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PARTIAL DENSITIES ON THE GROUP OF INTEGERS

HARALD NIEDERREITER AND NORRIS SOOKOO

ABSTRACT. Conditions are obtained under which a partial density on the group of
integers with the discrete topology can be extended to a density.

1. INTRODUCTION

Berg and Rubel (1969) investigated densities on locally commpact abelian
(LCA) groups and Neiderreiter and Sookoo [4] obtained conditions under which a
partial density on an LCA group can be extended to a density.

In this paper, we obtain additional conditions when the LCA group is the
group of integers with the discrete topology. In Section 2, we present notations
and definitions and in Section 3 the additional conditions in question.

2. DEFINITIONS AND NOTATIONS

For a compact, Hausdorff space X, u.d. can be defined with respect to a non-
negative, regular, normed Borel measure (c.f. Kuipers and Niederreiter (1974)).

Notation. (i) Let up be a nonnegative, regular, normed, Borel measure on X.
(ii) Let R(X) denote the set of all continuous, real-valued functions on X.

Definition. The sequence (z,) is u.d. in X with respect to up if

N
im n) = d N
1 ;f(x ) /Xf 1B f € R(z)

N—o0

A density (c.f. Berg and Rubel (1969)) on an LCA group G is a system of
measures on subgroups of compact index of G satisfying compatibility conditions.
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18 H. NIEDERREITER, N. SOOKOO

Definition. A closed subgroup H of an LCA group G is said to be of compact
indez if G/H is compact.

Notation. (i) Let {H,|a € A} be the set of all subgroups of G of compact index,
where A is a suitable index set.

(ii) Let {Ga|a € A} be the set of compact quotients of G, where G, = G/H,
for each e € A.

Definition. A system D of measures given by
D = {palfta is a probability measure on G, a € A}

is called a density on G if it satisfies the following compatibility condition:
If ¢ : Gg — G is the natural homomorphism from G g to a quotient G, of Gg,
then for any Borel set B in Gq, pa(B) = us(v ™ (B)).

We next define a partial density (c.f. Niederreiter (1975)).

Definition. Let G be an LCA group and {H,|a € A} be the set of all subgroups
of compact index of GG. For a subset B of A, let

P = {ialfta is a probability measure on  G,, o € B}

be a system of measures satisfying the following compatibility condition:
If
HQQHﬁl and HQQHﬁ2,

where o € A, f1 € B and 5> € B, then ug, and pg, induce the same measure on
G- Then P is called a partial density on G.

Notation. Let Zbe the group of integers with the discrete topology, and R(7)
the set of continuous, real-valued functions on Z

3. CONDITIONS FOR THE EXTENSION OF A PARTIAL DENSITY

Lemma 3.1. If ged(my,ma) = 1, py is a measure on Z/m 1Zand p o a measure
on Z/m o7, then there exists a measure p on Z/m 1meZwhich induces p 1 and ps.

Proof. Let u be the measure on the direct product (Z/m 12 x (Zm 22 given by
W= p1 X peo; that is, p is the direct product of g and ps.
If A € (Z/m 17), then

(A X Zm 27 = p 1 (A)pz(Zm 22
= 1 (A)
Continuing like this, we see that p induces 1y and ps.

Also Z/m 1moZ = (Z/m 18 x (Z/m oZ) because of the following result:

Let a,b be integers. Then X = a mod my and X = b mod ms if and only if
X =r mod mymsg, where 7 is an integer uniquely determined mod m;ms by a
and b. (This result can be deduced from the Chinese Remainder Theorem.)

Hence p can be considered as a measure on Z/m 1ms7 and we know that pu is
compatible with p; and ps. O
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Lemma 3.2. If yy is a measure on Z/m 1Zand p o is a measure on 7/m oZsuch
that {u1,p2} is a partial density on 7, then there exists a measure j on ZJIZ
which induces p; and ps where I is the L.C.M. of my and ma.

Proof. If d = gcd(mq,ms), we can reduce the problem to d simpler problems.
In each case, we will have two relatively prime numbers, as in Lemma 3.1. The
equations involving the measures of the cosets ¢ + 0, i+ d, i +2d,...,i + (I —
d) would not have terms involving the measures of any other cosets, where ¢ €
{0,1,2,...,d — 1}. (For a nonnegative integer p less than I, p denotes the coset

=T +p,p,I+p,... of IZin Z/ID.

We show this as follows. Let p; take the values xp,x1,...,2m,—1 and po take
the values yo,y1,- . -Ymo—1.- We wish to find a measure p on 7/ [Zsatisfying the
equations

p(0) + p(ma) + -+ p(l —my) = o
(L) + p(my +1) + -+ p(l —my +1) =2y

plmy — 1)+ pu(2mg — 1)+ -+ p(l — 1) =Tm, — 1

and
w(0) + p(mz) + -+ p(l —m2)  =yo

p() +p(me +1) + -+ p(l —me +1) =

ulma — 1)+ p(2mg — 1) +-- -+ p(l — 1) = Ymy—1

Because of the compatibility condition on w1 and us,

To+Tg+ -+ Tm—d=Y +Yd+ + Yms—d
=, say.

The set S of eguations involving p(0), p(d), u(2d),...,u(I — d) does not involve
any other unknowns, so they can be solved separately.
If =0, we let u(i) =0 for i € {0,d,2d,...,I —d}.
If o > 0, we multiply o, Zd, - - -, Tmy—ds Y0, Yds - - - s Yma—d DY 1/cr.
Now consider this problem:
Let v1 be a measure on 7/ “3*Zhaving values ¢, %4 ... m and let v5 be a
2

o ? ’

d

measure on 7/ 2Zhaving values % 4d -  Y;o
Then 14 and v, are probability measures and ml and 72 are relatively prime.
Hence from Lemma 3.1, there exists a measure v on Z/ 17Zwhich induces v
and vz. Hence, if we multlply each equation in S by 1/a, and then replace p(i)
by v(3), the new set of equation has at least one solution such that v(%) > 0, for
i€ {0 d,2d,...,I—d}.
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Similarly, the equations involving
w(@), p(g+d),u(i+2d),...,p0(5 +1—4d), jed{1,2,...,d—1},
have nonnegative solutions.

Hence our original set of equation have nonnegative solutions. Hence there
exists a measure p which induces i and po.

Lemma 3.3. Let {im,|]i =1,2,...,p} be a partial density on Z Then there exists
a measure on Z/(L.C.M. of m 1,ma,...,mp)Zwhich induces p ,, for each i in
{1,2,...,p}, if the following condition is satisfied for each element a in {1,2,...,p—
1 .

Let R = L.C.M. of my, ma,...,mg. Then gcd(R, mq11) is a divisor of at least
one of my, Mo, ..., Mg.

Proof. Let the L.C.M. of my, ma,...,mg be I'?®, There is a measure {712 on
7/1 *2Zwhich induces p ,n,, and fiy,,, according to Lemma 3.2.

Now, T' = ged(I'?,m3) is a divisor of at least one of m; and my. Hence w2
and f,,, are compatible with respect to the greatest common divisor, T. Therefore
there exists a measure ugi2s on Z/1 23Zcompatible with 0 m,, fhmy, Hims-

Now ged(I*23,my) is a divisor of at least one of my, ma, m3. Hence there exists
a measure on Z/1 234Zcompatible with 1 1, fims, fms and fim, -

Continuing like this, we obtain a measure piji2.., on Z/I 12+ Zcompatible with
tm,; for each ¢ in {1,2,...,p}. O

Theorem 3.4. Let P = {ji,n,|i € B} be a partial density on Z Then P can be
extended to a density on Zif the following condition is satisfied:

Let Lnym,..m, be the L.C.M. of mi,ma,...,m, for arbitrary a in B. Then
9cd(Iimymy..m, »Mat+1) 1S a divisor of at least one of my, ma, ..., mg, for each a in
B.

Proof. Let N,,, be the set of continuous, real-valued functions on Zhaving period
m; for each ¢ in B, and let M be the space of finite linear combinations of elements
of the N,,, over |R,i € B. Define L on M as follows:

If f € M, then
F=Y"kifi
1=1

for some f; € Ny, i=1,2,...,nand k; € |R i=1,2,...,n.

Let N
L =3 [ Edidun,
=g "z
where [, is the measure on Z/m ;Zin P;i € {1,2,...,n}.

Now let f € M such that f > 0. Then f = fi + fo +---+ f, for some a in B,
where f; has period m;, i € {1,2,...,a}. Lemma 3.3 implies that there is a prob-
ability measure g on Z/1 ,,m,...m, Zsuch that u is compatible with p 1, o, . .., -
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Hence
L f = .fl dﬂmi
(=3 /ﬁ
- Jidy
i=1 L mymy..mal
-/ fdu=0
L mymg..mel
since f > 0.

Hence L is positive; therefore Theorem 3.4 of [4] implies that P can be extended
to a density on Z

If the measures in a partial density satisfy a certain condition, then the partial
density can be extended to a density on Z In this case the partial density can be
defined for any set of subgroups of Z The following theorem gives this condition.
First we need a definition. O

Definition. Let mj,mso, ..., m, be positive integers greater than one and let I
be their LCM. If
S ={vala=1,...,n;v, is a signed measure on Z/m 7%

satisfies the usual condition for a partial density, and ||S|| = 1, we call S a signed
partial density.
Theorem 3.5. Let I, my, mo,...,m, be as above.

Suppose that

P = {ia|fta is a probability measure on Z/m Z o =1,2,...,n}

is a partial density on Zsuch that

et @ -1,
Ho = on1 — )1 11

where {v,|a=1,2,...,n} is a signed partial density and 7, is the Haar measure
on Z/m % o = 1,2,...,n,I. Then P can be extended to a density on Z In
particular, if
(27— 117,
Ho 2 7omg 7 1
(2t — 1) +1

for each avin {1,2,...,n}, then P can be extended to a density on Z

Proof. We define a linear functional L on the set M of linear combinations over
|R of functions from R(Z/'m .4, « =1,2,...,n as follows:

ff=f+fot++ fo, fa €ER@m D, a €{1,2,...,n}
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= ada
Sk

where R(Z/m .2 is the set of real valued, continuous functions on Z/m ,Z We
define another linear functional @ on M for each « in {1,2,...,n} as follows:

L(f) + @ = DI f  fdpy

then

Qi) = (@I — 1) +1
Then
~ /I;Zi o fa dl/a 2n+1 I/J;Z o7 fa dﬁa

Q) = Z (2T — D +1
_ o (vt @ - Dim,
B s 2z (2t — 1)+ 1
= Z fadia

a=1/8 oL
Since {v o =1,2,...,n} is a signed partial density, Lemma 3.3 of [4] implies

|L(f)| < (2"t — 1) for each f € M such that ||f|| < 1.

If L is positive, then @ is positive. If L is not positive, let fy be the element of
M for which L is minimum with 0 < fy < 1. Then fy must take the value 1 on at
least one element of 7/ 17 otherwise there would be a positive multiple f 1 of fo
such that L(f1) < L(fo)-

Now 7z;(P) > 1 for each P in Z/IZand so

1
Jodu; > —.
- 0di = 7
Since
|L(fo)| > (2" — 1)
Q(fo) =0
Q(f)>0,VfeM suchthat 0 < f<1.

Since any positive function in M is a multiple of some gy € M for which 0 < go < 1,
Q is positive. Since L is bounded, () is bounded and so continuous. Hence @ can
be extended to a positive, continuous linear functional L; on R(Z. L 1 induces on
G a density which is an extension of P.

Suppose now that

o > @ - DI,
*= @ )I+1]
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then p, can be expressed in the form

Vo + (27T — 1)I7,
(21— 1) + 1

where {v,]ao=1,2,...,n} is a partial density, and the result follows as before.

In the general case, we cannot use a method similar to the one used in Lemma
3.1. The following case illustrates this.

Let pq and pg be measures on 7/47and 7/6Zrespectively. Let also p 4(i 402
be the measure of the coset i+ bZof bZin 7/bZwhere a and b are positive integers
greater than 1, i, is some measure defined on 7Z/bZ and i € {0,1,2,...,b — 1}.
Suppose that

pe(0+ 62 =1/6

pe(1+ 62 =0/6

116(2 + 67 =2/6

pe(3 462 =0/6

6(4+ 67 =2/6
(
(
(
(

=

1i6(5 + 67) =1/6
114(0 + 47) =5/6
pa(1+ 47 =1/6
114(2 + 47 =0/6
114(3 + 47 =0/6
We see that {ua4, ue} is a partial density on Z
We have measures g on Z/4Zand p 3 on Z/3Z where p ¢ induces us.
ps(0+ 32 =1/6
ps(1+ 32 =2/6
ps(2+ 34 =3/6

We define po on Z/127by 1 12 = pa X p3. pa and pg induce pp on Z/27where

p2(0 + 22=5/6
(14 22=1/6
But p12 induces Tig on Z/6Z where p g takes the values

1/6 x5/6 = 5/36
1/6 x1/6 = 1/36
2/6 x 5/6 =10/36
2/6 x1/6 = 2/36
3/6 x5/6=15/36
3/6x1/6= 3/36
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where
6(0+62) =5/36

6(1+ 62 =2/36
6(2+ 62 =15/36
6(3+62 =1/36
6(4+ 62 =10/36
716 (5 + 62 =3/36
since Tig nust induce p3 and p2. We see that T is different from pg. Hence, while

112 is compatible with o and pg it is not compatible with pg.
Therefore the method used in Lemma 3.1 is not suitable in the general case.

= = R C=E =

Remark. The following result can be shown using some of the previous theorems.

Let G be an LCA group such that the periodic characters form a countable
subgroup of G. Let S and I be collections of subgroups of compact index of G
such that:

(i) Finite intersections of members of S U I are in S U I.
(ii) For each H in S, uy is the Haar measure on G/H.

If, for each K in I, there exists a probability measure (other than the Haar mea-
sure) on G/K, such that {ug|H € S} U{ux|K € I} is a partial density on G,
then there exists a sequence (g,) in G such that (g, H) is u.d. in G/H for each H
in S, but (g, K) is not u.d. in G/K for any K in I.

This can be shown as follows:

The partial density can be extended to a density on G. By Theorem 5 of [3],
there exists a sequence (g,) in G such that (g, H) is u.d. in G/H with respect to
wp for each H in S and (g, K) is u.d. in G/K with respect to ux for each K in I.
Hence (g, H) is u.d. in G/H (with respect to Haar measure on G/H) for each H
in S and (g, K) is not u.d. in G/K (with respect to the Haar measure on G/K)
for each K in 1.
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