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GENERALIZED QUASIVARIATIONAL INEQUALITIES ON
FRECHET SPACES

DoNnAL O’REGAN

ABSTRACT. In this paper generalized quasivariational inequalities on Fréchet
spaces are deduced from new fixed point theory of Agarwal and O’Regan [1]
and O’Regan [7].

1. INTRODUCTION

Quasivariational inequalities (or existence theorems for two variable functions)
are discussed in this paper. In particular suppose f: XxY — R and G : X — 2V
are upper semicontinuous maps (here 2¥ denote the family of nonempty subsets
of V) with X and Y closed, convex subsets of a Fréchet space FE. Conditions
are put on f, G, X and Y to guarantee that there exists w; € X, wy € G(wy)
with f(wi,w1) = sup.cqu,) f(w, 2) (or f(wi,wi) = infrequ,) f(wi,2)) or
more generally to guarantee that there exists wy, wo € X, wi; # wy, wi €
G(w1), w2 € G(wg) with f(wi,w1) = SUP,equ,) f(wi,2) and f(wz,w2) =
SUP.e(uwy) f(w2,2) (or  f(wi,wi) = infieg,) f(wi,z) and  f(wz, w2)
= inf.cq(w,) f(we, 2)). The results of this paper are new and they extend and
complement many well known results in the literature [2, 3, 5, 8, 9, 11, 12]. Usu-
ally in the literature Y C X or more generally ([8]) G(0X) C X NY. In [5] we
relaxed the condition G(0X) C X NY using a fixed point theorem of the author
[5] of Furi-Pera type. Recently new fixed point results in Fréchet spaces have been
established by Agarwal and O’Regan in [1] (single fixed point) and by O’Regan [7]
(multiple fixed point). The fixed point theory established in [1, 7] is more general
than the Furi-Pera type theory presented in [4, 5, 6]. Using the results in [1, 7]
we are able to establish new quasivariational inequalities.

We now gather together some well known definitions. Let E; and Ey be
Fréchet spaces. A mapping F : F; — 22 is upper semicontinuous (u.s.c.) if
the set F~1(A) = {z € E1: F(x)NA#0} is closed for any closed set A in
E,. Let (X,d) be a metric space and let x the bounded subsets of X. The
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Kuratowski measure of noncompactness is the map « : Qx — [0,00] defined by
(here B € Qx),

a(B) =inf{r >0: BC U, B; and diam (B;) < r}.

Let S be a nonempty subset of X and suppose G : S — 2X. Then (i). G :
S — 2% is k-set contractive (here k > 0) if a(G(A)) < ka(A) for all nonempty,
bounded sets A of S, and (ii). G : S — 2% iscondensing if G is 1-set contractive
and a(G(A)) < a(A) for all bounded sets A of S with «(A4) # 0.

2. QUASIVARIATIONAL INEQUALITIES

Let Ny = {1,2,...}. In this section we assume E is a Fréchet space endowed
with a family of seminorms {|.|,: n € No} with
|z]1 < |zl2 < v forall z € E.
Also for each n € Ny we assume that there are Banach spaces (E,,]|.|,) with

EiDFEyD .. and E=N2, E, and |z|, <|z|py1 forall z € F, ;.

For each n € Ny let C,, be a cone in E,, and assume |.|, is increasing with
respect to C,. In addition assume

Ci1 203 D, .
For p >0 and n € Ny let
Upp={z€Ey: |z|n<p} and Q,,=U,,NC,.
Notice
9c, . p=0g,Us,NCy, and Q,,=U,,NC,

(the first closure is with respect to G, whereas the second is with respect to E,).
In addition notice since |z|, < |z|,4+1 for all x € F, +; that

D, 20,2 ... and Q1,20, 2D ....... .
We first state a general result [7] that guarantees that the inclusion
(2.1) yeFy
has two solutions in E.

Definition 2.1. Fix k € Ny. If z, y € Ej, then wesay x =y in Fy if |[x—y|p =0
(i.e. if * —y = 0; here 0 is the zero in Ej).

Definition 2.2. If z,y € E then wesay xt =y in F if x =y in Ej for each
k € Ng.

Definition 2.3. Fix k € Nog. Wesay = € Fy in Ey, if there exists w € F'y with
r=w in FE.
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Theorem 2.1. Let L, v, r, R be constants with 0 < L < v <r < R. Assume
the following conditions are satisfied:

for each n € Ny, Fy, : Uy, rNCy — CK(Cy) is a u.s.c. map;
(2.2) here CK(C,,) denotes the family of nonempty, compact,
conver subsets of C,

(2.3) for each n € Ny, |yln < |x|n forall y€ F,(z) and x € 0, U, NC,y
(2.4) for each n € Ny, |yln < |z|n forall y € F,(z) and x € Jg, U, NC,

(2.5) for each n € Ny, |y|ln > |z|n forall y € F,(z) and z € 0, U, rNCy

(2.6) for each n € Ny, the map K, :U,rNC, — 2Cn given by
’ Kny=U%_, Fny is k-set contractive (here 0 <k <1)
(2.7) for every k € No and any subsequence A C {k,k+1,....} if
) x€Cp, n€A, issuchthat R> |x|, >r then |x|x >~y

if there exists a v € E, and for every k € Ny there exists

a subsequence S C{k+1,k+2,....} of Ny and a sequence
(2.8) {un}nes with u, €U, NC, and u, € Fyu, in E,

for ne S and with u, - v in Eyx as n — o

in S, then ve Fv in E

and

if there exists a z € E, and for every k € Ny there exists

a subsequence P C {k+1,k+2,...} of No and a sequence
(2.9) {Wn}nep with wy, € (UH,R \ Un,r) NC, and w, € F,w,

in E, for ne P and with w, — z in Ey as n — oo

in P, then z€ Fz in FE.

Then (2.1) has at least two solutions xo and x1 with

Tp €NS2 4 (mﬁ C’n) and x1 € N5, ((UH,R \ Un,.y) N C’n) .

Remark 2.1. The definition of K, in (2.6) is as follows. If y € U, rNCy,
and y ¢ Upt11,r NCryy then K,y = F,y, whereas if y € Uy11,r N Cpry1 and
Yy & Upso.rNChryo then K,y = F,yU F,11v, and so on.

Remark 2.2. If F is defined on Ey with F,, = F|g, for each n € Ny then (2.8)
and (2.9) are automatically satisfied.

Using Theorem 2.1 we are able to establish the following quasivariational in-
equality.
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Theorem 2.2. Let L,, r, R be constants with 0 < L < v <r < R. Assume
the following conditions are satisfied:

(2.10) for each n € Ny, fn: (UH,R N C’n) x Cp — R is a u.s.c. function

(2.11) for each n € Ny, Gy, : Uy rNC,, — C(Cy) is a u.s.c. map; here
' C(Cy) denotes the family of nonempty, compact subsets of C,

and

for each n € Ny, the map M, (marginal function), defined by
(2.12) M, (z) = SUPycq, (x) fulzyy) for €U, rNCy is lower
semicontinuous (I.s.c.).

For any n € Ny, define the map ®, by
O, (2) ={y € Gu(2) : fulz,y) = Mu(2)} for 2 € UnrNCy
and the map © by
(@) = {y € G): fla,y) = M(2)} for v €M, TN Ca)
here
[0y (UprNCp) x My Cpp — R and G :N52y (UprNCp) — 9= Cn
together with

M(z)= sup f(z,y) for €y (UnrNCy).
yeG ()

Also suppose the following conditions hold:

(2.13) for each n € Ny, ®,(x) is conver for each = € U, g NCy,

(2.14) for each n € Ny, |y|ln < |x|n forall y € @, (z) and x € 0, U, NC,
(2.15) for each n € Ny, |yln < |x|n forall y € ®,(z) and x € g, U,,,NCy
(2.16) for each n € Ny, |y|ln > |x|n forall y € ®,(z) and x € g, U, rNC,

(2.17) for each n € Ny, the map R, :U,rNC, — 2Cn given by
’ Ry =U_, ®.,,y is compact

(2.18) for every k € Ny and any subsequence A C {k,k+1,...} if
) x €Ch, n€A, issuchthat R> |x|, >r then |x|p >~
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if there exists a v € E, and for every k € Ny there exists

a subsequence S C{k+1,k+2,...} of No and a sequence
(2.19) {untnes with u, €U, NC, and u, € ®,u, in B,

for ne S and with w, —v in Ep as n — oo

in S, then ve v in E

and

if there exists a z € E, and for every k € Ny there exists

a subsequence P C{k+ 1,k+2,....} of Ny and a sequence
(2.20) {Wn}nep with w, € (m\ Un,r) NnC, and w, € ®,w,

in E, for ne P and with w, — z in Ex as n— oo

in P, then z€ ®z in FE.

Then there exzists xo € NSy (Un, NCy) with z0 € G(zo) and f(xo,x0) =
M (zo) (i.e. there exists xo € N5y (Un, N Ch) with xo € G(xo) and f(xo,y) <
f(@o,0) for all y € G(zo)) and 1 € N2y (Un,r \Unyy) NCr) with z1 €
G(z1) and f(x1,21) = M(z1).

Remark 2.3. Conditions (put on f,, and G,) so that (2.13) holds may be found
in [5] (and its references). The definition of R, in (2.17) is as in Remark 2.1 with
F,, replaced by ®,,.

Proof. Fix n € Ny. Now since f, is u.s.c. and G, is a u.s.c., compact valued
map then [2 pp. 473] and (2.12) imply M, is continuous. In addition [2 pp.
44] implies for each x € U, r N C,, that ®,(x) is nonempty and compact. This
together with (2.13) implies ®,, : U, g N C, — CK(C,). Next we show the
graph of ®, is closed. Let {(zm,ym)}oo_; be a sequence in graph (®,) with
(Tm, Ym) — (z,y) In (UH,R N C’n) x C,. Then

fulz,y) > limsup fo(zm,ym) = limsup M, (zy,) = liminf M, (2,,) = M, (x).

In addition y., € Gp(z,) together with x,, — x, ¥, — y and G,, w.s.c. implies
[10] that y € Gin(z). Thus y € Gn(x) and fp(z,y) > My (2) = sup,eq,, (2) fn(, 2).
Consequently f,(z,y) = M,(x) so (z,y) € graph (®,). Hence &, : U, gpNC,, —
CK(C,) is a closed map. Now since ®,, is a compact map (see (2.17)) we have,
using a standard result [2 pp. 465], that &, : U, g N C,, — CK(C,) is us.c.
Now we apply Theorem 2.1 with F,, repaced by &, to deduce that there exists
29 € M2y (U NCy) and 21 € M5y ((Un,r \Uny) NCr) with 2o € ®(z)
and 7 € ®(z1). The result is now immediate. O

Remark 2.4. If (2.10) and (2.17) are replaced by,

(2.21) for each n € Ny, fp : (Un,R N C’n) x C, — R is a continuous function

and

(2.92) for each n € Ny, the map R, : U, grNC, — 2% given by
' Roy=U_, ®,y is k-set contractive (here 0 <k < 1),

then the result of Theorem 2.2 is again true.
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The result is essentially the same as in Theorem 2.2. The only difference is to
show @, : U, rNC, — CK(C,,) is us.c. for each n € Ny. To see this fix n € Ny
and notice

D, (z) = Gp(z) N Ay (2)
where
An(z) ={y € Cn: fu(z,y) = Mn(z)}.
We claim that the graph of A, is closed. If the claim is true then G, u.s.c.
with compact values and [2 pp. 470] implies ®,, is u.s.c. It remains to prove the
claim. Let {(zm,ym)}So_; be a sequence in graph (A,) with (zm,ym) — (z,9)
in (Un,r NCr) x Cy. Then since (2.21) holds,

fu(z,y) =limsup fo(Tm,ym) = limsup M, (z,,) = M,(x).
Consequently (z,y) € graph (A).
Remark 2.5. Sometimes f(z,y) is defined for all (z,y) € (Uy,rNC1) x Cy,
G(z) is defined for all x € U; g N Cy, and @, = <D|(mmcn)xcn'
Our next result replaces sup in Theorem 2.2 with inf.

Theorem 2.3. Let L,, r, R be constants with 0 < L < v <r < R. Assume
the following conditions are satisfied:

(2.23) for each n € Ny, fn: (mﬁ C’n) x Cp — R is a continuous function
and

(2.24) for each n € Ny, G, : Uy rNCp, — C(Cy) is a u.s.c. map.

For any n € Ny, define the map ¥,, by

U, (x) = {y € Gu(x): fu(z,y) = Nu(z) = zeglnf(r) fn(x,z)} for x €U, rNC,

and the map ¥ by
U(r) = {y € G(a): fla,y) = N@)} for v €riey (TnanC)
here
[0y (UprNCp) x My Cpp — R and G :N52y (UprNCp) — 9= Cn
together with

N(z)= inf f(z,y) for 2 €Ny (Un,rNCh).
yeG(x) ’

Also suppose the following conditions hold:
(2.25) for each n € Ny, U, (z) is convez for each x € U, pNCy

(2.26) for each n € Ny, |yln < |x|n forall y€ ¥, (x) and z € Og,Up,.NC,y

(2.27) for each n € Ny, |yln < |x|n forall y€ ¥, (x) and z € 0g,Up,NCy
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(2.28) for each n € Ny, |yln > |z|n forall y € ¥, (z) and x € Ig,UnrNCy

(2.29) for each n € Ny, the map R, :U,rNC, — 2Cn given by
’ Roy=U_, Uy is k-set contractive (here 0 <k <1)
(2.30) for every k € Ny and any subsequence A C {k,k+1,...} if
’ x €Ch, n€A, issuchthat R> |x|, >r then |x|p >~

if there exists a v € E, and for every k € Ny there exists

a subsequence S C{k+1,k+2,....} of No and a sequence
(2.31) {un}nes with u, €U, NC, and u, € Y, u, in E,
for ne S and with w, —v in Ep as n — o

in S, then ve Vv in E

and

if there exists a z € E, and for every k € Ny there exists

a subsequence P C{k+ 1,k+2,....} of Ny and a sequence
(2.32) {Wn}nep with wy, € (m\ Un,r) NC, and w, € ¥, w,
in E, for ne P and with w, — z in Ex as n— oo

in P, then z€Vz in E.

Then there ezists xy € NS4 (Un,LﬁC’n) with xog € G(xg) and f(xo,x9) =
N (o) (i-e. there ezists xg € NSy (Un, NCy) with o € G(zo) and f(zo,y) >
f(@o,20) for all y € G(zo)) and 1 € N3y (Un,r \Unyy) NCr) with z1 €
G(z1) and f(x1,71) = N(x1).

Proof. Fix n € Ny. Now [2 pp. 472, 473] implies N,, is continuous. As in

Theorem 2.2 (with Remark 2.4) it is easy to check that ¥, : U, pxC,, = CK(C,,)
is u.s.c. Apply Theorem 2.1 with F), replaced by ¥,,. |

Remark 2.6. As in [8, 9], Theorem 2.2 and Theorem 2.3 can be used to obtain
variational-like inequalities (see also [5]).

To conclude this paper we indicate how one could obtain results for closed sets
(which may have empty interior). In this case we establish the existence of a single
solution to variational-like inequalities. Let E be a Fréchet space endowed with
a family of seminorms {|.|,: n € Ny} with

|21 < |x]2 < e forall z € E.
Also for each n € Ny we assume that there are Banach spaces (E,,]|.|,) with
EiDFEyD . and E=nN2, E, and |z|, <|z|py1 forall z € F, ;.

For each n € Ny let @, be a closed, bounded, convex subset of E,, with 0 € @,
and

Q12Q22 .......... .

We now establish a result which guarantees that (2.1) has a solution in E.
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Theorem 2.4. Assume the following conditions are satisfied:

for each ne Ny, F,,: Q, — CD(E,) is a closed map;
(2.33) here CD(E,)denotes the family of nonempty,
compact, acyclic subsets of E,

for each n € Ny, if {(v,A;)}32, is a sequence
in 0Qn % [0,1] converging to (z,\) with x € A Fy,(x)

(2.34) and 0 < XA <1 then there exists jo € {1,2,....}
with {\j Fy(z;)} € Qn for each j > jo
(2.35) for each n € Ny, the map K, :Q, — 2F» given by
' Kny=UX_. Fny (see Remark 2.1) is compact
and

if there exists a v € E, and for every k € Ny there exists

a subsequence S C{k+1,k+2,....} of No and a sequence
(2.36) {untnes with un, € Q, and u, € Fou, in E,

for ne S and with u, —v in Ep as n — o0

in S, then ve€ Fv in E.

Then (2.1) has at least one solution in E (in fact in M2 Qn).

Proof. Fix n € Ny. Now [6] guarantees that y € F,, y has a solution y, € Q.
Essentially the same reasoning as in [1] establishes the result. O

Remark 2.7. For each n € Ny if we can take sets (J,, so that the nearest point
projection r, : E, — @, is 1-set contractive then we can replace (2.35) with:
for each n € Ny, the map K, : Q, — 25 given by K,y = UX_, F,y is
condensing.

We now establish the analogue of Theorem 2.2 for the situation described above.
Theorem 2.5. Assume the following conditions are satisfied:

(2.37) for each n € Ny, fn:QnxX E, — R 1is a u.s.c. function

(2.38) for each n € No, Gy, : Q,, — C(E,) is a u.s.c. map
and

(2.39) for each n € Ny, the map M, (marginal function), defined by
' My (z) = supyeq, (2) fn(T,y) for v €Qy, isls.c

For any n € Ny, define the map ®, by
Pn(z) ={y € Gn(x) : fulz,y) = Mn(2)} for x€Qn
and the map ® by

O(z) ={y € G(2) = f(z,y) = M(x)} for x€Mly Qn;
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here

[N, QuxE—R and G:N,Q, —2F

together with

M(z) = sup f(z,y) for x €Nyl Qn.
yeG(z)

Also suppose the following conditions hold:
(2.40) for each n € Ny, ®,(x) is acyclic for each x € Qy,

for each n € No, if {(z;,A;)}32, is a sequence in 0Qy x [0,1]
converging to (x,\) with © € A®,(x) and 0 <A <1 then

2.41
(2.41) there exists jo € {1,2,....}
with {\; ®,(z;)} C Qn for each j > jo
(2.42) for each n € Ny, the map K, :Q, — 2F given by
’ Kny=UyX_. ®,y is compact

and

if there exists a v € E, and for every k € Ny there exists

a subsequence S C{k+1,k+2,...} of No and a sequence
(2.43) {untnes with u, € Q, and u, € Pyu, in E,

for ne S and with w, —v in Ep as n — o0
in S, then ve dv in FE.

Then there exists xo € N3, Qn with xo € G(xo) and f(xo,x0) = M (z0).

Proof. Fix n € Ny. As in Theorem 2.2, M, is continuous and &, : @), —
CD(E,) is a closed map. Now apply Theorem 2.4 to deduce the result. O

Remark 2.8. The statement (and proof) of the analogue of Theorem 2.3 is also
clear in this situation. We leave the details to the reader.
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