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PRINCIPAL PROLONGATIONS AND GEOMETRIES
MODELED ON HOMOGENEOUS SPACES

JAN SLOVAK
To Ivan Kold¥, on the occasion of his 60th birthday.

ABSTRACT. We discuss frame bundles and canonical forms for geometries modeled
on homogeneous spaces. Our aim is to introduce a geometric picture based on the
non-holonomic jet bundles and principal prolongations as introduced in [KolaF, 71].
The paper has a partly expository character and we focus on very general aspects
only. In the final section, various links to known results on the parabolic geometries
are given briefly and some directions for further investigations are roughly indicated.

INTRODUCTION

The classical G-structures are defined as reductions of the frame bundles P" M
to structure groups G (usually called higher order structures if » > 1). As a
consequence, certain torsions of such structures vanish. These notions generalize
easily to reductions of semi-holonomic frame bundles, and even to reductions of
holonomic, semi-holonomic, or non-holonomic principal prolongations as reviewed
below. Then we can deal with all torsions quite nicely. These ideas can be traced
back up to Cartan and Ehresmann and an explicit treatment of them was given
in [Kolaf, 71]). Several authors used similar constructions later.

Here we aim to discuss a very general framework for curved geometries modeled
on a given homogeneous space G/ B, viewed as certain deformations of the Maurer-
Cartan form on . Thus our objects will be principal fiber bundles P with the
structure group B equipped with a B-equivariant absolute parallelism TP — g
reproducing fundamental fields on P. Such objects are usually called Cartan
connections of the type G/B. This paper has been inspired by our recent study of
the so called parabolic geometries, i.e. the cases where B is a parabolic subgroup
in a semisimple group, we restrict ourselves to very general aspects however. We
hope to describe a general setting suitable for a wider range of problems after
appropriate refinements. Actually, the papers [Tanaka, 79], [Morimoto, 93], [Cap,
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Schichl] present essentially complete solutions to our problems in the parabolic
case.

Since dealing with a very general setting, we do not present any deep theorems.
Rather we focus at geometric constructions of objects which we believe to be useful.
Any application to a particular geometrical problem requires further refinements
of our objects. We try to indicate certain possibilities for such modifications in
the final section.

Let us illustrate our attempts on most simple but rather typical examples,
the conformal Riemannian and almost Grassmannian geometries. Both can be
defined as reductions of the linear frame bundles to the appropriate subgroups in
the general linear group and the above mentioned principal bundles P equipped
with the Cartan connections w are constructed from these data, see e.g. [Tanaka,
70], [Baston, 91], [Cap, Slovak, Soucek, 95]. There are two basic options for such
constructions, either we try to construct P and w as abstract objects without any
auxiliary bundles, or we try to localize them as reductions of certain ‘universal
bundles’ equipped with canonical forms. All the above mentioned papers took the
first option, here we discuss a fairly general background for the other approach.
Classically, the higher order (holonomic) frame bundles were considered, which was
applicable under vanishing of certain torsions, see e.g. [Kobayashi, 72]. However,
the existence of a non-vanishing torsion excludes this approach even for the almost
Grasmannian geometries. Moreover, already in the conformal case we cannot
obtain the canonical Cartan connections via reductions of higher order holonomic
frame bundles, in general. On the other hand, the canonical Cartan connections
for both these structures are available via reductions of third order semi-holonomic
frame bundles. In the third section of this paper, we show that each principal fiber
bundle equipped with a Cartan connection w can be uniquely obtained in a similar
way. Thus the semi-holonomic frame bundles can be considered as the universal
bundles.

The first section is preparatory, we discuss the homogeneous spaces as suitable
canonical reductions of (holonomic) frame bundles. Next, we study the canonical
forms on the semi-holonomic frame bundles. Most ideas in Section 2 appeared at
least implicitly in [KolaF, T1a], [KolaF, 71b], [KolaF, 75a], [KolaF, 75b]. The infinite
semi-holonomic frame bundles are in fact essentially equivalent to a special case
of the universal towers in [Morimoto, 93], but we believe that our categorical
treatment will allow a wider range of refinements.

The author would like to thank Andreas Cap and Ivan KolaF for helpful discu-
sions.

1. HOMOGENEOUS SPACES AS REDUCTIONS OF FRAME BUNDLES

1.1. Our first goal is to describe homogeneous spaces as canonical reductions of the
frame bundles. Let us fix a finite dimensional Lie group GG and its closed subgroup
B C G, and write m = dim G/B. We also choose a fixed complementary vector
space n_ C g to the subalgebra b so that exp,_ 1s a locally defined diffeomorphism
n_ — G/B on a neighborhood of zero. In order to relate the left Maurer-Cartan
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form on G with the canonical forms on the (holonomic) frame bundles, we need
to fix the right identification of B and b with subgroups and subalgebras in the
jet groups and jet algebras G%, and gk, respectively.

Let us write P*M = inv J&(R™, M) for the kth order (holonomic) frame bundle
on m-dimensional manifolds M. Since P*M C JY(R™ P*~1M) in a canonical
way, there is the canonical form 0(*=1 ¢ QL(P*M R™ @ gf~1) see the detailed
discussion of more general concepts in Section 2 below.

The left multiplication ¢, by elements in & determines the canonical mappings

v G — P*(G/B)
g ]g(gg OeXp|n_) S Jé“(n_,G/B)[g]
& B — Gﬁl
b jb ((eXP|n_)_1 ofyo eXp|n_) € JE(n_,n_)o.

On a neighborhood of the unit, the mapping ¢* extends by the same formula to a
mapping (*: U C G — JE¥(n_,n_). The tangent mapping to ¢* at the unit in G
provides the canonical mapping g — Tjx 4(PFn_)

g3 X = %m(eXp tX) — %lojg ((expn_ )" o lexpix o exp|,_)

which is always injective on n_. We shall also write *: g — R™ @& g% for this
mapping, as well as for its restriction b — g* to the Lie algebra b. Since the
principal fiber bundle automorphisms ¢,: G — G correspond to right invariant
vector fields on G on the Lie algebra level, t* can be also described as the projection
of these vector fields onto the k-jets of the underlying vector fields. The elements
in Tjx a(Pfn_) ~ R™@ gk can be viewed as right invariant vector fields along the
fiber over 0 € n_. Let us write ¢, for the obvious action of elements b € G+ on
these vector fields.

Obviously, v*: G — P*(G/B) are homomorphisms of principal fiber bundles
with the corresponding homomorphisms :* between the structure groups.

1.2. Lemma. The following diagram commutes for allb € B and k > 0:

& % m ok
g——Tjp(P'no) = R @ gy,
Ad, Lirtr ()

LF k m oo ok
o Ty (P = B g,
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Proof. Let us compute £,x41(3) 0 ¢ (g exp tX).

t|o
%loexth — JEF (exprl otyoexp,_ ( 7)0J0 (eXpIn olexptx ©€Xpjy_))
- T].[,;id(P (expl_nl_ ol o eXpIn_))(Eij (expl_nl_ olexptX © €XP|y_ ))
= %mjg(eXpl_nl oly 0 Llexpix © expln_) € ﬂk(b)Pk(n_)

1
~ Tpt Femh 8t|0]0(exp|_1 ol OEexth OeXp|ﬂ_) S Tjgide(n_)

6_| Jo (eXpln oly 0 Leoxptx © Ly-1 0 eXpy,_ )
=F o Ady(X) O
1.3. The trivial filtrations. The Lie group B and its Lie algebra b carry the

compatible filtrations B = F°B D F'B D ... and b = F% D F'b D ... deter-
mined by the exact sequences

1 FFp« b —+— gk 1

1 e p-t G, 1
Weset F7'G =G, F-lg=gand F*G = F*B, F¥g = F*b, k > 0. So G becomes
a filtered Lie group and F'*G are normal subgroups in F°G with Lie algebras F'*g
for all £ > 0.

We say'® that the order of the homogeneous space is k, if k is the smallest integer
with F*g = {0}. The homogeneous space is said to be infinitesimally effective if
N F*g = {0}. An infinitesimally effective space G/B which does not have any
finite order is said to have order co.

By definition, if the order of GG/B is k then the map v* is a reduction of the
frame bundle P*(G/B) in the sense that the structure group might be a covering
of a subgroup in G%, (like the spin groups in Riemannian geometries).

1.4. Lemma. Assume the order of G/B is k. Then, under the identification
Fog ~ Fg) C R™ @ gk, the pullback (VFHD)*(0R)) € QNG g) is the left

Maurer-Cartan form on G.

Proof. We have to prove that for each X € g, g € G,
(W) (09) (9. exp LX) = X.

Let us consider X € g and the vector £ = %log. exptX € T,G. By definition
() 00() = T(PFexppyt oPFETY). & o (PH(ly o fusp ex o expiy_)(i6id))

a% Pk(exp|_n1 olexpix © eXP|n_)(Jo id)
2

oJo (eXp|n olexptx ©€Xp,_)

S
k m
(X)eR™a@gl,. O
10ur definition of the order is very closely related to the order of isotropy of the homogeneous
space as defined in [KolaF, 71b]. In fact, this is always finite under the condition that G acts
effectively on G/B.
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Let us notice the role of the chosen extension of the Lie algebra homomorphism
#: b — gt to the mapping g — R™ @ gF,. Since v**! is a principal fiber bundle
homomorphism over the injective (*+1 the image of the left invariant field given
by X is (x41(x) on P*+LA . Thus obviously (¢#+1)*0%)(X) = 1%(X) as required
in the formulation of the above lemma. However, the statement for X € n_ relies
heavily on our choice. In particular, the other obvious identification n_ ~ R™${0}
does not work, in general.

2. JET BUNDLES AND PRINCIPAL PROLONGATIONS

2.1. The functors W, W", W". There are two basic functors in our develop-
ment: the functor J! associating to each fibered manifold the bundle of 1-jets of
local sections and acting on morphisms of fibered manifolds over locally invertible
morphisms on the bases, and the functor W' which maps each principal bundle
P with a fixed structure group into the principal fiber bundle of jets of the local
trivializations of P. The action on morphisms is given by jet composition. The
fiber over 0 € R™ in WL(R™ x () is the Lie group WL G := (GL, x G) x (R™ @ g)
and jet composition defines the structure of a principal fiber bundle with struc-
ture group WL G on WLP. In particular, the group G embeds into the structure
group of W!P, the projection pi: WHR™ x G) — R™ x (3 restricts to a group
homomorphism, and p} is a principal fiber bundle homomorphism. Both functors
can be iterated to create the so called non-holonomic rth order jet prolongations
J” and principal prolongations W of fibered manifolds and principal bundles, re-
spectively. While the jet prolongations are heavily used in modern geometry, the
idea of the principal prolongation introduced in [Kolaf, 1971] appears only from
time to time under various names.

As pointed out already by Ehresmann, the non-holonomic prolongations offer
a general tool to deal with higher order torsions of geometric structures. Since
the general non-holonomic prolongations are too big and redundant for most prac-
tical problems, the so called semi-holonomic prolongations J, W’ have to be
introduced. We first define J' = J', W' = W' and notice that there are canon-
ical natural transformations (7})y : J'Y — Y, (pt)p: W'P — P to the identity
functors. The action of the functor J* on the mappings (7}) defines the natural
transformation (J'7})y: J'J! — J! and J? is defined as the equalizer of two
natural transformations 7§, J1aj: J1J1 — J'. We have defined the functor W1
only on the category of principal fiber bundles with a fixed structure group G,
but we can obviously extend its action to a wider class of morphisms. Indeed,
if o: P — P’ is a homomorphism over a group homomorphism ¢¢: G — G’
where the structure group (' is at the same time a subgroup in G, then we define
ngo(j(loye)d)) = j(loye)(go o )| rmxay- This action is also functorial for all appro-
priate morphisms. We have seen that p{: WP — P satisfies these conditions
and so W1p} is a well defined natural transformation W!W! — W1l Now, W?2 is
defined as the equalizer of two natural transformations pf, Wipl: Wiw?l — wi.

The higher order semi-holonomic jet prolongations are usually defined recur-
sively. Assume J* comes equipped with the canonical transformation J* — J*=1,
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so that there are two canonical transformations J'J* — J'J*~1 and define J*+!
as the equalizer of those two transformations. A simple check shows that this is
equivalent to the definition J¥*+1Y = J2(J*=1Y )N JY(J*Y). The latter definition
can be modified for the principal prolongations as well, i.e. we define

W p = wAwrtpynwh(wkp).
In particular, we obtain a sequence of natural transformations

_ 1 — —r—1 —2 —1
P gy Pt g P2 P g By

which are given by the restrictions of the target jet projections. We shall write ]3;“
for the composition p¥_, o. .. o[);"'l for all £ > 1> 0.

The holonomic rth order principal prolongation W7 is defined exactly as W1,
on replacing 1-jets by r-jets. Clearly W’ P is identified canonically as a subspace
WP CW'PCW'P.

2.2. Let us also recall the functors 7%, = J5(R™, ), T0,, 17 = (TL)" of the holo-
nomic, semi-holonomic, and non-holonomic rth order m-velocities, respectively.
The principal prolongations W” P may be viewed as subbundles in the bundles
17 P where m is the dimension of the base manifolds. Just observe that each
principal bundle morphism (i.e. a local trivialization) ¢: R™ x G — P is de-
termined by the restriction pgrmyi.1: R™ — P. As discussed above, M =
T2(Tr=2M)NTL(T7 =t M) for all manifolds M and r > 2. Since the action of all
the functors in question is given by the jet compositions, it is easy to see that an
element in W” P is semi-holonomic or holonomic if and only if it sits in 17 P or
T7 P, respectively.

If we start with the trivial principal fiber bundle ida; : M — M with the struc-
ture group {e}, we obtain the holonomic rth order frame bundles P"M C T), M
on the manifold M, and the semi-holonomic frame bundles? W"M C T}, M.

As already mentioned, the holonomic principal prolongation of a trivial principal
bundle R™ x G has the form (up to the natural identifications)

W (R™ x () =R x (ph)gmye(0) = R” x WG

where W G turns out to be the structure group of W" P, for all principal fiber
bundles P over m-dimensional manifolds with structure group G. Iterating this
observation, we obtain the structure groups (W}, )" (G) of non-holonomic principal
prolongations.

Since the semi-holonomic principal prolongations W7’ P are defined by means of
equalizers of natural transformations, they obey principal fiber bundle structures

2These frame bundles can be also constructed directly, without any reference to the more
general concept of principal prolongation. The notation W™M underlines our point of view,
while Ehresmann used H"M, and P"™ M would be more compatible with the notation in [Kolaf,
Michor, Slovék, 93].
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and their structure groups W7, G are again the fibers over zero in W"(R™ x G). By
definition, the Lie groups W/, G are equipped with the projections p._,: W/ G —
W7=1G given by the two coinciding projections W'ph and p}.

In particular, starting with the trivial group G = {e}, we arrive at the structure
groups of the semi-holonomic frame bundles, the groups G7, of all invertible jets
in J; (R™ R™)y. This structure groups come equipped with a filtration obtained
from the exact sequences

(1) 1l =Nk Gr =GRV =1, r> k> 1.

The kernel NJ;" = @"R™ @ R™ is an abelian normal subgroup in G7,. We shall
write g7, n,F for the corresponding Lie algebras and we might omit the indices r
and m, if clear from the context.

Since the element j(lo ¥ € WP, ¢: R™ x G — P is determined equivalently
by any jet j(loyb)go, b € G we shall often use the ‘fiber jet’ notation jie for the

elements in W!P.

2.3. The canonical forms. Let us review first the canonical forms on the general
principal prolongations. Let P — M be a principal fiber bundle with structure
group G, dim M = m, p{: WP — P be the target jet projection. The vector
space R™ @ g can be identified with the space of right invariant vector fields on
R™ x (¢ along the fiber over zero, let us write £ for the canonical action of W} G
on these vector fields. The form 6 = fgm & 6, € Q' (WP, R™ & g) is defined for
each £ € T]»(lo)e)w(WlP) by 0(¢) = (Tio,e)) " (Tr5(€)) € Tio,ey(R™ x G). So we
can view @ as a one-form with values in the right-invariant vector fields mentioned
above.
A straightforward computation shows nice properties of these canonical forms

see e.g. [KolaF, Michor, Slovdk, 93, p. 155] for details.

(1) 6grm (&) = 0 if and only if £ is a vertical vector

(2) for each element X +V + Z € ), (g) ~ g, + g+ (R™ @ g) we have

Og(Cx4v4z) =Y
(3) 6 is equivariant with respect to € i.e. (r®)*(6) = £4-1 0 6 for all a € G.

Thﬁe canonical forms on W71 A1 are defined as restrictions of the forms ¢ on
WYW"™M) to the tangent spaces TWT™T1M. As a corollary we get quite detailed
information on the canonical forms on the semi-holonomic frame bundles:

2.4. Proposition. The semi-holonomic frame bundles W™t M, r > 0 come
equipped with the canonical forms 8") = 6_ & O5r € QYW M, R™ ¢ gl with
the following properties

(1) 6_(&) =0 if and only if £ is a vertical vector

(2) for each element Y € g/t 057 (Cy) = prH(Y)eg,

(3) 0(") is equivariant with respect to the action { of GrtlonR™ @ gl ie.

()0 =y 087 for all b € GTH!
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(4) for each k > r we have the commutative diagram

Ty 0

—“k+1
Tpr:ll——lJ

TWrtt M

™m

prf

RM@@T

™m

6(r)

Proof. Remember 8(") is the restriction of the canonical form 6 on WYW"™ M) to
the tangent space of W"tL1 M. Thus (1) and (3) are obvious and (2) follows from
2.3.(2) and 2.2.(1).

In order to prove (4), it suffices to deal with the case r = k — 1. Moreover, (r)
is the restriction of the canonical form 6 on WZ(W’"_lM), so we can discuss the
case r = 2 with a general bundle P instead of the frame bundles. Let G be its
structure group. Any vector £ € TW?P is of the form %lojégot with ' u — jio,
such that ‘
WY R™ x G) —2— WP

iné Jpé
. o
R xG—9 . p

commutes (the dashed arrow is the canonical embedding). The definition of the
canonical form says we have to take the projection of € to W' P, i.e. %logot (Giid) =
%lojé(pé o) € TWLP and then to interpret this as an element in T aWHR™ x
() via the tangent mapping to ¢". Similarly for the projection Tpj(€). The
situation is described in the following diagram

1/mm TSDO 1 8 -1:1 .t
TiaW (R™ x G) TW P 3 37,Podo¢

i

|

|

Tpy JTpé

) T,l/)?()ve)

Tio,0)(R™ x G TP 3 Tp(55,p0dbe")

The choice of ¢' and ' guarantees the required commutativity. a

2.5. The infinite semi-holonomic prolongation. The semi-holonomic frame
bundles with the canonical projections build a sequence of principal fiber bundles

r+l T B H—1 =2 B =1
(1) P gy Bt gy ez P gy PO

and by restriction we obtain the sequence

_ — —r—1 _ —
@ I g Pt g Per B g B

m m
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By definition, if jiv» € W*M, ji¢ € G%, then

Pho1(io? o Jow) = Jo(po 01 0 Q)| (kmyGh-2)
=Jjo((pg o 1/))|(]1§me % ° (pp © 30)|(1Rmxé’j;2))
( 1J01/’) © (Pk—lJoSD)~

Thus, also the principal actions are compatible and so the inverse limit W< of
sequence (1) is a principal fiber bundle with structure group G, the inverse limit
of sequence (2) of Lie groups. Let us denote the canonical projections WeM —
WEM by py°, and the same for G — G* . So in particular, for all g € G
u € WM we have p°(u.g) = p°(u).p(g).

Similarly, the tangent mappings to the projections Tﬁl,:‘l'l define the inverse
limit structure on the tangent bundle TTW M and we also get such structures on
the trivial principal fiber bundle R™ x G%2 and the space R™ @ g% ~ Ty W>®R™ of
constant right invariant vector fields on the latter bundle (i.e. right invariant fields
along the fiber over zero). Let us check that the actions ¢ of GE+! on R™ @ gF,
are compatible with the projections ﬁi_l and so they define the action ¢ of G
on the space R™ 69 g°° Indeed, choose ¢: W (R™ x GE ) — WHR™ x G ) with

Jov € GiF'and F jbee € TyyiaWFR™. Then pg(Giry 57,056%1) = 57008 © ¥(ee)

while €15 1¢(Tp0(at|030got)) = W|0(p0 o Yyprrrm(io(pp 0 gpt)l]Rme;:n_l)). Since the
prmc1pal fiber bundle morphisms are determined by values on a section, we really
obtain the required equality %:Hg(Tﬁz_l(X)) = Tpk_,(£y(X)) for all g € GFFL,
XeR™@gh.

Now, the compatible inverse limit structures on TW>M and R™ x g and
2.4.(4) yield the canonical form 0(°) = 0_ @ g € QYW M, R™ & g)

PR (0(X) = 09T (X)),

We shall not go into details on the smooth manifold structure of these projective
limits of finite dimensional manifolds, all important aspects can be found in the
forthcoming book [Kriegl, Michor, 97]. Let us mention just that smooth curves
are exactly those mappings which project to smooth curves by all p3° and smooth
mappings are those which prolong smoothly the smooth curves. In particular the
canonical form 6(°) is smooth.

2.6. Proposition. The canonical form 0(°) satisfies

(1) 6_ is the pullback of the canonical soldering form on P*M = W'M, in
particular 0_ (&) = 0 if and only if  is a vertical vector

(2) 0(>°) reproduces fundamental vector fields, i.e. for each element Y € [l
O (Cy) =Y

(3) () is equivariant with respect to the induced action ¢ of G on R™@ g%,
the space of right invariant vector fields on the fiber of R™ x G over 0.

(4) 6(°°) defines an absolute parallelism on W M.
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Proof. By definition, 6_(X) = 0 if and only if 0%) = 0 for all k. Now (1) follows
from 2.4.(4) with » = 0. In order to see (2) notice

PR (0 (¢y)) = 09 (P31 Cy) = 00 (o, v) = BPY
Further we have
PR (09 (ug)(Tr?.Y)) = 00 (572 (w.g) (TrPeeed Tpgs,,Y)
= Eﬁi‘;lg—l °© 9<k>(ﬁ%°+1(U))(Tﬁ%°+1Y)

so that (%) (u.g)(Tr?.Y) = ly-1 0 00°)(u)(Y') as required in (3).

The last item 1s obvious. O

One-forms on a manifold P equipped with a Lie group action, which are repro-
ducing the fundamental vector fields of the action and define an absolute paral-
lelism on T'P are usually called Cartan connections, see e.g. [Alekseevsky, Michor,
95] or [Kobayashi, 72]. Thus we call () € W M the canonical Cartan connec-
tion on the semi-holonomic infinite order frame bundle of M. Let us notice we
should view R™ @ g% as a G-module, rather than the Lie algebra of constant
vector fields since the bracket in the latter algebra is not completely compatible
with the action £. This is clearly reflected in the structure equations below.

2.7. The structure equation. Each absolute parallelism ¢ € QY(P, V) on
a manifold defines the structure equation df = «(f,6) with a unique function
a € C®(P,A’V* @ V). In our case, 6(°) is right invariant and it reproduces fun-
damental vector fields, which implies that the corresponding function «(*) is also
right invariant and for Y € g.° we obtain ¢y o al®) = —ly o 0(°°) i.e. it restricts
to the action of ¥ on R™ @ g;° via the tangent mapping to the action . Now we
can split the values a(*)(X,Y) on vectors X = X_ + Xgoo, Y = Y_ 4 Yjee into

o™X, Y) = — (X ) (V=) + £/ (Vs (X )
— KXo, Yoz lrmags +al™)/(X_,Y2)

in order to obtain the non-trivial horizontal part of the exterior differential of (°°).
Let us denote the summands on the first line by —/\(Oo)(X, Y). Our observations
lead to the structure equation of the canonical Cartan connection

do(=) = a(g(w)’ 9(00))

1
M _%[9(00)’ 00 g mgygoe — A2)((%) 9(°)) 4 ,{(00)(9(_00)’ g(_OO))

where the bracket is given by the bracket of the corresponding vector fields (i.e.
the bracket of the vertical components), A expresses the interaction of the vertical
and horizontal parts of the arguments via the #'-action, and the curvature & is a
(A’R™ @ (R™ @ g=°))-valued function on W) M which is G equivariant with
respect to £.
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2.8. Let us now inspect how much of the curvature £(%) is visible already on
W*M. Its equivariance and horizontality yield

KO g)(X,Y) = =16l () (557 (LX), 7 (4 Y))
= -1 6% (1) (Lo g X, ooy Y)

where 5= ; X means the standard action of G, on R™ and the result is interpreted
as a horizontal vector in R™ & goo.

Since g € N°*+1 implies p3° oy = p;°, the projections ﬁzoﬁ(oo)(u.g)()(, Y) do
not depend on the choice of g € NS#+! for any k£ > 1. In particular, for all £ > 1
we can define the function

K?(k) c COO(Wk+1M, A2 m* ® (Rm @ gﬁl))
AP ) (X, Y) = Pk () (X, Y).

Further notice that /\(k)(ﬁzo_l_lY, P X) = ]3;0/\(00)()(, Y') is well defined.
Now, applying the projection p3° to structure equation 2.7 (1), we obtain

Proposition. The structure equation at v € W*t' M is

S @), 0 )y, — XD (), 00 (w)

d6*) (u) ~
+x P (u)(0-,6-)

(mod ak:¥)

2.9. Remark. Each semi-holonomic jet jif € T2 M determines the so called
difference tensor AjLf € AR™ Ty0yM which is the obstruction to the holo-
nomicity of j} f, see [Kolaf, 71]. Now, each element u € WFH' M, u = jl¢ is also
viewed as jé(ngRmx{e})) € T2 (W*=1M) and, moreover, it determines the identi-
fication Tip eyp: R™ & gk~ Tp:+1(u)WkM. In particular, there is the ‘horizontal
subspace’ u(R™) C Tp£+1(u)WkM identified with w(R™) := Tiy o)(R™ @ {0}). A
direct computation shows that the restriction of d0*=1) to u(IR™) is given by the
difference tensor A(u) € A2R™ @ (R™ @ gk~1), where u is viewed as an element
in W2(W*=1M), see [Koléi, 75a] for details.

3. GEOMETRIES MODELED ON HOMOGENEOUS SPACES

Let G/B be of order k, k < oo, together with the fixed complementary subspace
n_ C g to b. The principal fiber bundle homomorphisms v": G — P"(G/B) C
W7(G/B) over the group homomorphisms ": B — GT, C G7, are compatible
with the projections piT!, so we always obtain the reduction v of W>(G/B) to
the structure group B and in fact all ", r > k are reductions.

We intend to discuss geometries described by suitable reductions ¢: P —
WM of the semi-holonomic frame bundles which should mimic basic features
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of homogeneous spaces G/B. So not only they should be reductions to the sub-
group B over the fixed embeddings *: B — G% but additionally the pullbacks of
the canonical forms on the semi-holonomic frame bundles should equip P with a
Cartan connection of the type G/B. We have seen that this is the case on the ho-
mogeneous space itself, where the left-invariant Maurer-Cartan form is restored in
this way. Obviously, if the images of the pullbacks of the canonical forms happen
to be in ¢*(g), then the latter requirement will be achieved.

We shall start with the somewhat inverse question: Given a principal fiber
bundle p: P — M with structure group B and « Cartan connection w on P, is
there a ‘canonical’ reduction P — W M with the above required properties?

As shown in the proof below, the answer is given by a simple construction which
is essentially complete after getting the reduction pp41: P — W T M| where k is
the order of G/B.

3.1. Proposition. Let G/B be of order k < oo, P — M be a principal fiber
bundle with structure group B, and let w € QY(P,g) be a Cartan connection of
type G/B. Then there is a unique reduction ¢: P — W M such that ©*(>°) =
{9 o w. Moreover for all ¥ > k, Pri1 =pigqop: P— Wr+tM are reductions to
B and 30:+19(T) =1 ow.

Proof. Let us first consider the quotient projection 7 ow : TP — g — g/b. Since
w reproduces fundamental vector fields, we obtain the induced linear isomorphism
wo(u): TyuyM ~ T, P/V, P — g/b at each point u € P .

TP g
pJ J
ToeuyM =.T,P/V,P _Wwo a/bn_

Thus we have defined the mapping
pr: P = WIM=P'M, uw—wo(u)™" €0l @ TyuyM = Py M

A change of the point u to u.b, b € B results in wo(u.b) = Ado(b_l) owg(u) where
Ad® means the induced adjoint action on the quotient. According to Lemma
1.2, Ad°(b=1) corresponds to the action £,1(3-1) under the identification n_ C
R™ @} g2 ~ R™ given by :°. Thus ¢; is a principal fiber bundle homomorphism
over the group homomorphism ' and we have got a reduction of the standard first
order frame bundle to the structure group B/F'B. Notice that p} o ¢ = p and
so for each ¢ € T, P, 0")(Tp.€) = wo(Tp.€). Thus the pullback of the canonical
form 6(°) coincides with wg under the chosen identification.

In particular & € T, P is vertical if and only if T'1.€ is vertical and conse-
quently the horizontal subspaces H(u) := w™!(u)(n_) C T, P have horizontal
images H(u) = Ty, C WM.
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Now, for every principal fiber bundle ¢ — M with any structure group G, any
horizontal subspace H C T, W'(Q determines an element Uy € W?2Q as follows:

He——TW'Q<-=-- Tp W' (R" x G)
UH ° k\
Tpj ] N

Tpo(H) ——Tp1()Q —————R" & g " (Tps(H))

AN

N
~

Tpi(H) is horizontal in Tp1(u)@ and u provides the mapping a1 Tpi@Q — R™apg
which identifies H with a horizontal subspace U~ (H) in R™ @& g C Ti1iq WHR™ x
(). This determines Un uniquely since it has to respect the fundamental fields.
By the construction, this mapping defines a point in W?@Q. Let us also notice
how an element b € WG acts on Uy. By definition, »*(Uy) is given by the
composition TrPob o UH o fly.

Now, our construction will proceed by induction. Assume we already have a
principal fiber bundle homomorphism ¢ : P — WF¥M over the Lie group ho-
momorphism *: B — G¥ and let us write Hi(u) := ¢p(w(u)"t(n_)). Then
these horizontal subspaces define the mapping ¢py1: P — WFHIM. Let us
further assume that ¢y (u) is given by the embedding Ti_1(u) o (F71:

TN —

ka_l(u)Wk_lM. Notice this is the case for £ = 1. The properties of @41 can be
read quite easily from the following diagram
k _
n_ < gc [ T]é idwl(wk—l}Rm)
Adb Jka+1(b)
k _ _
n_ < g« [ Tiéidwl(Wk—l}Rm) Tjéide_lRm
()t e Jortw
-1 Tor L k-1 k-1
w(u) (n_) TP ka(u)W (W M) — ka_1(u)W M
T JTr‘k(b)

w(ub) (o) e Ty P PR W)
First, the composition in the second column is w(u.b)~! while the composition in
the third one is the action of :*T1(b) on ¢y y1(u). Thus g4y is a principal fiber
bundle homomorphism over :**+1. Further, H(k)(g0k+1(u))(Tg0k+1.€) = ppr1(u)~to
T(ps o ri1)£ = @ry1(w) HTpr.£) = F ow(€). Altogether, we have constructed
a sequence of principal fiber bundle homomorphisms ¢ : P — W*M

W — Wt
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If k is the order of G/B, then for all r > k the homomorphisms ¢, are reductions
to structure group B and goj_l_l@(’") = ow.

Let us notice that ¢ was completely determined by the quotient mappings
wy which had to coincide with the pullback of #(%). Moreover, the rest of the
construction was uniquely determined by the horizontal subspaces given by w.
Thus, the whole construction was determined by our requirements uniquely. O

3.2. Definition. Let GG/B be of order k. A geometric structure of type G/B is
a reduction of ¢: P — W**tLM to the structure group B such that the values
of HI(;)W(TP) are in :*(g). An infinitesimal structure of type G/ B is a reduction of

PM to the structure group B/F'B, i.e. to the effective structure group of the
tangent bundle T(G/B).

3.3 Remark. The situation is most simple if the order of the homogeneous space
is k = 1 and the chosen n_ is an ideal, for example in the Riemannian geometries.
Then the structures of type GG/ B coincide with the infinitesimal structures of type
G/B and the Cartan connection w happens to be the canonical linear connection
on M.

Let us illustrate the difference between the two definitions on our simplest
examples of higher order homogeneous spaces. For both conformal and almost
Grassmannian geometries, B/F!B is exactly the subgroup of the general linear
group which is used for the definition of the corresponding reductions. Thus, the
infinitesimal structure is just what we are used to. The standard geometrical
constructions (well known already to Cartan) then provide a structure of the type
(i/ B for each infinitesimal structure in our sence. However, there are more general
structures available, e.g. in the conformal case we might consider ‘weak conformal
structures’ where the distinguished connections share a fixed non-vanishing tor-
sion. Of course, the general calculus developed for such geometries in [Cap, Slovak,
Soucek, 94] still applies.

If we pass to more general parabolic geometries with reducible tangent bundles,
then the data necessary for the reconstruction of the bundles P and the Cartan
connection w are weaker than our infinitesimal structure. We shall provide some
more comments on this problem in the next section.

The properties of the canonical forms on W*M and our Definition 3.2 imply
immediately the following

3.4. Corollary. Let P — M be a structure of type G/ B given by the reduction
@©: P — WH*' M. The pullback wp = ¢*0%) of the canonical form on W*+' M is
a Cartan connection on P.

4. EXAMPLES, REMARKS, AND OUTLOOK

Up to now, we discussed a very general setting covering all possible homogeneous
spaces. Let us conclude with a few remarks towards more subtle (and interesting)
questions. Of course, to deal with them we always have to restrict ourselves to
a suitable class of homogeneous spaces. We refer to the parabolic geometries as
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our basic example, but we do not touch any details, the interested reader should
probably consult the original papers.

4.1. Directions of further investigations.

(1) algorithmic procedures constructing the Cartan connections from the in-
finitesimal data in a ‘canonical’ way

(2) sets of invariants ensuring local equivalence of given infinitesimal struc-
tures

(3) weaker variants of infinitesimal structures

(4) ‘calculus’ for the Cartan connections similar to the Ricci calculus in Rie-
mannian geometries, suitable for dealing with the invariant operators for
the geometries in question

4.2. The basic point is to incorporate some further geometric structures on the
homogeneous spaces. Our constructions can be easily modified in order to obtain
analogous structures on the bundles P — M as well. We suggest a simple general
model:

Let C be a category of manifolds which are locally isomorphic to the object My
with a fixed point O € My, i.e. for each object M € C and each point z € M, there
is a neighborhood U C M of # isomorphic to a neighborhood of O € M. Consider
the category PC of principal fiber bundles over objects in C, with morphisms over
C-morphisms. The modified functor W' then associates to each such principal fiber
bundle in PC with structure group B the fiber bundle of all fiber jets at O € My of
local trivializations My x B — P in PC. All previous constructions come through
with the modified concepts of semi-holonomic jet groups and algebras. Of course,
some further refinements could be still necessary.

4.3. Parabolic geometries. Let us illustrate briefly the arising problems. As-
sume G is semisimple and b C g€ a parabolic subalgebra in the complexfications.
Let us fix the root space decomposition of g© so that g = n_ & go & ny with go the
reductive part of b = go @ ny. Then the powers of ny define the finer B-invariant
filtration

G=F"GOF*'G>...>F'G=BDOF'GD> - DF'G
and the compatible grading
g=9-, D - Dg-1DgD--- DGy

In particular, there is the induced filtration on the tangent space of G/B. Thus we
may restrict ourselves to manifolds endowed with such filtrations and deal with the
local trivializations of our principal fiber bundles respecting these filtrations. A
powerful general theory for such objects was worked out in [Morimoto, 93]. From
our point of view, he additionally considers the induced finer filtrations F* on the
jet groups as well, and he always factors out the action of F**1 when constructing
the kth bundle. This theory is very well suited for equivalence problems on filtered
manifolds.
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The algebraic structure of g shows that the order of G/B is always two. Indeed,
we need just to observe that the kernel of the adjoint action of b on g/n_ is just
g, and the action of g, on g_, is effective, see [Tanaka, 79] for algebraic details.

Since n_ is a subalgebra now, the embeddings :*: n_ — n_ @ g*, can be com-
puted explicitly by means of the Baker-Campbell-Hausdorff formula:

KXY = G5V — f(e2Y)X), where f(z) = 282

z—1
which is a quite nice polynomial expression in view of the nilpotency of n_.

4.4. Let us come back to the indicated directions (1)—(4) and discuss briefly what
has been already done for the parabolic geometries.

The algorithmic construction of the Cartan connections from the reduction of
the structure group of the tangent bundle i1s very well known in all cases where
the tangent bundle is irreducible, i.e. exactly if n_ is abelian, see [Tanaka, 79],
[Cap, Slovék, Soucek, 95]. Tanaka has also given an essentially complete answer
for all parabolic geometries, however only from the point of view of the associated
equivalence problem for the infinitesimal structures. A very explicit construction
is given in the forthcoming paper [Cap, Schichl], starting from a Gg-structure on
the associated graded vector bundle to the tangent space. These constructions
also provide a nice answer to question (3): up to some very rare cohomological
obstructions, the suitable ‘weak infinitesimal structure’ should be a reduction of
the associated graded vector space to the tangent space to structure group Gy.
An application of quite general concepts offering a similar construction can be
also found in [Morimoto, 93].

In all these approaches, the Lie algebra cohomology on n_ with values in g is
essential for the normalizations. In terms of the general infinitesimal structures on
the tangent space from our point of view this imposes some additional conditions
on the torsions, while the general problem has not been solved completely yet from
our point of view. On the other hand, there is the general question: What s the
best general geometrical definition of ‘parabolic geometries’?.

A good answer to problem (1) yields essentially solutions to (2), namely the
Cartan connections describe explicitly all necessary invariants. Much less is known
about (4). As far as we know, only the paper [Cap, Slovak, Soucek, 94] offers a
version of such a calculus for all parabolic geometries with irreducible tangent

bundles.

4.5. Finally, let us comment on the most unpleasant point of our general con-
structions, the extremely bad encoding of the bracket in n_. In fact, it was of
no importance in our development and so we can expect really good and simple
behavior of our general objects only in the case when n_ is abelian. Indeed, in
this case, the trivial filtration coincides with the finer one.

In general, there always is the Levi part Go C B and B = G x N4 is a semidi-
rect product of Gy and the nilpotent radical. Obviously, if G/B is infinitesimally
effective, then Lllgo is injective since F''b is nilpotent. So we might start with a

choice of a reduction P(") of P*M to G, choose a connection  on this reduction
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and consider the Ehresmann prolongation 4* of this connection. The latter will
provide a mapping Py — W¥*t1 M which will be Gy-equivariant. Thus the orbit
of its image under the action of (*+1(B) will be a principal fiber bundle with the
appropriate structure group. In the case with n_ abelian, we really get a structure
of type G/B without any further work and we even can use the special algebraic
properties to normalize our choices. At the same time we obtain a class of connec-
tions yielding the same bundle on the last but one level, an analogy to the class of
linear connections compatible with a conformal Riemannian structure. Since these
constructions are given in a much more explicit way for the parabolic geometries
with irreducible tangent bundles in [Cap, Slovék, Souéek, 95], we shall not go
into any details here. We believe that a better understanding of the embeddings
*#: g —R™@ gk will enable us to use a similar construction in many other cases
as well.
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