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1. Let S” be a unit sphere in E"*!, Let D be a domain in S™, A functionf: D - R
of class C® is called linear if

(1) f(M) = <m’ a) + k’

where a is a constant vector, m is the position vector of the point M € S™ with respect
to the centre of S”, k € R. The linear function f is called homogeneous or non-
homogeneous if £ = 0 or k # 0, respectively.

For the case 52, A. Svec [2] found certain conditions for a function f'to be a linear
and homogeneous. These conditions are expressed in terms of partial differential
equations on some domain D and on the boundary 0D of D. These results are extended
in [1] on the wider class of non-homogeneous linear functions.

The aim of this paper is to prove some assertions for the case of non-homogeneous
linear functions on S3.

2. Let us introduce some notations (see [4]). Consider the unit sphere S* < E*,
To each point M of S3, let us associate a tangent orthonormal frame {m, v, , v;, V3, v}
such that m is the position vector of M e %, vy, v,, v € Ty S* and v, € N, S°. Then
we have

dm = o'v;, dv; = @)y, + W,
dv, = ~olo; = —dm, o= -0/, ~@Gj=1273),
with the usual integrability conditions.

Let £: S — R be a differentiable function. The covariant derivatives of f with
respect to a field of tangent orthonormal frames {m, v} (k = 1,2, 3, 4) are defined
by the following formulas
@ df = fi* + [,0° + f,0°, ,

3) dfy "féa’% — 0} = f1,0" + £120° + f130°,
’ dfy + fi0} = f;0} = f120" + f220” + f330°,
dfy + fi0} + £,03 = f130" + f230° '*'f:nw’,
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@ 4, - 2f1,0% - 2,30} = do! + Bo?* + Co®,
Yz + (fiy = f22) 0 = f230} = f1303 = (B + f) 0! + (D + ;) 0* + Eos®,
dfis = f230} + (fir = f33) @} + 1205 = (C + f3) ©' + E&* + (F + f,) &,
425 + 2f1,0% ~ 2f230} = D' + Gw? + Ho?,
df2s + f130% + 1200 + (fa2 = f33) 03 = Eo! + (H + fy) 0* + (I + 1) @?,
433 + 2,300 + 2f,303 = Fo' + I0? + Jo?,
(5) 44 - (3B + 2f;) 02 — (3C + 2fy) 0} = Tyo! + T0? + Ty,
dB + (4 - 2D - 2f)) 0} = 2Ew} — Coj = (T; + 2f;5) 0! + T,0* + Ts0%,
dC — 2Ew? + (A — 2F — 2f)) 0} + B3 = (T + 2f;3) @' + Ts0? + To?,
dD + (2B - G + 2fy) 0} — Ho? — 2Ew) = (T, — 2f1; + 2f3,) o' +
+ (T; + 2f13) @ + Tyo?,
dE + (C-H)0? + (B—Do} + (D - F)od = (Ts + 2f;;) o' +
+ (Ts + 2f13) @* + (Tg + 2f;5) &,
dF — Jw? + 2C = J + 2f3) @} + 2Ew} = (T — 2f11 + faz + fo3) @' +
+ Tow? + (Tyo + 2f13) 0,
dG + (3D + 2f)) 0} — GH + 2f;) 03 = T,0' + T),0* + T,0°,
dH + 2Ew? + Dw? + (G — 2I - 2fy) 0} = Teo' +
+ (Ty3 + f23) @ + Ty0°,
dI + Fo? + 2E0} + QH — J + 2f;) 0} = T,o' +
+ (Tys = 2f22 + 2f33) @ + (Ty4 + 2f23) @°,
A7 + GBF + 2f) @2 + I + 2£) 03 = Tyo0" + Ty40?® + T,50°.

By means of these covariant derivatives, one can introduce the following differential
operators 4, &, X and A.

'3
Af =‘=Zlfli’
Pf = Af + 3,
3
Xf =‘ 'lzl(fufu - ftzj) + 2f Af + 3%,
1<y

. . 3 3
Mf = det (fy)) + f”};‘,L(fuf” -+ f’izlfu + 12
i<y -

Now, let {m, v} (k =1, 2, 3, 4) be another field of tangent frames. That means
there exists an orthonormal matrix (a/) such that .

v} = a.‘,v‘, v: = U4, i,j = 1, 2, 3.
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Let (af) be the inverse matrix, i.e. afa, = &{. Then we have the following relations

o' = dlw’*, o' =do, '
ﬁ=a{f’;’ 'f;‘:a;fh -

.w¥* = alw? - a3e} + ajwl,

w* = —ajo? + alw} — aio3,

03* = ajo] - ajo} + ajo3,

f:} = a:‘fua;, Ju= “ifaa{-

Remark. It is easy to see that the functions Zf, Xf and S satisfy Lf* = Zf,
Xf* = Xf, #f* = Mf, i.e. are invariant with respect to the choice of the field
of tangent frames.

3. Now, let us consider the function

3
9(f) = (L) ~ 39"f = 7 2; {(fu = f1p* + 3}

It is invariant with respect to the choice of the field of tangent frames. For 4(f)
the following lemma is fulfilled

Lemma 1. If 9(f) = (£f)? — 3Xf = 0 on some domain D < S3, then fis linear

on D, N
. 3
Proof: The supposition 94(f) = 1/2 ¥ {(fu — f;)* + 3f}} = 0 implies f;, =
i,j=1
i<j

=f;,fy=0,(<j,i,j=1,23).From@),weget A=D=F= ~f,, B=G =
=I=—f,, C=H=J= —f;, E=0 and from this df;; = ~df. This implies
fu = —f+ ¢, where c € R. Now, let us consider the vector field

3
a= -‘;lf,v, + (f —c)v,.

Then da = 0 and hence a is a constant vector. Then

.f== <a¢v4> +c (IEI)'

In the following propositions we shall use the maximum principle in the form
described in [3].

Proposition 1. Let D = S* be a domain, 4D its boundary. Let f: S*— R be
a differentiable function. If

@ %\ = (.Eff’)2 — 3X4f=0ondD,

(ii) Zf = const. on D.
then fis linear on D.
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Proposition 2. Let D = S® be a domain, 4D its boundary. Let f: S>> R be
a differentiable function. If

() 9() = (£N)?> - 3A4f=00ndD,

(ii) 22f4Lf 2 34X fon D,
then f'is linear on D.

Proof: First of all we must calculate the covariant derivatives of the functions
- &f, Xfand 9(f).

©® (£f)y,=A+D+F+3f,
(%f); =B+ G+ 1 + 3f,

N (&N =T, + T+ Tg = fir + 322 + fass
(Zf)22 = Ty + Ty + Ty3 + 2f53 + fa2,
(Zf)3s = Te + Ty3 + Tys + 33,

® N = +fs+2DA4+ U+l +20D+

+ (fir + S22 + 2f) F + 2/12f — 2f1,(B +f2) -
= 2f15(C + f3) — 2f1;3E, ‘

)2 =(f22+f33+20)B+ (i +fia +2/)G +
+ (fir +f22 + 2) 1 + 2,21 = 2f12(D + f)) —

' = 2f13E ~ 2f53(H + f3),
X3 =2+ fi3+2NC+ (i +fis +2/)H +
' + (fir + fa2 + 20 T + 2,Ef = 2f\,E ~

= 2f15(F + f;) = 2f23 + f2),

©) N =2AA+)@+N+U+EF+L) - B+ +
+ D+ f)F+£)—(C+Sf3)? - E*} +2f,, 2f +
+ (faz + fo3 + 20N Ty + (f11 + 33 + 20 (Te = 211y + 2f22) +
+ (fir + f22 + 2f) (Ts — 2f11 + faz + f33) —
= 2£12(T2 + 3f12) — 2f15(T5 + 3f13) — 2f23(Ts + 2f2,),
N2z =2{B+1)G+ )+ B+ )T+ 1) - D+ 1) +
' + (G +)U+ ) - E*— (H+ )} + 20,2 +
+ (a2 +fis + 2N T + (f11s + f13 + 20) Ty, +
+ (fir + fiz + 2f) (Th3 — 235 + 2f33) —
= 2£12(T; + 3f12) — 2£13(Ts + 2f13) — 2f23(T12 + 3f23),
N3 =2{C+f)H+ )+ (C+) + 1) - 2E* +
+ (H+f) (T +13) = 2F +£)* =20 + )} +
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These®equations (12) and (13) satisfy the conditions of the maximum principle
if the assumptions of Propositions 1 and 2 hold, respectively. This proves our proposi-
tions because of Lemma 1, QED.

Consequence. Replacing (ii) in Proposition 2 by

(ii)’ Xf = const. on D,

(iliy Lf4%f 2 0on D,
then fis linear on D.

4. Now, let us consider a new function

) = (XS = 321 Af.
It is easy to prove the following

Lemma 2. Let /: S - R be a differentiable function satisfying f;; = 0 (i # Jj)
on some domain D = §2 and 4'(f) = (Xf)* — 3Lf. #4f = 0 on D, then f is linear
on D.

Proof: From the assumption f;; = 0 (i # /) and ¥'(f) = 0, we obtain either
fu = —for f = fj;. Now, our assertion follows from Lemma 1, QED. ‘

Proposition 3. Let D < S* be a domain, 0D its boundary. Let f: 5% R be
a differentiable function satisfying f;; = 0 (i # j) on D = DU dD. If
(i) 9'(f) =0onaD,

‘ 3
(i) 2XfAXS Z 3LIAMS + SMALS + 63, (L) . (A ),
=1

then fis linear on D.
Proof: From f;; = 0, we obtain
i

14 M) =Un+DNUn+NA+H) + (i +NUn +HD + 1) +
) + (11 +f)(fzz +NEFE+f)
A2 =02+ N +NHB+)+ iy + )5z + )G +fz) +
+ (fi1 + ) f22 + U + 12),
) =22+ ) +NC+ )+ i +Nfas +NH + £,) +
+ (i + ) (a2 + NV + 13)
A5 (N =2{(fu +ND+YF+/)+ a2 +NA+)F + f) +
 + s+ NU+H)D + )} + (faz + ) fas +f)(T1 +fi0+
+(u + NG + )Ty = fis + 220+
‘ + 11 + ) 22 + ) T = fi1 + faz + fo3)s
M2 =AU + NG +L)T+ )+ (s + NB+U+ 1) +
| + 53 +NB+1) G +f)} + a2 + N Uss + N (T + o) +
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+CES= TP+ 5N+ Y- TNU+ TN} 4

+{ S+ TN = CS = TN+ T

—CY="NDU+ -+ D+ a4

+ {z(j+ le) - (ECJ'_ "f)(f+.”j)z N

=CS=TDU+ENT S+ DS+ )«

+H{CS=TNU+ T+ S+ ) <

—CS=-VDNU+ TGS+ DS+

LU+ TN+ U+ EN + Y= TN+ D) S

+ {t(j+ ttj) + ZU+ Hf) + Z(ECJ‘_ Itj‘)} z(!f+ G) +
+ LU+ PN+ U+ 5D+ S-S+ vy = (g

S =N+ 7Y = CF =+ 1) <

=Y ="NU+ENE+ 1) +

+{CY =) S+ =N - CS - S+ ') +

+ S =VNU+ TN+ H) +

+{CY ="+ N+ CS =)+ )+
+ S =N+ PN+ = (g

HCS =D+ T = (= T+ ) ~
- Y= NU+ DY+ D+
F{CY =MD+ ) = S =T+ ) +
L= DU+ TN+ 0) +
Y = DU+ SN+ Y= 1) U+ T +
F LS TNU+ A D = (D

{ES = SN U+ 1) = (Y= D U+ -

= L= NG+ DS+ D)+

S =N+ = (= TN+ +

L= NU D+ @)+

H{EY =D+ SN+ (Y= TN+ TN
W= TENU+ TS+ = D8

‘CLHIDY+TNU+D + CY+ED U+ U+ +
+CS+ DU +ENU+ N+ {F+HF+O) U+ N+
DU+ TN+ DS+ DU+ R = U

CS+ T - TN+ U T
+ ('zz_/+ v+ “f)(f‘*' 1) +



+ s + N2 i — L2} (T + f1) +
+ {(faz + N 11 = f33)* + (11 + ) (22 — f33) —
+ (fis + N* 1y =22} (Ts = frn + 2f22) +
+ {(fss + N 11 = f22)* = (22 + ) (frs = f33) =
— (11 + ) (22 = f33)} (T _'f!l + f22 + f33),
$02() =B+ {2 —fi) + (a2 + N+ (i + N} +
+ G+ (i — [+ NP+ is + )+
+ T+ {fis =22 + U + N+ a2 + N} +
+ 2B + £2) (G + f2) (2(f1s + N (a2 — f3) +
T+ 202+ N~ S - s+ )Y+
+ 2B + ) (I + ) {2(fss + ) (fir = f22) —
< 2(fu1 + ) (f22 = f33) = 22 + )} +
+2G + )T + ) {=2f2z + ) (f11 — f33) —
<~ 2fss + N i1 = f22) = (fis + )} +
+ {1t + N a2 = f23) + (f22 + )* (f11n = f33) +
+ (5 + N (fir = 22} (T4 + f22) +
+ {22 + N 11 = 39 + s + N* (22 = f13) —
- (fos + ) (fir = f2)} Ty + f22) +
+ {5 + N U1 = f22)* = 22 + 1) (fir = f33) =
- (i1 + N2 (11 = 33} (T13 = foz + 2f33),
$33(f) =€+ {2z = f33)* + 22 + ) + (3 + )} +
+ H+ {1 = f) + (i + )2+ (s + N +
+ T+ —fo + U + NP+ a + ) +
' +2C+ ) H + ) {2(fus + ) (2 — f33) +
s+ 22+ N =) = (Fa + 1)} +
+ 2C+ )+ £3){2(fss + N 1y — f22) =
< 2(fus + ) (faa = f33) = (S22 + )} +
+ 2H + ) + ) {=2(frz + ) (11 — f33) —
—(fu +N = 2Af55 + N1 = f2d} +
+ {11 + ) (S22 =[5+ (fa2 + N2 1y ~ f33) +
¥ (fss + N (i1 = 220} (T6 + f32) +
+ {(fz2 + N1y = f13)* + iy + ) (a2 ~ f33) —
= (s + 1 11 = £22)} (T3 + f33) +
+ {ss + N U1 = f22)* = (fug + ) (22 ~f33) -
- (f2z + ) (11 = f52)} (Tys + fra).
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From (6), (7), (9), (14), (15) and (17), we obtain
3
49'(f) = 2‘21(17),2 + 2 fAXS — 3LFAMS —
3
— 3MfALS 6i-2l (&1 . (A1),

This expression satisfies the conditions of the maximum principle because of (ii)
and the assertion follows from Lemma 2, QED.

-~
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