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A PARALLELOGRAM CONFIGURATION
CONDITION IN NETS

JITKA MARKVARTOVA

ABSTRACT. After describing a (general and special) coordinatization of k-nets there
are found algebraic equivalents for the validity of certain quadrangle configuration
conditions in k-nets with small degree k.
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§1 DEFINITION OF A k-NET
knet k> N P L, 1 P L
1 P L 1 CcPxcL [
L L1, Ly
Pep ie{ ...k} hi € L;
Plh
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ihjel ... kYi/j h; € L; h; € L;
(XeP|XTh XTh}

hecl {XeP|XI1hr}>
L, .- Lo
order N k N
A B joinable h Alh BIh
A B non-jotnable
A B Ae oB '
Ae oD AB L Ae' oB
h h {XeP|XIh P
P {zecL|Pla}
h h
A, B C
AlCc BIC join line A B AUB
A ied{ ...k} a acl; Ala
Aui
a,b L; L; C
Cla Clb intersection point allb

§2 A CONFIGURATIONAL CONDITION

Definition 2.1. A/ B,C,D
k quadrangle Ae B Be o(' (e o) De oA
A/ B,C,D

A/ B,C,D to have the first  the second diagonal
Ae oB Be (' (e oD De oA Ae ¢ Ae oB Be o( (e oD
De oA Be oD to be without the first the second diagonal
Ae o Be oD to have both diagonals
Ae eB Be o(C (Ce oD De o4 Ae o( Be oD
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D D
C C
A B A B
D
C
A B

A, B,C, D ABCD AUB

BUuC cubD DUA sides AUC BUD

diagonals
ABCD parallelogram AU D||BUC AUB||CUD
D C
A B
N P L, 1 1234
parallelogram “letter” condition ABCD Ae' oD Ae eB
AUC Ao eC BUD
B 040D
D C
\\
\\
A B

LPZ]kh iajakah {a ’ }
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§3 AN ELEMENTARY PROPERTY OF GIVEN CONFIGURATION CONDITION

Lemma 3.1. In a 4-net N let there hold the condition LPi234. Then in N there

holds the condition LP;j, for i,j €4 , 1 kR el .
Proof. N
A B,C,D N Ae’eD Ae'eB Ae’e(
B.z.c DoloC 2134
B D ¢
A A D B
A AB DC CD B A B O D
1234 D'UB D e'eB
DUB D04OB 2134
A/ B,C,D N Ae'eD Ae’eB Ae e
BoloC CozoD
D/ Tt :;"I C/
| P
i e |
A < B
R c B
A,B,C,D 1943 A DB
C ¢ AU nBU D CU N0 AU A B C" D
1234 BUD B e el
D A C B DUB De’eB
1243 2143 O

§4 COORDINATIZATION OF A k-NET

Definition 4.1. S1y0, 5k
CSyx--xSg admaissible relation

Ve,pe{ .. kl,a/ Ve e Sy, Yye Spa a1,... 2 € T Ta, Y Ys-
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Remark 4.2. C Sy x---x8g
a,Byel ..kt a/B /v /) afy  aq,ap —
Qy afy aq,ag ay < Jx1,...,21 € To Ga T Ag Ty Oy
k
k—
Definition 4.3. N o PL L Ly Ly k o P—
[,1><'~~><£k

P ay,...;ar a1 €Ly,...,a; € Ly,

coordinatization N Ry {ocP |PeP
coordinatizing relation N k

Lemma 4.4. Let P,L,L1,...,Lr, I be a k-net. Then Ry Is an admissible
relation.

Proof.

a,a; a; € L; a; € L; hwjef{, ...kt i/j a;MNaj
hef{ ...k} h/ij ay ai,...,ap €P

aleﬁl,...,akeﬁk O

Lemma 4.5. Let R C S7 x --- x S; be an admissible relation. Then there exists
aknet N P,L,Ly,...,Lr, 1 such that R is isotopic' with R .

Proof. Si,oo 8y Si> ied{ .k} R C
Slx"'XSk i,S]/C

o SZ'—>S/» iE{ ,...,k‘}.

K3

s
’ ’
P S x.xS.
L SZ/»,Z'E{ ,...,k‘}
L LU ULy
Peh PeP hel Plh
P.L Ly Lo k
AeP ie{,. . .k} h; € L;
AT hy
Woe L W €Ly ij e, ki)
h} ay @y hiai e ah g hl g
1Two relations A C Ay X -+ X Ap, B C By,..., By are said to be isotopic, if there exist
bijections v1 : A1 — Bi1,...,v; : Ay — By such that for every (z1,...,55) € A1 X -+ X Ay it

holds (z1,...,25) € AS (vi(®1),...,vk(zk)) € B



10
h; /P VT NI (SR Y TR ) al, ..., al,
by, ... b k Spx xSy ay, ..., al
by, ... b
Xer | X1 R XIh}}
h AT h h e
Lo me{ ...k} A dy, o d, deSie{ .k}
Si> B by, ... b, eh eSS iel ..k}
a; / bl ie{, ..k} i/ m A/ B XeP|xIht> O
admussible algebra S, S >
€S ©i ie{s,.. k) S
i i€{3,.. k}
¥3 S
Vep,eo €85, dr,i0 €4 .k} i1/ de
2y €ESXS @, Y €1 @i, i, Y €
Construction 4.6. k N o PL,
a €L be s allb
S Ly
Az £2—>S hz'—>h/2 {hzl_lal_l |_|b}|_|
hi
b h
Rl : ;
a
a hZ
N L — S hli—>h; h; b U iE{,...,k’}
i S—=S 2=y, { zU UaeUdi}nb ie{ ..k}

¥3 S

JITKA MARKVARTOVA
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;i ISxS—=58 T,y — ;X i Y Ty ZE{? ak}
Yi T i Y
b
$i T
Y
T
a
3 S, i iels,.. k)
i iel3,.k coordinatizing algebra
Remark 4.7. k N
S,y Piiefs,. k) i i€{3,...k) -
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k
—_—~—
[,1><...[,k—>5><~~~><5 hl,...,hk = X1,...,Tk

L1 S Xy Ls— S ho—hl { heNe D Nb}U , abeS,
A [,Z—>S,hli—>h; {hlﬂb}l_l ,
R

Lemma 4.8. Every admissible algebra is a coordinatizing algebra of a suitable
k-net.

Proof. S,y i ieqs,.. k) bi iefs,.. P
S xS L {{ay|yES}|aES} Lo Hab |2eSH|be Sy
Li  Hzxy ly iz iy ca)|eaeS) ie{,. ..k} L
L1ULyUL3U---U Ly, I crPxct

PL L1, .. Ly, |
k O

§5 ALGEBRAIC PROPERTIES OF k-NETS
SATISFYING GIVEN CONFIGURATIONAL CONDITIONS

Theorem 5.1. Let ' P, L, L1, L5,L3,Ls, 1 beanetand S, , 3,04,
3, 4 Its coordinatizing algebra with respect to the origin . Then in N there
holds condition LPys34 if and only if

a) s 4 where S, is a commutative group,
b) ps —x [ Vx € S, where —z is the opposite element of x € S in S,
Proof. L
1238 N N
1243 3, 4 1234

Vrou,s, v €S T 3v § 3u=>@Er 4u ©S 4V
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1243

Yru,s, v €S ©r 4u @S 40=>Tr 30 S 3uU.

r ,8 W u v svVYu,vE€S voov o 3u
u
YU o 4w
veES
s W T 30 U 3u Or o au QU 40
u,r,v €S
prooau roou
U 3V U 33U u,v €S S, 3
r @ s U v go_lu u U U 4V
u,v €S
v
go_lu 3U
uesS
r v $ 3u
u,s €S u @s
s 3ps
ses
a €S o la za
a 3¢ a
Sa 3
pa ¢ la
a€csS
u or ws a4 r,s,vES
r 3v S
wor  er 3v  4v
rveES
s r 30 U wr au
ru,v €S

rveES



JITKA MARKVARTOVA

T,UES Sa 3 ZES

z,v€ES
de S z ¢d
d sv a9d v
d,veS
¢ d 4w
c apd w.
abaxes
db ¢
z v ¢ apd b spa.
a 4z b
z b spa
a,be S
r o3V U 4T
rveES goz
r o3V U 4T
rveES

3

rveS 3 4 3
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a,bce S

a,b,ce S
c b b a ¢

1234

wb a ¢ b e

b =z

1234

15
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Theorem 5.2. Let NN P, L,L1,L5, L3, L4,L5,Ls, | be anet and S, |3,
©4,05,%6, 3, 4, 5, ¢ Its coordinatizing algebra with respect to the origin
Then in N there holds condition LPs5¢ if and only if

a) s 6 @ and S,® Iis a commutative group

b) & Sps  Yx € S. Here the symbol & designates the subtraction in
S, D .

Proof. N
N 1256
a Zb igpi_la,b Va,bES Vie{aa’}'
5 6 5 b S, @
1256 P5 T D
ws T xr €S
yP6 T T T T Tt T T T T T T 2 /T r,pe T
T
e |
, P5 & // |
L - i
xr \\\\\\ i :
/><\\\ |
_ ~— |
P51 B T e — 7,
e
N

Z1,%2,Y1,Y2 € S

Ops 1 by1 w5 22 Yo

s 1 Dy:s Ops ra2 DY1.
Ps T Ops @

e 1 DY2 e T2 DY1-

s x1 DYy w5 T2 DY2=>pe 1 DY2 s T2 DY1

1256 O
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Corollary 5.3. Let N be a net with even degree k > and S, , ¢; i€{3,. . k}>
i ie{3,... k} Its coordinatizing algebra with respect to the origin

Then in N there holds condition LPy aap41)2n42) Yh € { , ..., % — }if and
only if
a) ah42 2h+1 @r and S, Py Iis a commutative group.

b) panto Shant1 © Ve € S where the symbol &), designates the sub-

traction in S, @y , h € { a~~~’§_ }-
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