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SOME )-SEQUENCE SPACES DEFINED BY A MODULUS

EBERHARD MALKOWSKY AND EKREM SAVAS

ABSTRACT. The main object of this paper is to introduce and study some
sequence spaces which arise from the notation of generalized de la Vallée—
Poussin means and the concept of a modulus function.

1. INTRODUCTION

The notion of a modulus function was introduced by Nakano [7]. Ruckle [§]
used the idea of a modulus function to construct some spaces of complex sequences.
Maddox [5] investigated and discussed some properties of the three sequence spaces
defined using a modulus function f, which generalized the well-known spaces uy,
w and w, of strongly summable sequences which were discussed by Maddox [4].

Recently E.Savas [9] generalized the concept of strong almost convergence by
using a modulus function f and examined some properties of the corresponding
new sequence spaces.

Quite recently E.Savas [10] defined almost A\-statistical convergence by using
the notion of (V, A\)-summability to generalize the concept of statistical covergence.

It is quite natural to the expect that the sets of sequences that are strongly
almost summable to zero, strongly almost summable, and strongly almost bounded
by the de la Vallée—Poussin method can be defined by combining the concepts of
a modulus function, the (V;\) method and strong almost convergence just as the
spaces of sequences that are strongly almost summable to zero, strongly almost
summable and strongly almost bounded with respect to the modulus f were defined
by Savas [9].

The main object of this paper is to study some sequence spaces which arise
from the notation of generalized de la Vallée-Poussin means and the concept of a
modulus function.

Let w be the set of all complex sequences x = (23)%2 1, and I, ¢ and ¢ denote
the Banach spaces of sequences that are bounded, convergent and convergent to
zero, respectively, normed as usual by ||z||cc = supy, |zr|. We write ¢ for the set of
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all finite sequences. Furthermore, e and ™ (n =1,2,---) are the sequences with

=1(k=1,2,--) and e’ =1 and e,(fn) =0 (k#n).

The concept of paranorm is closely related to linear metric spaces. It is a
generalization of that of absolute value. Let X be a linear space. A function
p: X — IR is called paranorm, if
P.1) p(0)>0
p(z) > 0forallz € X
p(—z) = p(x) forall z € X
p(a: +y) < p(x) + p(y) for all z,y € X (triangle inequality)

if (A,) is a sequence of scalars with A, — X\ (n — c0) and (x,,) is a sequence
of vectors with p(x, — x) — 0 (n — 00), then p(A\,z, — Az) — 0 (n — 00)
(continuity of multiplication by scalars).

A paranorm p for which p(xz) = 0 implies z = 0 is called total. It is well known
that the metric of any linear metric space is given by some total paranorm (cf.
[11, Theorem 10.4.2, p. 183]).

A complete linear metric space is said to be a Fréchet space. A Fréchet sequence
space X is said to be an FK space if its metric is stronger than the metric of w on X,
that is convergence in the sequence space X implies coordinatewise convergence.
(The letters F' and K stand for Fréchet and Koordinate, the German word for
coordinate.) Some authors include local convexity in the definition of a Fréchet
space and also of an FK space. We do not, but follow the definition used by
Maddox and Wilansky. An FK space X D ¢ is said to have AKif Y} zpe® — 2
(n — o0) for all sequences = = (x1)72, € X. (AK stands for Abschnittskonvergenz
(sectional convergence).)

Throughout, let A = (\,;) be a nondecreasing sequence of positive reals tending
to infinity and A; = 1 and A\,41 < A, + 1. The generalized de la Vallée-Poussin
means of a sequence x are defined as

Zxk where I, = [n— A\, + 1,n| forn=1,2,---

" kel,
We write
V., = {xew hm — Z |z —O}
" kel,
VAl ={zr cw:2—lec[V,}\], for some [ € C}
and

1
[V,x\]ooz{xew:sup)\—z |xk|<oo}

noOM kel

for the sets of sequences that are strongly summable to zero, strongly summable
and strongly bounded by the de la Vallée—Poussin method. In the special case
where A\, = n for n = 1,2,---, the sets [V, \],, [V, A] and [V, A] _ reduce to the
sets wp, w and we introduced and studied by Maddox [3].
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Following Ruckle [8] and Maddox [5], a modulus function f is a function from
[0, 00) to [0, 00) such that
(i) f(xz)=0if and only if x =0,
(ii) f(z+y) < f(z) + f(y) forall z,y >0,
(iii) f is increasing,
(iv) f is continuous from the right at zero.

Since | f(z) — f(y)| < f(Jz —y|), it follows from condition (iv) that f is continuous
on [0, 00). Furthermore, we have f(nz) < nf(z) for all n € IN from condition (ii),
and so f(z) = f(nal) < nf(z/n), hence

(1.1) %f(x) < f(xz/n) for all n € IN.

A modulus may be bounded or unbounded. For example, f(x) = 2P for 0 <p <1
is unbounded, but f(z) = /(1 + z) is bounded.
Maddox [4] introduced and studied the sets

) L . .
[C]o = {x cw: nh_>H;o o ; |€k+m| = 0 uniformly in m}
and

6] ={zr ew:xz—le € [¢], for some | € C}

of sequences that are strongly almost convergent to zero and strongly almost con-
vergent. We combine the concepts of a modulus function, the strong (V, A) method
and strong almost convergence to define the sets

N . 1 . .
VoA flo = {x cw: nh_}rr;o " Z f(|Zk+m|) = 0 uniformly in m} ,

" kel,

[V,)\,f]:{wa:x—lee [V, \, fl, for someleC}

and

. 1

WA . = {x cwisup s 3 fllzerml) < oo} .

m,n \n kel,
When A\, =n forn = 1,2,---, then the sets [V,)\,f] and [V,)\,f]o reduce to the
sets [¢(f)] and [éy(f)] defined by Savas [9]. If we put f(z) = x, then [V, X, f], =
[V, Al and [V, A, f] = [V, Al
2. SOME AUXILIARY RESULTS

In this section, we give a few lemmas needed in the proofs of the main results.

Lemma 1. For any modulus f there exists limy_. f(t)/t (cf. [6, Proposition 1]).
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Lemma 2. Let f be any modulus with

(2.1) tlir?o@:a>0.

Then there is a constant 3 > 0 such that

(2.2) ft) > pt forallt > 0.

Proof. We assume that (2.1) holds. Then there is ¢y > 0 such that
(2.3) HOE %t for all ¢ > to .

Now let 1 <t < typ. Then by condition (iii) of a modulus

(24) 50> 50) = 170 > L8y,

Finally, let 0 < ¢ < 1. Then there is n € IN such that 1/(n+1) < ¢t < 1/n, and by
condition (iii) of a modulus and (1.1)

(2.5)
1 1 n 1 n 1
> > 1) = —f(1) > Dt > =f(1)t.
J0) 2 fo=) 2 —= (1) = =2 (1) 2 () 2 ()

We put 8 = min{a/2, f(1)/to,1/2f(1)} > 0. Then (2.2) follows from (2.3), (2.4)
and (2.5). m|
Lemma 3. Let f be any modulus and 0 < § < 1. Then

(2.6) flz) <2f()6 a for allz > 6.

Proof. Inequality (2.6) follows by a straightforward computation using the prop-
erties of a modulus function. a

Lemma 4. Let ¢ € [V,)\,f]. Then there is a unique complex number [ with
x—lee [V, fl,-

Proof. Let xz € [V,)\,f] and x — le,z — l'e € [V,)\,f]o. Then given € > 0 there
is n € IN such that

1 1
3 et <22 and 5= 3 fllan ) < /2.
" kel, " kel,
This implies
1 1
FAE=T) < 5= 30 flae =)+ 5= D fllan =) <e.
" kel, " kel,

Since € > 0 was arbitrary, this implies! = I’ by conditions (i) and (iv) of a modulus.
O
Now we give some inclusions.

Lemma 5. Let f be any modulus. Then

(a) VoA flao = oo (f) = {2 € w s (f(|l2k])72) € loo}s
(b) VA flo © VLN 1 C IV, flo-
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Proof. (a) Let 2 € [V, \, f]_.. Then there is a constant M > 0 such that

—f(\x1+m|) < sup P Z F(zkrm]) < M for all m,
kel,

and so (f(|zk]))7Z; € loo
Conversely, let « € lo(f). Then there is a constant M > 0 such that f(|z;]) < M
for all 7, and so

1 1
= 2 ferenl) < M= 37 1< M for allm and n.
" kel, " keln

Thus = € [V, A, f].

(b) Obviously [V, A, fl, C [V, A, f].
Let x € [V, A, f]- Then there are a complex number ! and a positive integer ng
such that

1
= > f(|@ktm —1]) < 1 for all n > ng and for all m € IN,

" kel,
and so
— Zf [Tk m]) <— > flzkem — 1) +— > F
" kel, " kel, " kel
<14 f(|I]) for all n > ng and for all m € IN.
Furthermore

1
fnorml) < 5= 3 flariml) <1+ F(I]) forallm € N,
o "0 keI,

hence f(|Tno+ml|) < Ang(1+ f(JI])) for all m. Thus z € I (f). ad

3. THE MAIN RESULTS

In this section we prove the main results.

Theorem 1. The spaces [V,)\,f]o and [V,)\,f] are paranormed FK spaces with
the paranorm p defined by

(3.1) ple) = sup < L ST fllanrml)

kel,

[V,)\,f]o has AK, and every sequence x = (xx)52, € [V,)\,f] has a unique repre-
sentation

(3.2) x=le+ Z(mk — el
k=1

where | €C is such that x —le € [V, A, f], -
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Proof. First we show that [V, A, f] is a paranormed FK space with p defined in
(3.1). The proof for [V, A, fly is exactly the same.

By Lemma 5 (b), p is defined on [V, A, f]. Obviously p(z) > 0 for all z € [V, , f].
Furthermore, p(z) = 0 implies f(|z;|) = 0 for all j, and so = 0 by condition (i)
of a modulus. Obviously p(—z) = p(x) for all x € [V,)\,f]. Let z,y € [V,)\,f].
Then by conditions (iii) and (ii) of a modulus

Pz +y) < supAi > kel + Fleen)

< sup— P (ETe) sup 5~ Z F(lyrrm]) < p(x) + p(y) -
kEI kel,

Now let p(z(")) — 0 and p, — p (7 — 00). Then the sequence () is bounded,
|ur] < M € IN for all r, say. By conditions (iii) and (1) of a modulus

plpra™) = sup 3 Z Fllueay)h) < sup— ST f(Ma))

kel, mon " kel,

<Msup—2f k+m =M -p(z") =0 (r—o0).
™ kel,

Finally, let = € [V, ), f] be given and p, — 0 (r — oc). Given & > 0, there is
ng € IN such that

1
(3.3) o Z f(zkem — 1)) < /2 for all n > ng and for all m .

" kel,

Since = € l(f) by Lemma 5 (a) and since f is continuous, we can choose rg € IN
such that for all r > rg

(3~4) N Z f ‘Urxk-&-mD

" kel,
for all n with 1 < n < ng and for all m .

Now let n > ng. By the continuity of f and since . — 0 (r — 00), there is ry € IN
such that

(3.5) f(urll) <e/2 and |ur| <1 forallr>ry.
Then, by (3.3) and (3.5), for all > r;

(3-6) N Z f ‘erk+m| < N Z f ‘Ur” + N Z f ‘Ur Lk+m _Z)D <

kEI kEI kEI
< FQl) + (e + 15 3 Fwiom —11) < /24 2/2 =< for all m.
kEI

We choose r2 = max{ry,ro}. Then, by (3.4) and (3.6), p(u,x) < € for all r > r,
that is p(u,x) — 0 for r — co. Thus we have shown that p is a total paranorm.
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Now we show that [V, X, f] is complete. Let (z(7)%2, be a Cuachy sequence in
[V, A, f]. Then given € > 0 there is 7y € INg such that

(3.7) )\ Z f(lz k+m - mk+m|) <e

kel,
for all r, s > r¢ and for all m and n.

This implies

(3.8) f(\xg-r) - m§5)|) < ¢ for all ,s > ro and for each j.
Consequently, for each fixed j, the sequence (xg-r));?oo is a Cauchy sequence in

(r)

C, hence convergent, x; = lim, oo z;’, say. For if (z; r ))OO o were not a Cauchy

sequence for some jy then there would be subsequences (a:gg")) 2, and (x JD")) o)

such that for some ¢ > 0 we have |x(r") (S")| > ¢ for all k, and so f(|x(r")

(S")|) > f(c) > 0 for all k, a contradiction to (3.8).
lemg r > ro and letting s tend to infinity, we obtain from (3.7) by the continuity
of f that

1 r
(3.9) o Z f(\x,({lm — Zp+m|) < e for all r > rg and for all m and n,

" kel,
that is
(3.10) p(z) —z) <eforalr>rg.
Furthermore, for each r there exists n, € IN such that
(3.11) — Z f(z k+m — 1) < ¢ for all n > n, and for all m .
" kel,
Now let r,s > rg and no = max{n,,ns}. Then by (3.7) and (3.11),
QO — 1) = L S g - )
Ano k€I,
DO LT RIS Sl (= I )
Ano k€I, Ang k€I,
Z f k+m - ‘rk+m|)
Ano k€I,

<6+6—|—€f0r all m,

and again this implies (") — [ (r — o00), say. From this, (3.10) and (3.11), we
obtain

= 3 oren =) < 5 3 Sl — 2,0+ 1= 3 (a2, — 100

kel, " kel, " kel,

+ — Z F(Jl = 179)) < 4e for all sufficiently large n and for all m,
" kel,



226 E. MALKOWSKY, E. SAVAS

hence z € [V, A, f]. This shows that [V, A, f] is complete.

(r)

Now we show that p(z(") — z) — 0 (r — oo) implies z;’ — xj (r — oo) for each

j. Let p(x(’”) —1x) — 00 (r — o0). Then, given € > 0, there is 19 € INg such that

Z f( \xk+m Zg+m|) < € for all r > rp and for all m and n.
™ kel,

This implies f (|xjr) —x;]) < e for all r > r¢ and for each j, and again, as above,

this implies :cg-r) — xj (r — o00) for each j.
This completes the proof that [V, A, f] is a paranormed FK space.
To show that [V, A, f], has AK, let 2 € [V, A, f], and € > 0 be given. Then we

can choose ng € INg such that

1
— E f(Zkrm]|) < € for all n > ng and for all m.
" kel,

Now we choose m € IN such that 1 — Ay +1 > ng. Let r > r; and 2zl =
Sre1 zre®). Then

el —2) < sup =3 flaniml) <
n>rg,m " kel
Finally, let © = (z)32, € [V A, f] be given. By Lemma 4, there is a unique
complex number [ such that y = = —le € [V, \, f],. Since [V, ), f], has AK

y=> 1, yrel®) = Spe (@ — l)e(k) and so x = le + > 7 (z — l)e(k O

Theorem 2. (a) For any modulus [ VA C [V, A f] and [V, Ao C VA f flo-

(b) If limy_oo f()/t = > 0 then [V, X\, f] = [V, \] and [V, A o =1V, Ay

Proof. (a) Let f be a modulus and = € [V, \]. Given ¢ > 0, there is ng € IN
such that

1
— E |Tg+m — I| < e for all n > ng and for all m .
" kel,

Since f is continuous, we may choose ¢ with 0 < § < 1 such that f(t) < e for all
t € [0,0]. Then, by Lemma 3,

T o= X o=t > Sl 1)

™ kel, kEln, n kEly,
\z‘k+m—l\<5 [@ gy — 11>

<e+ 2f Z |J}k+m —
™ kel,
e(142f(1)67 1) for all n > ng and for all m.

Thus z € [V, A, f].
The inclusion [V, A], C [V, A, f], is shown in exactly the same way.



SOME A-SEQUENCE SPACES DEFINED BY A MODULUS 227

(b) Let z € [V, X f]. By Lemma 1, the limit lim,_ f(t)/¢ exists, and by
Lemma 2, there is 8 > 0 such that f(¢) > gt for all ¢ > 0, and so

1 1
" Z |Tham — 1| < o Z f(zkem —1]) for all n and for all m .

" kel, kel,
Thus = € [V, \].
The part concerning the sets [V, A, f], and [V, A]; is shown in exactly the same
way. O

The idea of statistical convergence was introduced by Fast [2], and has been
studied in number theory [1] and trigonometric series [13]. A sequence z is said
to be statistically convergent to a number | €C if for every € > 0,

lim Lk <n:lor—1] > e} =0,

n—oo n
where for each set M, |M| denotes the cardinality of M. In this case we write
s —limz =1 or z; — I(s), and s denotes the set of all statistically convergent
sequences. In [10] the definition of statistical convergence was extended to the
concept of almost A—statistical convergence. A sequence x is said to be almost
A=statistically convergent to the number [ if for every € > 0,

1
lim o Kk € I, |Zktm — U] > €}| = 0 uniformly in m .
In this case we write §y —limz =1 or zj, — I(5)) and ) = {z € w : §) — limz =
[ for some !l € C}. If A\, = n, this definition reduces to the concept of almost
statistical convergence which was defined in Savas [10].
We establish a relation between the sets §, and [V, A, f].

Theorem 3. The inclusion $) C [V, A, f] holds if and only if f is bounded.

Proof. We assume that f is bounded and = € §5. Then there is a constant M
such that f(x) < M for all x > 0. Let € > 0 be given. We choose 7, > 0 such
that Md + f(n) < e. Since T € 8y, there are [ € C and ng = ng(n,d) € IN such
that

1
W Kk € It |Zkqem — U] = n}| < d for all n > ng and for all m .

Therefore

1 1 1

T2 flekem == Y flekem =+ D flomm — 1)
" kel ! \zkfel—"zen " \zkfvil—n”<ﬂ

1
< My [{k € In : [2hm — 1 2 n} + f(n)

< Mé+ f(n) <efor all n > ng and for all m,

hence z € [V, A, f].
Conversely we assume that f is unbounded. Then there exists a positive sequence
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(v)§2, with f(vg) = k? for k = 1,2,---. We define the sequence = by z; = vy, if
i = k* and z; = 0 otherwise for (i = 1,2,---). Then

1 1
" Kk € Iy |Zhem| > €} < )\—\/)\n_l for all n and m,
and so x € §x. But obviously x ¢ [V, A f] O

REFERENCES

[1] P. Erdos, Tenenbaum, Sur les densities des certaines suites d’entiers, Proc. London Math.
Soc (3), 59, (1989), 417-438

[2] H. Fast, Sur la convergence statistique, Collog. Math. 2, (1951), 241-244

[3] I. J. Maddox, On Kuttner’s theorem, J. London Math. Soc. 43, (1968), 285-290

[4] , On strong almost convergence, Math. Proc. Camb. Phil. Soc. 85, (1979), 345-350

[5] , Sequence spaces defined by a modulus, Math. Proc. Camb. Phil. Soc., 100, (1986),
161-166

, Inclusions between FK—spaces and Kuttner’s theorem, Math. Proc. Camb. Phil.
Soc., 101, (1987), 523-527

[7] Nakano, H., Concave modulus, J. Math. Soc. Japon. 5, (1953), 29-49.

[8] W. H. Ruckle, FK spaces in which the sequence of coordinate vectors is bounded, Canad.
J. Math., 25, (1973), 973-978

[9] E. Savas, On some generalized sequence spaces defined by a modulus, Indian J. Pure appl.
Math., 30(5), (1999), 459-464

, Strong almost convergence and almost A—statistical convergence, Hokkaido J. Math.

(to appear)
[11] A. Wilansky, Functional Analysis, Blaisdell Publishing Company, 1964
[12] , Summability through Functional Analysis, North-Holland Mathematical Studies
85, 1984
[13] A. Zygmund, Trigonometric Series Second Edition, Cambridge University Press (1979)

(6]

[10]

E. MALKOWSKY

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF GIESSEN
ARNDTSTRASSE 2, D-35392 GIESSEN

GERMANY

E-mail: malkowsky@math.uni-giessen.de

E. Savas

DEPARTMENT OF MATHEMATICS, YUZUNCU YIL UNIVERSITY
VanN, TURKEY

E-mail: esavas@ahtamara.yyu.edu.tr



		webmaster@dml.cz
	2012-05-10T13:21:57+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




