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Boundary value problems with nonlinear
boundary conditions in Banach spaces

GIUSEPPE MARINO, PAOLAMARIA PIETRAMALA

Abstract. Let X be a Banach space, J = [a,b] a bounded real interval, A(t,z) a bounded
operator defined and continuous on the product J x X, f(¢,z) a continuous function on
J x X, L a bounded linear operator with values in X and H a continuous operator, not
necessarily continuous. In this paper, we study the existence of solutions of

z' = A(t,z)z + f(t,z)
which satisfy the condition
Lz = H(z). '
Keywords: Evolution operator, boundary value problems, differential equations, nonlinear
operator, fixed point theorems
Classification: 34K10

1. Introduction.
Consider a nonlinear differential problem with nonlinear boundary conditions of

the type
' —
(11) { z' = F(t,z)
Tz =y, y € X Banach space

The most important works in this field, when F(t, z) is of the form A(t)z + f(t, z)
(i.e. it is the perturbation of a linear bounded operator) and T is a bounded linear
operator, are due to Scrucca [1], Conti [2], Opial [3], Bernfeld and Lakshmikan-
tham (4], to which we refer for a nearly exhaustive reference.

The case of a nonlinear problem, that is, when F(t, z) takes the form A(t, z)z +
f(t,z), has been studied by Conti [2], Kartsatos [5], Furi et al. [6] and Anichini [7].
In these papers T is a continuous but not necessarily linear operator. The methods
used in these papers are based on fixed point arguments or topological degree theory.

Very recently, a further contribution to the subject has been given by Anichini-
Conti [8]. By using a fixed point theorem for condensing maps due to Martelli [9],
they prove the existence of solutions for (1.1), with X = R™ under the new assump-
tion
(1.2) |A(t, z)z| + |£(t, )] < g(t, ]=])
for a suitable function g.

In this paper, we give a substantial simplification of the arguments and estimates
used in [8]; moreover, we improve their existence result, under assumptions of the
kind in (1.2), but in a more general Banach space context. We rely on the classical
fixed point theorem for compact maps due to Schaefer [10].

In the last section, we give some examples of how our main result (Theorem 3.1)
can be successfully applied to some nonlinear boundary value problems.
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712 G. Marino, P. Pietramala

2. Notations and preliminary results.
We use the following notations:

- J = [a,}] is a compact interval on the real line R.

- X is a Banach space with norm |v|, v € X.

- C(J,X) is the Banach space of continuous functions from J into X with the
norm ||z||co := max{|z(t)| : t € J, z € C(J, X)}.

- B(X) is the Banach space of bounded linear operators from X into X with
the norm ||T|| := sup{|Tv| : |v| = 1}.

The following lemmas will be crucial in the proof of the main theorem:
Lemma 2.1 ([10]). Let S: X — X be a continuous, compact map. If the set

M :={v € X :cv=8(v) for some ¢ > 1}

is bounded, then S has a fized point.

Lemma 2.2 ([11, p. 32]). Let g(,z) be a continuous function defined on J x R
such that the initial value problem for the equation

2 =g(t,2)
has the unique solution z(t) for t € J. Then, if |2'(t)| < g(t,|z(2)|) for everyt € J
and if |z(a)| < z(a), we have |z(t)] < z(t) fort € J.
Let us prove the following theorem:

Theorem 2.1. Let A: J x X —» B(X) and f : J x X — X be two continuous
functions such that:

(i) |v] < r implies that there ezists R = R(r) > 0 such that
lA® I+ If(tv) SR for tET;

(i1) JA(t,v)v] + |f(t,v)] < 9(2,|v]), for t € J and v € X, where g is the function
defined in Lemma 2.2;
(iii) If u € C(J,X) and z, solves the Cauchy linear problem

{ 2'(t) = A(t, u(®))=(t) + f(t, u(?))

z(a) = 20,

then the set {z,(t) : u in o bounded set B of C(J,X)} is relatively compact
forany te J.

Then the initial value problem of nonlinear ordinary differential equation

{ z' = A(t,z)z + f(t,z)

z(a) = zo
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has at least one solution.

PROOF : Let u € C(J,X) be given. The maps A, : J - B(X) and f, : J = X
defined respectively by A.(t) := A(t,u(t)) and fu(t) := f(¢,u(t)) are continuous
maps and so it is well known ({12, p. 196]) that the linear problem

{ z'(t) = Au(t)z(t) + fu(t)

z(a) = z9
has a unique solution z, that we can write as
t t
(2.1) zu(t) = 2o + / Au(8)zu(s)ds+ / fu(s)ds.
a a
Hence we can define the map S : C(J,X) — C(J,X) by defining S(u) to be the
unique function z, solution of (2.1). Our claim will be proved if we are able to show

the existence of a fixed point for S.
First, we show that S is a continuous map. For this purpose, let u, — ug in

C(J,X) and S(uy,) = zy,. Then

20n() = 0O S [ Fun (6120, (5) = Aua(6)200(6) 2 Aun ($)2u(8)] dt
+ / fun(8) = Fuo(s)] ds < / 1 Aun(5)]] [2un () = Zug(s)| ds+
b
Hizwoloo / 14w () = Auo(5)ll ds + (| fun  fuolloo(d — @)

for which, by the Gronwall inequality, we have
b
[Zun () — 2w, (B)] < (quolloo/ | Au, (8) = Aug(s)l ds+

1 fun = Fuolloo(d = @) exp( / 4w, (5)] ds).

Now, up — ug in C(J,X) implies that there exists an r > 0 such that ||unllcc <
r, and so, from hypothesis (i), it follows that there exists an R > 0 such that
|Au, lloo := max {||Au,(s)|| : s € J} < R. Hence

Iz, = Zuolloo < (1Zuolloo | Aun — Auolloot
+|fun = fuolloo)(b — a) exp(R(b — a)).

On the other hand, under the assumptions of continuity of A and f, it follows that
|| 4s, — Auolloc = 0 and || fu, = fuolloo = 0, so that ||Tu, — Tuellcc — 0. Now we
show that S is a compact map. From (2.1) it follows that

t b
I(S)®) < |zo] + / lAun (I 1(S())(s)] ds + _/a |fu(s)| ds,
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714 G.Marino, P. Pietramala
so, again by Gronwall inequality,

b b
(SXO! < (aal+ [ 1fu(o) ds)exp( [ Iu(s) )
Hence |[u]|oo < r yields
(2.2) 1S(u)lloo < (Iz0] + R(b — a)) exp(R(b — a)) = k,

so that $ maps bounded sets into bounded sets. Moreover

(S(w))'(t) = Au(t)(S(u))(t) + fu(t)
and therefore
1(S(@)) lleo < 1 Aulloo IS(w)llco + Il fulloo -

It follows that ||u]lcc < r and (2.2) imply that ||(S(u))'|lc < R(k + 1) and this,
together with (iii), is enough to conclude that S maps bounded sets into relatively
compact sets, i.e. S is a compact map. Finally, let M be the set in Lemma 2.1. Let
z € M. Then, for some ¢ > 1,

cz(t) = zo + /a A(s, z(s))cz(s) ds + / f(s,z(3)) ds,

so that
(2.3) z'(t) = A(t, z(t))z(t) + ¢ f(¢,z(t)) and z(a) =c lzq.
Let us consider the initial value problem

{ Z' = g(t,Z)
2(a) = [zol.

Clearly, from (2.3) and hypothesis (ii) we have
le'(®)] < 1At (D)D) + (2, 2(1)] < g la(D)]).

Moreover, |z(a)| = c™|zo| < |zo| = 2(a), so that from Lemma 2.2 we get |z(t)] <
2(t) for any z in M and this shows that M is bounded. From Lemma 2.1 the claim
follows. ]

We note that the hypothesis (iii) of the previous theorem is certainly satisfied if
X is finite-dimensional or if the set

{Eu(t,3)B; 1t — s > 0,u in a bounded set B of C(J, X)}
is relatively compact in X, where B; := {u € C(J,X) : |juljoc < 1} and E,(¢,s) is

the evolution operator of A(t, u(t)) (see Remark 2 below). Also, we emphasize that
(iii) is equivalent to (iii)’: The set

{Eu(t,a)z0 + /¢ E,(t,3)f(s,u(s))ds : u in a bounded set B of C(J,X)}

is relatively compact for any ¢ in J fixed.
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3. Main result.
Let us consider the following boundary value problem

"= At t
oy { 7= Az 102
Lz = H(z)

Assume that the following hypotheses hold:

(h1) A: J x X — B(X),(t,v) —» A(t,v) is a continuous function for which
Vr >0 3r; =ri(r) > 0such that |v] < r implies that ||A(¢,v)] <Vt e J.

(h) f:Jx X — X,(t,v) = f(t,v) is a continuous function.

(hs) 1A, v)v| + |f(¢,v)| < 9(,|v]),Vt € J and Vv € X, where g is the function

defined in Lemma 2.2.

(hy) L:C(J,X)— X is a linear and continuous operator.

(hs) H :C(J,X) — X is a continuous operator for which: .
(1) Vr >0 Irz =ry(r) > 0 such that ||ul|co < r implies that |H(u)| < r2;

(i) 3d > 0 : |Ky(H(w)~L [O Ey(-,5)f(s,u(s))ds)(a)| < d Vu € C(J,X),
where K, is the operator defined in (hg) and E, (¢, 8) is the evolution operator

of A(t,u(t)) (see Remark 2 below).

(he) For every given u in C(J, X) there exists a linear and continuous operator

K, : X — Ker Dy, where D, := (d/dt) — A(t, u(t)), such that
(i) K:C(J,X)— B(X,KerD,),u — K, is a continuous function;
(ii)) Vr >0 3m =m(r) > 0 such that |lu||e < r implies that ||K.|| < m;
(iii) (I — LEu)(H(u) = L [O Eu(-,8)f(s,u(s)) ds) =0 Vu € C(J, X).
(h7) Ifu € C(J,X), let z,(t) := f:E,,(t, 3)f(s,u(s))ds; then the set
{(Ku(H(u) — Lz,))(t) + z4(¢) : u in a bounded set B of C(J,X)}
is relatively compact for any ¢ € J.
Remark 1. From (hy), (hz), (h3), it follows that
Vr >0 3R = R(r)> 0 such that |v| < r implies that
A VI +If(Ev)I SR Viey

Remark 2. From (h;), we are able to claim the existence, for any fixed u, of
a unique operator function E, : J x J — B(X),(t,s) — E,(t,s), defined and
continuous on J x J such that

(3.1) Eu(t,s)=1I+ / ' Au(0)Eu(10, ) dw

(evolution operator of A,), where A,(t) := A(t,u(t)) ([1]). From (3.1), one has
(3.2)  Eu(t,t)=1I, Ey(t,s)Eu(s,r) = Eyu(t,r) V(t,s,r)eJxJIxJ

and moreover

(3.3) (OE.(t,3)/0t) = Au(t)Ey(t, 8) almost everywhere for t € J,s € J.

From this, it follows that the (Carathéodory) solutions of the linear homogeneous
equation D,z = 0 are defined in J and define a space isomorphic to X via the map
Js : X = Ker Dy, j,(x) := Ey(-, 8)zy
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716 G.Marino P.Pietramala

Remark 3. From (h;) and (h;), it also foliows that if u € C(J,X) then
(i) A, belongs to C(J, B(X));
(i) fu belongs to C(J, X) (here fu(t) := f(,u(?)));
(ii1) |jun — voljoo — O implies that

(3.4) lAu, = Auglloo — 0 and || fu,, — fuolloo — Oy

Remark 4. The hypothesis (h7) is already used in several works (see [1], [13], in
which the operator A depends only on ¢t € J). In any case, (hy) is certainly satisfied
if X is finite-dimensional or H is a compact operator and the set

{E.(t,s)B; :t— s> 0 and u in a bounded set B in C(J,X)}

is relatively compact ([14])¢

Finally, we quote the following result which is useful in the proof of our main
theorem.

Lemma 3.1 ([11, p.36]). Suppose that g1,92 € C(J,R), g5 € L'(J,R), g5 > 0
almost everywhere, g;(t) < g2(t) + f: 93(s)g1(s)ds, t € J.
Then g1(t) < g2(t) + f: g3(8)g2(s) éxp(f: 93(v) dv)ds.

Our main result is:

Theorem 3.1. Suppose that (hy)-(hy) hold. Then the problem (NLL) admits
at least one solution.

PROOF :

Step 1. |[ulleo < r = 37 = 7'(r) > 0 : |Eylleo := max{||Eu(t, )]l : (t,8) €
JxJ} <.
Indeed, from (3.1) we obtain, if s < ¢ (analogously if t > s):

1Bt £ 1+ [ TAuw)l] 1B, o)l do

which, by Gronwall’s inequality, yields

1Bt < oxp( | 14u(0)] ) < exp(R( — a)) =+

(the last inequality follows from Remark 1).

Step 2. E,(t,s) is continuous with respect to u, i.e. lun — vllc — O implies
|Eu, = E,llo = 0.

Indeed, let |lu, —ulloo — 0. Then there exists an r > 0 such that |[tnlleos [ufle < 7.
Moreover, if s <t (analogously if ¢ > s), we have from (3.1),

1Eu, (t5) — Eu(t, )]l < / 1B, (0, 9)]| [|Au, () — Au(w)] duw

+ [ NA 1Bur ) ~ Bl o
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This implies, by Lemma 3.1,
' t
1Ber(t,9) = Eults | S [ 1B 0,90 uo (0) = A} o+

+ [ 1A 1B M ()~ Au @ d)es [ T4 i) o <
< u ol Bu ol A, = Aullen(® = 0 exp(Aullon(s — )+

+1Bupllooll Aun — Aulloo(b - a) <

< ||Au, — Aulloor' (b — a)(1 + R(b — a) exp(R(b — a))),

from which we obtain
1B, = Eulloo < [|Aun — Aulloor’(b— a)(1 + R(b — a) exp(R(b — a))),

so that the claim follows from (3.4).

To prove that (NLL) has solutions , we consider, for any u € C(J,X), the map
S :C(J,X) - C(J,X) defined by S(u) := K H(u) — KyLzy + z,. We now prove
that S has fixed points and that these are solutions of (NLL).

Step 3. For any u € C(J,X), S(u) is a solution of the linearized problem

2 = Au()z + fult)

(NL)f‘ { Lz = H(u).

Indeed, since the range of K, is contained in KerD, (see (hg)), we have
DK,y =0 Vy € X, in such a way that D,S(u) = D,z,. Hence, from (3.2)
and (3.3), it follows that

(3.5) (S(u))'(t) = Au(B)((S(w))(B) + fu(t)
Moreover, from (iii) of (hg) we have
LS(u)= H(u) — Lzy + Lz, = H(u).
An obvious consequence of Step 3 is that the fixed points of S are solutions

of (NLL). The existence of fixed points of S will follow from Lemma 2.1.

Step 4. S is a continuous map.

Indeed, let u, — up. There exists an r > 0 such that [[unlleo, lUollc < 7.
Now, [|Ey, — Euollec — 0 (Step 2) and ||fu, — fuollco — 0 (Remark 3), so that
E, (t,8)fu,(8) = Euy(t,3)fuo(s) uniformly in (¢,s) and therefore ||zy, — zuolloo
— 0. Moreover,

1KunLzun = KugLzuglloo < 1Kunll LN 120 = Zuslloo + 1 Kun = Kuoll 1L ll2uollcos

so that (i) and (ii) of (he) yield ||Ku, Lz, — KusLzuo|loo — 0. Analogously, one
can see that || Ky, H(un) — Ku, H(uo)||ec — 0.
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Step 5. S maps bounded sets into relatively compact sets.
Indeed, if ||u]|oo < r, from (hs) and (hg) we have

15(#)lloo < m(r2 + LIl 2ulloo) + llzulloo
and so Remark 1 and Step 1 yield
IS()lleo < m(rz + |LlIr' R(b - a)) + r'R(b — a).
Moreover, from (3.5) we have
I(S()) lloo < llAulloollS(@)llco + I fulloo < R(m(rz+||L|lr'R(b~a))+r'R(b—a)+1)

and this, together with (h7), is enough to conclude that S is a compact map.
At this point, we consider the set M in Lemma 2.1.

Step 6. u € M implies that |u(a)| < d.
Indeed, v € M implies that cu = K, H(u) — KyLzy + z4, so that u(a) =
¢ Y (Ky(H(u) — Lzy))(a). Thus the claim follows from (hs).

Step 7. S has fixed points.
Indeed, in order to apply Lemma 2.1, we consider the initial value problem

(152

Now, u € M implies cu'(t) = A, (t)cu(t) + fu(t), so that from (h3) we have |u'(t)] <
g(t,|u(t)]). By Lemma 2.2, |u(t)] < z(t), where z(t) is the unique solution of
(3.6) in J. This is sufficient to conclude that the set M is bounded, so that, from
Lemma 2.1, we can affirm the existence of fixed points for S. ]

4. Applications.
Example 1. Let J = [0,1],X = R? normed by ||(z1,%2)|| := |z1| + |z2| and
B(X) = My, be the Banach algebra of the real 2 x 2 matrices B = (b;;) normed
by ||B|| := max |b;;].Moreover, let g; and g2 be two functions from J x R into R.
We assume
(a) g1 is a bounded continuous function on J x R,||g1]lcc := sup{lg1(t,z)| :
(t,z) e J x R}.
(b) g2 is a continuous function for which there exist a function h € C(J,R) and
a constant 8 > 0 such that |g2(¢, z)| < h(t) + Blz|.

We consider the matrix function A : J x R? — My, defined by A (t, (:;)) =
0 1 _ (E}(t,s) EM(t,s) .
(0 g(t,:cl)) and let E,(t,3) = (E?‘(t,s) Eé’(t,s) be the evolution operator
of A which depends on (u;,u;) = u € C(J,R?).
We want to look for the solutions of the second order nonlinear ordinary differ-
ential equation

(4.1) 1‘" - gl(ta z)z' = g?(ta 1‘)
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with boundary conditions of the type

{ j:(f: exp(f:" g1(v, z(v)) dv) dw)g2(s, =(s)) ds = z(1)
Jo (Jy exp(J} 91(v,2(v)) dv)ga(s, z(s)) ds) dt = [y a'(t) dt.
The equation (4.1) can be written as y' = A(t,y)y + f(t,y), where y = (:;) belongs

to R? and f (t’ :;)) = (92(:)»!!1))'
Finally, we introduce the operators L and H from C(J,R?) in R? by

L(::) = ( f;l:z((lt; dt)’ " (Z:) =
— <J;)l(fa1 exp(J,” 91(v,u1(v)) dv) dw)gs(s, ua(s)) ds) )
JA UL exp(f! 91(v, ur(v)) dv)ga(s, us(s)) ds)dt /

Now, the ordinary differential problem (4.1)-(4.2) can be equivalently formulated
as (NLL). To prove the existence of solutions it is sufficient to see that (hi)-(h7)
are satisfied.

Step 1. (hy), (hy), (hy), (h7) are satisfied.

Obvious.

Step 2. (h;3) is satisfied.

Let z = (21,73). Then ||A(t,z)z|| + [[f(t, 2)ll = |22|(1 + |ga (2, z1)]) + lg2(t, 21)] <
lzll(1 + llg1lleo) + Itlloo + Bllzll. Put & := 1+ |lg1lleo + B,b := ||hllcos 9(t:2) :=
4z + b. We obtain ||A(t,z)z|| + || f(t,z)|| < 9(t,||z]|), where of course g satisfies
the hypotheses of Lemma 2.2 and the unique solution of the initial value problem
2' = g(t,2),2(0) = z is given by

2(t) = (20 + (b/a)) exp(at) — (5/@).

Step 3. (hs) is satisfied.
It is enough to note that

_ (1 [lexp([¥ g1(v,u1(v)) dv) dw
Eu(t,s)—(o oy )

(4.2)

Step 4. (hg) is satisfied.
Let (u1,u2) = u be an element of C(J,R?). We define the operator K, : R? -
C(J,R?) by
K (a) _ ((b/ Jo Pu(8) ds) Jy pu(s)ds + a —b)
“\b (b/ Jy pu(s)ds)pu(t) ’

where pu(s) := exp( [, 91(v,u1(v)) dv).

It is a routine calculation to verify that the range of K, is Ker D, and that
LK, = I on R?, so that (iii) of (hg) is obviously satisfied. Moreover, u — K, is
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a continuous function, as it is easy to verify by the definition of K,. Finally, for

each u € C(J,R?), we have [|Ku|| < 2+ ||g1/loo(1 — exp(—llg1]lc)) exp(llg1]lco), so
that (ii) is satisfied, tooy

Example 2. Let J,91,92, 4, f be as in the previous example. Fix ty € J. Then
the problem

z - g1(t,2)z’' = go(t, z)
(4.3) z(0) = sin (|1 — z(to) + z'(to)|)!/?
2'(0) = cos (fy =(t) dt — 2+ [, «'(t) dt)

can be written as (NLL) with H and L defined by

1(2) = (i s ot 2(00) = (50

Then (h; )-(h7) are satisfied by taking

K a) _ b j;; pu(s)ds+a
*“\b bpu(t)
and so problem (4.3) has a solution.

In general, if f,f; are two bounded continuous functions from C(J,R) x
C(J,R) into R, then the ordinary differential problem

g - gi(t, )z’ = ga(t, 2)
(44) z(0) = fi(z,z")
z'(0) = fa(z,2")

can be written as (NLL). As above, one can verify that (h;)—(h7) are satisfied, so
that the problem (4.4) admits solutionsg

Remark 4. The previous examples also work with the weaker assumptions:
l91(¢,z)| < a1(t) + by|z| for some a; € C(J,R), b € R* and (1 + ||a1 ||l + B)* —
4b1||hleo > 0. In this case g is defined by g(t,z) := b122 + (1 + ||a1]|eo + B)z + [| ]| oo-
If, moreover, the following inequality

(4.5) g2(t, u(t)) < G exp(llga (s u(-))lloo )

holds for some G > 0 and for every u € C(J,R), then the Nicoletti problem

{ z —q(t,2)e’ =gt z)
z(t) =1, 3(t2) =12

has solutions. (Here (4.5) assures that (hs) (ii) holds)y
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