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LINEAR INTEGRAL INEQUALITIES

MILOS RAB, Brno
(Received May 2, 1978)

Since 1918-when Gronwall [4] published an estimate for any continuous non-
negative function x(t) defined in [a, a + 4] and satisfying the inequality

x()Sa+ _‘[x(s) ds, B>0

a lot of papers have appeared generalizing this result. Many of them have been
mentioned or reproved in the monograph by ®unartos —Illaposa [25].

The inequalities of Gronwall’s type are special cases of an inequality for a monotone
operator &, x < f+ Zx in which the solution of y = f + £y provides an upper
bound for x (Walter [13]). This result has been proved, for Volterra integral in-
equalities, by Sato—Iwasaki [11]. In the linear case, i.e. if a function x(¢) satisfies
an inequality

) 0SS0+ kL9,

an upper bound for x(¢) is given by a Neumann series — the solution of the equation —
t
W) = f(t) + [ k(t, s) y(s) ds—which represents the best upper bound of x(r). It is

well known that if k(z, s) = g(t) h(s), the solution of this equation can be written
in a closed form (see Chu— Metcalf [3]). Putting down the requirement of receiving
the best possible bound, we can replace the inequality (1) by another one providing
a simple bound in general case, too.

The purpose of this paper is to treat inequalities containing multiple integrals; the
results encompass the major part of papers quoted below.

There is an elegant generalization of Gronwall’s inequality to systems of » linear
inequalities in m variables published by Chandra— Davies [2].

For a better orientation we establish a survey of typical results concerning the
linear integral inequalities for functions of one variable. In this survey, all functions
are supposed to be continuous and nonnegative on the interval I = [a, T), T < ©
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or on the Cartesian product Ix ... xI; all constants are supposed to be nonnegative.
Gronwall (1918) [4]

x(1) s f[ [ax(s) + Blds, te[a,a + h]=>x(t) < Bh éxp {dh},

tela,a + h].
Reid (1930) [10]

x() < £() + [ [hs) x(s) + g()] ds,

£ S M= x(t) < [f ) ds + M] exp | h(s) ds
Xapaamos (1955) [26]
X(1) S 1) + 5(0) | h() x(s) ds = x(0) S F() +

+ 50 ] £ h(s) exp | g(r) h(r) dr ds
Cap6apist (1965) [23]
x(1) S f() + g@® 'f h(s) x(s) ds;

oj?fh, oj? gh < o0 =x(t) < f(t) + g(t) :fof(s) h(s) exp _[t g(r) h(r)drds
Willet (1965) [14]
X0 S SO + Y, 80 [ h6) 50)ds = x(0) < ESO),

t - t

E;=D{D,_, ... Do, Dof = f, Djf=f +(Ej—lgj)(expjhjEj—lgj)jhjf-
Mosnsuxynos — ®unaros (1972) [21]
X(1) S ) + g0 ] k(t, )x(5) ds = x(5) S F(t) exp {61 | K, 9)ds},
F(t) = sup f(r), G(1) = sup g(r),  K(t,5) = sup k(r, 5)

asrst asrst asrst
®unatos — llaposa (1976) [25]
. ok o : : ok
x(t) S ¢ + [ k(t, 5) x(s) ds, 5 € C%=x(t) < cexp [ (k(s,s) + | W(s, 0)do)ds
Pachpatte (1975) [7]

x(t) S f(1) + } g(s) x(s)ds + } g(s) } h(r) x(r) dr ds,
J(t) nondécreasing = x(t) < f() [1 + j: g(s) exp } [g(r) + h(r)] dr ds
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Bezs (1965) [18]
50 S ¢4+ 80 (e + e [ THOX) + ks, 1 3(r) ar) s} =
= X(0) 5 ¢, + g0 [e2 oxp {es [ (66) 9 + ks, ) () dr) ds) +
+eies [ (6 . J s,y drexp ey § () 80) + K ) ) du) ) o]

Venckova (1977) [12]

X0 S 1) + ff‘i(lt‘)“f [ g(to) x(to) dt .. dtyp_y =
=x() < f(t)expj’ hj_ nfl—ﬁlt—")—f fg(to)dto...dtz,,_,.

In the sequel let R" denote the real n-dimensional, euclidian space of elements
(tyy ---» t,). As usual, we shall use R instead of R!. Let E be a set in R**!, We shal
mean by C(E, R™) the class of continuous mappings from E to R™. If fis a member
of this class, one writes fe€ C(E, R™). Another accepted significations: R* = [0, o),
R™ =(-w,0], J =[ty, T), T £ oo. Finally let us define D,,, = {(t, ¢, ..., t) €
eRML <, ...t St<T}

Theorem 1. Let u(t, t;, ..., ), av, tty, ..., DeC(D** R*), k=1,...,n
For u(t)e C(J, R*) let us define

Ry[u] (1) = ‘I vy(t, 1, ;) u(ty) dt,,

ti-1

RJu] () = j 'f e [ Ottty e, D ut) Al dty, k=3, ..,n

to to to

RE)O = 0,0t u) + 3 Ru1 0,

Si[u] () = ! (t t)u(ty)dey,

Sl =1 |- "f o0

to to

S10 = 3 0.

(b, o () Aty dty,  k=2,m




Suppose a(t), b(t), x(t) e C(J, R*) and

@ |
x(1) S a() + BOL [ oa(t, 1) XA Aty + oo+ [ §oor [ 0l 11, 0oy 1) (1) dty o ity
Then

(3)  x(0) S a(®) + b(f) j (R[a] + S[a])(s) exp f (R[b] + S[b]) () dr ds.

Proof. Denote

t ty th-1

o(t) = }vl(t, t)x(t)dty + .o+ [ [ [ ot by, ) x(2,) de, L dey

to to to

Then x(¢t) £ a(t) + b(t) v(t) and v(¢) is nonnegative and nondecreasing. Since u,(¢),
uy(t) € C(J, R™), uy(t) < u,(t) imply R[u,] (t) < R[u,] (¢) and S[u,] (1) < S[u,] (),
we obtain the following bound for the derivative v'(¢):

v'(t) = R[x](t) + S[x](t) £ R[a + bv] (¢) + S[a + bv] (t) =
=R+ 8)[al@) + R+ S)[bv] (1) £ (R + ) [6] () v(t) + (R + S) [a] (.

Multiplying this inequality by exp {— jt(R + S) [6] (s) ds}, it may be written in
the form °
[ exp (=] R + H)[E]©)ds}T < R + 5) [a] () exp (=] R + $)[6] () ds}.

Integrating from ¢, to ¢ we receive with respect to v(z,) = 0

v(t) exp {-—'j' (R + S)[b](s)ds} < 'j' (R + S)[a] (s)exp {—} (R + S)[b](r)dr}ds,
and,
(1) £ } (R + S)[a](s)exp }' (R + S)[b](r)drds.
Since x(t) < a(t) + b(t) v(t), the proof is complete. Th. 1 contains the results from
the papers [1], [4], [S], [6], [10], [16]—[20], [22], [24]—[28] as special cases.

Theorem 2. Let v, (t, t;,..., 1), Vilt,t;,...,t,) € C(D**', R*) and let V, be
nondecreasing in t,

Vi(t, ty, ..., 1) = max v (s, ty, ..., &), k=1,..,n
txSsSt

Let R[u] (t) be defined in the same way as R[u] (t) in Th. 1 replacing there v, by V;.
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Then the inequality (2) implies that
(Y] x(1) < a(t) + b(¥) 3' R[a] (s) exp } ﬁ[b] (r) dr ds, te[ty, T).

Proof. It is seen from (2) that for each 7 € [#,, h], h < T the following inequality
is valid

x(t) < a(t) + b(®) [} Vi(h, t) x(t) de, + ...

t th

+ § o Vh, ty, o, ) x(1) dt, .. deg].

to to

Vi

at

te [to, k], especially for ¢ = h, Thus the theorem is proved since 4 may be chosen
arbitrarily in [¢,, T).

Since

=0 for te[ty,h] and k = 1, ..., n, Th. 1 forces the validity of (4) for

Note. Let A(t), B(t) be continuous, positive and nondecreasing functions, A(t) =

2 max a(s), B(t) =z max b(s). Then the inequality (4) can be simplified to the follow-
toSssSt toSsSt

ing one
x(1) < A(r) exp {B(t) 3' ﬁ[l] (s) ds}.

In fact, in view of (4) we have

x(1) £ A(D) + B(t):f R[A] (s) exp } R[B](ndrds <
< A + B(:)j) A() R[1] (s) exp f B@)R[1](r) drds =
= AWML — exp {(B() 'f R[1]ds}1i=3] =
= 40 exp {8() § R{1] ()5}
For n = 1 see [21].

Theorem 3. Let v(t, 11, .., 1y e C(D**!, RY), %"—(r, tys ey i) € C(D**Y, R7).
Suppose

@ ©
) f”"f vt ty, oo, ) dty ... dt, < 00,

oy

j .‘- "."‘j:l‘a'Tk(t, tl’ ceny tk)dtk"‘ d‘1 > -0
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and define for admissible u(t) e C(J, R*)

[ o]

P,[u] (1) = [ vy(t, 1, t;) u(ty) dt,,

o0

[ fo@tt, . ., Qu@t)d,...dt,, k=3,..,n,
12

k-1

-y 8 ™ ey

Plu](t) =
P[u](t) = vy(t, 1) u(t) +k§2P,‘[u] ®,

QL0 = S ut

@ @

oful(=1 .. j%ftl(t, t, - tu)de...dt,, k=2,..,n,

t t-1

0[] ) = ¥ 01 ).
Let a(t), b(t), x(t) € C(J, R*),

:fO(P - Q) [a](s)ds < oo, ?(P - Q)[b](s)ds < o0

and
x() < a(t) + b(1) [? v.(t, 1) x(¢)dty + ...
+ T ? T Ut tys .ons 1) x(8,) dt, .. dey ]
Then

x(t) < a() + b(® uf (P - Q)[a](s)exp [ (@ — P)[b](r) drds.

Proof. We shall proceed in the same manner as in the proof of Th. 1. Let

o(t) = ?vl(t, t)x(t)dty + ...+ § § o f oot ty, o, 1) x(2,)de, L dty

Then ‘ )
V(@) = —P[x] (1) + Q[x] () = —P[a + bv] (t) + Q[a + bv] (1) =
=@ -P)[a](® + (@ - P)[bv] (O

Since 1(t) is nonnegative, nonincreasing and (Q — P) [u,] (t) = (@ — P) [u,] (1
uy (1) < u (1), it is (Q — P)[bv] (t) = (@ — P)[6] () o(r). Hence -

v(t) 2 (@ - P)[B1 @) o(®) + (@ — P)[4] ®)
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and
[ exp | (@ — P)[5](9)dsT 2 (@ — P)[a] (®) exp?(Q — P)[5](9) ds.

Taking in account that v(c0) = 0, we receive from this inequality

of) < f (P~ 0)[a](s)exp [ (@ — P)[] (r) dr ds

and the theorem is proved.

For n = 1 this theorem has been proved by Cap6apast [23].

In the special case a(t) = ce R*, b(t) =1 and u(t, ¢y, ..., 1) = fi(ty) --- [i(tD),
where f,, ..., f,€ C°(J, R*), Th. 1 gives for x(t) satisfying the inequality (2) the
estimate

that

x() < CCXP{'I St dey + ..+ If:(fl)!‘fz(‘z) ,] St de, .. dy}

This result can be sharpened by using another method of the proof (see [7] for
n=2).

Theorem 4. Let fy, ..., f, C%(J, R*) and let

XS e+ [ [0 dty + .. + j fl(tl)‘f 120 o | St %(t) dt, ... Aty

on J.
Then

() xS 1+ A d + [ 1) § S oxp | 1,009 dry dry dt +

tn- ta-

+ ...+ ‘I fl(tl) o tj 2fll-~l.(tn—l) exp Ix[j;l—l(tn) +fn(tn)] dtn s dtl’
Proof. Let us define for any u(t)e C(J, R*)

Lyu(t) = u(t) + f £.(s) u(s) ds,
La() = u() + [ fi(s) Lsyu()ds, k=n—1,..,2,

t
Lyu(®) = c + [ fy(s) Lyu(s) ds
to
and let us denote

ul(t) = le(t)! uk(t) = Lku,‘-l(t), k= 2, ey
so that

u() < U4 4(0).
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The functions u,(¢) satisfy the following system of differential inequalities
) ull é fluZ’
(6) u; §f1u2+"’ +fl'ui+1’ i=27"'7n_1;
Uy, < fitly + oo F foogthhog + (fog + £ .

In fact, since x(¢) < u,(t), it holds u] = fiL,x < f,L,u; = fiu,. Assuming that the
first kK — 1 (k < n — 1) inequalities are valid, we have
up =ty + filirrth-1 S frg + oo + fio gt + filis e =
=fitty + oo + filhisy.
Fork = nitis ‘
Uy = Up_y + fallooy S frty + oo + foo gty + fithy

and the statement is proved. From the latter inequality it follows

u, < ¥ fun,
i=1
so that
)] u(t) < cexpf 2 fi(s)ds.
to i=1

If we know the estimate for u;+1, we receive from the inequality (6) written in the

form
i-1

’
u; ékZlfkus + fittivs,

that
i-1 1t i-1 s
(@)  ult) Sexp {kZl [ fils)ds} e + I exp {— Z I Jr)dr f(s) u;44(s) ds],

fori=n-1,...,2, and,
t
u(® = ¢ + [ fi(s) uy(s)ds.
to

Hence starting from (7) and uSiné 8) fori=n — 1, ..., k we receive
. . :

k-1 t
Uy Scexp{ L [ fAsI[1 + [ fooaltap) X

i=1 to

th-k th-2

X exp j Focks1 @At + .+ L+ [ frog(tamg) %

xexp{ | [fn—x(t) + f(®]drdt,_i} .. > dh]



and

u(®) S e[+ [ Alt) <L+ ‘f f(ta) exp ‘szz(f) dr{l+ o [1+ | foogltaog) %
X exp g or® + 1) de] dtyy ...} i) dt,]

which is equivalent to (5). The proof is complete.
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