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Abstract. In the paper it is shown that for each solution @(¢; 74,P) of initial value problem
for linear differential equation with delay there are the solutions @, = @(t; 7., fu), =1, 2, ...
of boundary value problems such that

lim (P(k)('; ;v! Ev) = ‘P(.)(’; %o, q))v k = 0) l’ ey B 1
L dnd-]

uniformly in the considered interval.
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Let us consider the following n-th order linear differential equation with delay
(E») X0 + Y at) x"700) + X b)) x"7(t — A1) = 0
i=1 i1

having continuous coefficients a,(f), b(f), i =1, ...,n and a continuous delay
A(t) = 0 on an interval I = {a, b). The underlying initial value problem for the
_equation (E,) is defined as follows:

Let 14 € <a, b) and let on the initial set

E, = {t — AQ): 1 — A1) < 7o, 1€ {To» BY} U {To}
bounded and continuous vector function
() = (Po(1), 21(9), ---» Pu_y(1))
be given. The problem is to find the solution of the equation (E,) which satisfies

the conditions
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A. HASCAK

x®(19) = By(7o), k=0,1,..,n—1,

I .
av) x®@ — A@) = Dt — A()), if t— A < 10.

' Theorem 1. Under the above assumptions the initial value problem (E,), (IV) has
exactly one solution ¢(t; 19, ®) which is defined on the interval {ty, b).

Definition 1. A vector function @ is called admissible if it is continuous and
bounded on its domain of definition.
In [1] is considered the following multipoint boundary value problem for (E,):
Let 74 € <a, b),
) Ty, rz; vevs Ty € {Tg, b), 1,251 = ... =1,(m =< n),
. risr3s ...s 'y €N, ri+r+..+r,=n
and let
B) s B, B, ., B ER.
The problem is to find the solution of the equation (E,) which satisfies the condi-
tions

Xt T;) = y v=1,...,r;
(BV) ©=D(z) = g 1 ;
' i=1..,m

Further, let an admissible vector function @(f) = (D4(?), D,(?), ..., P,_1(?))
defined on E,, be given. By Hy we shall denote the following set of functions

defined on E,,
Hy = {(Qo(t) + Co> ¢l(t) + Cis vees ‘pn—l(t) -+ cn_.]) L C; € R,i=0, 1, R (Il 1}.

For the formulation of the existence and -uniqueness theorem for boundary value
problem (E,), (BV') the function x(¢) is useful: let for the coefficients a,(¢), b(2),
-i =1, ..., n the inequalities

1) la()| = 4, |b()| =By, telabd), i=1..,n
hold. Then x(o) is defined by the formula
o A‘ + Bi“"’vi i

x0@) =Y — —= 0
i=1 Ji—1 NEAr
N2 2

Theorem 2. (A. Ha¥¢4k [2].) Let x(b — a) < 1 and 14 € {a, b). Then for each
admissible function &(f) defined on E, there is a unique y € Hg such that the solution
o(t; 1o, V) satisfies the boundary condition (E,), (BV). This solution will be denoted

Cas (T, B)
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The purpose of this note is to show a relation between the initial value problem
(E,), (IV) and boundary value problem (E,), (BV).

Now we shall introduce notations, notions and preliminary remarks which will
be needed in the sequel.

Let a function f(f) in the interval <{a, b) be given. Consider the points

A<t <1, <.<71,<b
Denote

ﬁl=f(rl)’ i=1,..,n

By difference quotient of the n-th order we shall understand

D'ty ey T3 Brs ves Ba) = [T15 coer Ta] =
_ By . 2 .\
(1 =17y = 13) . Ty = T) (T2 — 7)) (12 — 73) ... (T2 — Tp)
. "t g
(Tn = 1) (Ta — T2) ... (T — Tp—y)

and specially for n = 1

D'(zy; By) = [t =8 (see [3] p. 17).

If the function f has continuous derivatives to the n-th order (including the n-th
order) in {a, b), then there are numbers &,k =0, ..., n — 1, such that

Ty < & < Tiyy
and

) ’ k)
@ D*“(n,....rm;m,.,ﬂm)—f(‘f*), k=0,..,n—1

holds.
It turns out, that in this case
A3) lim DHl(Tu---, Tea1s Brs ooos Brar) =
i=1n-"ok+1
k) k)
ctim S S oy -1
s K k!

Now we shall formulate a relation between initial and boundary value problem:

Theorem 3. Let
()] o xb—a) <1,

7o € {a, b) and let an admissible function ®(t) defined on E., be given.
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Let h fulfils the inequalities

(5) 0<h<mln(b—ro,l,m—),

where
L =max(A4,, ..., Ax» By, --., By).

Let the boundary conditions

(TO’ Bv) 101’1029 ""Tun; Bul’ Blﬂ""’ﬁun’ v = 15 2, cee

be such that
To1 < Tul <..< Tons v= 1, 2, ceey
6) 0<t,y—19<h, i=1.,mv=12 ..,
lim 7,; = t,, i=1,..,n
v—* a0
and

. ' D, (t
(7) hm,Dk+l(tvlo"-’Tuk-t-l;ﬂul""9ﬂvt+1)=‘-i—ol’ k=0’ ,..,n—-1

s+ ® k!

Then the sequence ¢(t;7%,,B,), v=1,2, ... of solutions of the boundary value
problem (E,), (BV) and the sequences 9®(t;7,,B,), k=1,...,n -~ Do =1,2, ...
of theirs derivatives converge uniformly to the solution ¢(t;t,, D) of the initial
value problem (E,), (IV) resp. to its derivatives ¢®(t; 15, ®), k =1,...,n — 1 on
{9, b) as v - o0.

Proof. From (7) we conclude that

D,H‘I(Tal’ cers Tok+15 Bots s B+ 1) k=0,..,n— Lv=12 ..

are bounded i.e. there is a positive number M such that

(8) I n! Dk+l(rv1, sers Tuk+l; pvlv trey ﬂvk+1)l § M’
k=0,....,.n—1v=1,2,...

By (2) there are the numbers

(9) ) Cok(tvh ""'t.vk+l;ﬂuls.'"’ﬂvki-l)s('rvntun), V= 1, 2, ey
such that . ‘
(k) .
(10) Dk“(“ou veos Toka 13 Bots oo Bust) = -?—(gz;i"if—’fl)—.
. * A8

k=0,....,n—1;v=1,2,..
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Thus we have

l (p(k)(to;atu’ Bv) - ¢k(to)| _S_ ! (P(k)(fo;fm 8:}) - ‘P(.)(coh;tw Bv)l +
+ | k! Dh+1(ruh cor s Tok+15 ﬁﬂl’ R ﬂck+1) - ¢k(1)l ’
k=0,...,.n—1;v=12, ..

from where by Mean Value Theorem we get

a1 | 9®(ze;7,,B,) — Bi(to) | S (Tuw — 7o) max \ | e**B(t52,, B,) | +
tero, 10 +h)
+ k! Dk“(‘fuu veos Tokt 15 Bots w5 Bux+1) — PulT0) |»
k=0,...,.n—1v0=1,2,...

Further, by Theorem 2 for each (%,, 8,), v = 1, 2, ... there is unique function ¥, €
€ pr", Y, = W05 -v» Vun_1) such that ¢(t; 79, ¥,) = @(t; Tv"ﬁv)’ te{tp,b),v= 1,
2, ... i.e. there are constants ¢, Kk =0, 1, ...,n — 1; v = 1,2, ... such that

(12) Vi) = O(D) + e, F€E,, k=0,1,...,n=10=12,..
Thus the equality _
13) Vu(to) = Di(to) + Cos k=0,1,....,n—1;0=1,2, ..
holds. By (12) and (13) we have

Yal)) = B () + (0 P(503 7, B) — Bult0)), 1€ Ey,

k=0,1,...,n—1;0=1,2, ...

from where by (11) we get
(14) | Yu() — 8() | < (1o — 7o) max | @** V57, 8,)| +

te(to, to+h)

+ I k! D’H-l(‘tvl’ cee Tvk-f—l;ﬁvl’ ceey ﬁvk'!-l) - ¢k(70) |,
teE,, k=0,1,..,n—1,

To show that ¥, (#), k =0, 1, ...,n — 1; v = 1, 2, ... uniformly converge to @,(7)
on E, as v — oo it suffices to.show (because of (7), (8) and (14)) that there is
a constant C which is not dependent on z,, 8, such that '

(15) Pi(Tys Bv) = max | (p(l)(’; Tys Bv) | = C, i=1, EERCR L2,..

te{to, to+h)
We have

1B 7,0 B) | S 1 0®(Es T B |+ 10®(85 %05 B — 0®(E 5 7,, B |,
k=01 ..,n—lLv=1,2..
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From this by (8), (10) and (15) we get

(16) pk(’tva Bv) é M + hp"*l(fw Ev)’ k = Os 19 cees B — 1’ v = 1’ 2’
From (16) and (5) we get

»—1

a7n lZOPk(fm B)=<nM +h i p(%,, B,
= i=1
and

(18)  pu(z,, B) < M(ho + - + B 4 B *p(z,, B,) < nM + hp(ty, Bo)

k=0,1,....,.n-—Lv=12, ...

On the other hand ¢(Z; Ty B.) is a solution of (E,). Thus (by (1) and (5)) the
inequalities

»~1
19 o™t 2, B)| = LkZol o®(t; 7, B)l, telr, by, v=1,2,..,

n—1
Pu(Tv) pv) é L Z pk(rm ﬂv)r v= 1, 2, ...
X=0
hold.
Now, from (17) and (19) we get

n-1 n-1
'kzopx(f.,. B) £ nM + hk/_‘jopg(?u, B.) + hp(,, B) =
n—-1

<nM + h(l + L) Z pk(fm ﬂv)’
k=0

from where

n—1
(1 -h(+ L))kz Pu(%o, B,) < nM.

Since (5) holds, we have

n—1 nM
(20) Yz, B) S TohisD)

At last, from (18), (20) and (19) we conclude

pi(%,, B,) < T-_}I:'(Alirf)‘ j=01,...,nv=12,..

nM
1—-h(1+L)
n~—1,v=1,2,... uniformly converge to ®&,(¢) on E, as v - co. From this fact
by theorem on tontinuous dependence of solutions on initial conditions we have
that o®(¢;7,,8,), k =0, 1, ..., n — 1 uniformly converge to

p®(t;70,®)  on 1o, b).
The proof of theorem is complete. -

Thus (15) is valid with the constant C = and thus y,(9), k =0,1, ...,

212



ON THE RELATIONSHIP...
REFERENCES

[1] A. Ha§&ak, Disconjugacy and Multipoint Boundary Value Problems for Linear Differential
Equations with Delay. Czech. Math. J., 39 (14) 1989, 70—-77. .

[2] A. Ha§&4ak, Tests for Disconjugacy and Strict Disconjugacy of Linear Differential Equations
with Delays. Czech. Math. J., 39 (114) 1989, 225—231.

[3] A.O.Tenvboun, Hcuucaenue xoneunvix pasznocmeii. I'oc. VI3X. TEXHHMYECKO-TEOPETHYECKOMK
nurepatypbl. MockBa 1952 Jlewunrpan. :

[4] C. B. HopkuH, Ju@depenyuavtvie ypasHeHus emopo20 nOpAOKa ¢ 3ana’obléaroujum apey,ﬁeu-
mom. Hayka, Mocksa 1965.

Alexander Hasc¢dk .
Katedra matematickej analyzy MFF UK
Milynskd dolina

842 15 Bratislava

213



		webmaster@dml.cz
	2012-05-09T20:51:26+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




