = 1 = xe(2(2)w(2) + xe(@(2)[f (2, 2(2))]
where

1 if s=t
(7) Xi(s) = { 0 if otherwise.

Then p* € LP(Z) and p* € 0¢(x). Hence

/Z 7 (2)y(z) dz = /Z (ID(=)P~*(Dx(2), Dy(2))mw dz + / o(2)y(2) do

for all y € WHP(Z).
So for y = ¢ € C*(Z) we have

/ 7 (2)é(z) dz = / (1D2(2)|P~2(Dx(2), D(2) ) d
VA VA

Thus, p™ = p~ for almost all 2 € Z. From this it follows that x(z(z)) = 0 for
almost all z € Z. Since D(f) is countable, and

X(@(2) = Y xilw(z),

teD(f)
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it follows that x(xz(z)) = 0 almost everywhere, (with x(¢) = 1 if ¢t € D(f) and
x(t) = 0 otherwise).

Now it is clear that z € W1P(Z) solves problem (1). O
REFERENCES
Ambrosetti, A., Badiale, M., The dual variational principle and elliptic problems with dis-

continuous nonlinearities, J. Math. Anal. Appl. 140 (1989), No. 2, 363-273.

Arcoya, D., Calahorrano, M., Some discontinuous problems with a quasilinear operator, J.
Math. Anal. Appl. 187 (1994), 1059-1072.

Chang, K. C., Variational methods for non-differentiable functionals and their applications
to partial differential equations, J. Math. Anal. Appl. 80 (1981), 102-129.

Clarke, F., Optimization and Nonsmooth Analysis, Wiley, New York (1983).

Heikkila, S., Lakshikantham, V., Monotone Iterative Techniques for Discontinuous Nonlin-
ear Differential Equations, Marcel Dekker, 1994.

Kenmochi, N., Pseudomonotone operators and nonlinear elliptic boundary value problems,
J. Math. Soc. Japan 27 (1975), No. 1.

Stuart, C. A., Tolland, J.F., A variational method for boundary value problems with dis-
continuous nonlinearities J. London Math. Soc. (2), 21 (1980), 319-328.

Tolksdorff, P., On quasilinear boundary value problems in domains with corners, Nonlinear
Anal. 5 (1981), 721-735.

NATIONAL TECHNICAL UNIVERSITY, DEPARTMENT OF MATHEMATICS
ZOGRAFOU CAMPUS, ATHENS 157 80, GREECE
E-mail: nick@math.ntua.gr



		webmaster@dml.cz
	2012-05-10T13:58:14+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




