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Some limit theorems of intermediate term of a random
number of independent random variables

H.M. BARAKAT AND M.A. EL-SHANDIDY

Abstract. Necessary and sufficient conditions are obtained for the weak convergence of the
normalized intermediate terms of order statistics, when the sample size is a sequence of
positive integer-valued random variables (r.v.).

Keywords: weak convergence, order statistics, intermediate sequences, sample of random
size

Classification: 60F99

1. INTRODUCTION

Let {X,} be a sequence of r.v.’s with a common continuous distribution function
(df.) F(z) and fﬁ") g"), . ,{.(,") be its order statistic. The term f;:-‘: is called an
intermediate term if its rank sequence {K,} is such that 1 < K, < n for all n,
K, —+ 0o and K,/n — 0, as n — co.

Chibisov (1964) [1] and Wu (1966) (2] both have shown that the normal and log-
normal distributions are possible limiting distributions for the intermediate terms.

When the intermediate rank sequence {K,} satisfies the limit relation

1.1 nli&((,/x,,m - \/K,.> = 5’-;1 £>0,

for any sequence of integer values {r,} for which r,/n'~% — 4, as n — o0, (0 <
a < 1, v is any arbitrary real number), Chibisov [1] proved that, whenever there
exist sequence a, > 0, b, such that P (Ei;‘) < anz + b,.) has a nondegenerate limit,

the limiting distribution must be of the form ®(U(z)), where ®(z) is the standard
normal distribution and U(z) has the following form, (up to an affine transformation
of r)

- <0
1) UP(e) = { o 225
) U7 (=) Blns, >0
—Bn|z| z<0
12 B () — { Bln|z], <0,
(12) 2) UP(z) o, 250850
3) UP(z)=Us(z)=2, —oco<z<oo

Here f is some positive constant depending only on a, £ and the type of the d.f.
F(z).
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324 H.M.Barakat,M.A El-Shandidy

Wu (2] has shown that the types & (Ui(p)(:c)), ¢ = 1,2,3 are only the possible
limit types of d.f.’s of the normalized term {% , When K, is any nondecreasing
intermediate rank sequence. Moreover, the domains of attraction of the limiting
forms & (U,-(ﬂ)(z)), i = 1,2,3 have been obtained in [1], [2] and [3].

The problem of asymptotic behaviour of extreme and central order statistics of

random sample sizes was studied by various authors ([4]-[9]) and the following
general result was obtained:

Theorem 1.1. Let v, be a positive integer valued r.v. which is distributed inde-
pendently of X;,1=1,2,...,n for each n.

Suppose that, as n — oo and for suitably chosen constants a, > 0,b,, the follow-
ing conditions are satisfied:

() P (£ < anz +ba) = G(U(a)),
(1) P(va/n < z) — A(z), A(z) is a d.f.

Then, as n — oo,

am P (el <ans ) S Ua)= / G (V) dAG), =13,
0

where
Tk (2U(2)),j =1, eztreme case, i.e.,. K, = K =constant
, (14]-8]),
G(#U(z)) =1 @ (27U(z)),j =1, central case with A-domain of attrac-

tion, ie,Kp/fn — X € (0,1),
Vr(Ka/n—2)—0, as n — oo, [9].

where (-—:) denotes the week convergence, 'k is an incomplete gamma function
and the function U(z) either has only one of the possible limiting forms shown in
[10] and the second part of [11] (in the eztreme case) or U(z) has only one of the
possible limiting forms shown in the first part of [11] (in the central case).

When the intermediate rank sequence {K,} satisfies the Chibisov condition (1.1)
and the sample size is a r.v., the sufficient conditions for the weak convergence of
the normalized intermediate term and its limit distribution are discussed in [12].

In this paper we prove that the conditions given in [12] are necessary. Moreover,
the case of general intermediate terms is discussed through an example.
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2. BASIC RESULTS
Throughout this paper the following abbreviations will be used:
Vit = (€22 = buy) /ny , G2y (2) = Gy (nz + ba) = P (V;21, < 2)
and ¥2(z) = P (v,;;m,, < z) :

Consider an intermediate rank sequence {K,} that satisfies the Chibisov condition
(1.1), i.e., K ~ £2n® (£ > 0, 0 < & < 1), and the following three conditions:

(A) Gi(z) > @ (UP(2)), i€{1,2,3},
where U'.(ﬂ ) (z) has only one of the possible limiting forms defined in (1.2).

(B) P (7, < 7) — A(z),

where A(z) is a d.f., 7a = (vs —n) /n'~% and v, is a positive integer valued r.v.
distributed independently of X;, i = 1,2,...,n for each n.

©) B2 (2) 5 U(z) = / 2 (U (@) + €1 - @)z) dA().

—00

Theorem 2.1. The relations between the conditions (A), (B) and (C) are follow-
ing:
(1) (A)n(B) C(C).
(2) (4)N(C) c (B).
(8) If A(z) is @ d.f., which has at least one negative growth point and one positive
growth point, then (B)N (C) C (A).

Theorem 2.2. In the part (1) and the part (2) of Theorem 2.1 one can replace the
conditions (B) and (C) by other equivalent conditions as follows: for condition (B)

P(tn<z)=P ((u,. —n)VEKa/n < z) 5 A(z).

And for condition (C)
4@ S [0 (W) -UP(az)e +4eD) dAE), i (1,2,3),
where 0 < a(z) < 00, —00 < b(z) < 0o and the coefficients a(z), b(z) can be obtained

from the relations
n Kn
i P
v ]Eul - bn
= b(z)

n
b
lim — + [nz/

n—+00 a
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3.PRrROOFS

PROOF of (A)N(B) C (C): It is easy to see that ® (U}ﬂ)(z)) = ¥(z) if and only
if,
0, z<0,

1, z > 0.

Alz) = {

Hence, we consider only the case when A(z) is a nondegenerate d.f.
Now, let P, = P (vn = 3). Then, by using the total probability rule, we get

Uh(2) =Y PP (V). <2) =) Pu,Gi(2)
s=1

=1

If we assume that A,(z) = P(vn < z), then the latter sum is a Riemann sum of
the integral

(3.1) ¥i(z) = / G*(2) dAn(s).
1

By virtue of condition (B) of Theorem 2.1 we get

(3.2) An (n+n'"%2) = A(z), asn — oo.

According to the results of Chibisov [1] and the condition (A), we have
i *() — . ] = G ;
(33)  lim Gi(a) = lim @ (Ur.(2) =@ (UP(2)), ie{1,23},

where Up? . (z) = (n1F (an,z + bny) — Kn,) //Kn,-
Let s = n+[n'~% 2] ([6] means the integer part of 6). It is clear that r,(z) = s—n
are sequences of integer values for which

ra(z)/n'"% = [n'"%z] /n'"% 52, asn— o

Therefore, in view of the limit relation (1.1), we deduce that the sequence {K,}
satisfies the following limit relation

69 Jm (VE-VE) = Jim (Keerr - VEa) = 2

Furthermore, the following limit relations can easily be verified:

s [K,

aVE, 7
(3.5) ny S

sKn, —nkK,

—{1-a)z, asn— oo.

nvK,
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On the other hand, by virtue of the results of Chibisov [1], we have
(36) lim G3(=) = lim & (U%a(@)) -

But, we can write

2 (2) = 2/ Reyn (a) + Hn ks
(37) U,',,(.’L‘) “n K, Un,n(z) + n\/_I_{_; .
Hence, from (3.3), (3.5), (3.6) and (3.7), we deduce that
(3.8) Gi(z) > @ (U,-(ﬂ)(a:) +o(1 - a)z) , i€{1,2,3}, asn— oo,

for all finite values of z.

Moreover, from the continuity of the functions U,~(‘6 )(:c), 1 =1,2,3, it follows that
the convergence in (3.8) is uniform with respect to z.

Now, let ¢ and ¢' (¢ > ') be two continuity points of A(z) such that 1+ A(c') —
A(c) < €, where € > 0 is arbitrarily small. Then

39) ( / +7)¢(U§”’(z)+e(1—a)z) da(z) < ( / +7) dA(z) =

=1+ A(c) - A(c) <.

On the order hand, if we consider condition (B) we get, for sufficiently large n

(3.10) (/ +7)G:(z)dA.. (n+n1=%2) < (/+7) dA, (n+n'"%z) =

=14 A4n(n+n'"%c) - An (n+n'"%c) <21+ A(c') — A(c)) < 2.

Now, we estimate the difference

j Gi(z)dAn (n+n'"%z) - / o (U,.“”(x) +61- a)z) dA(z).

327
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By the triangle inequality we have

(3.11) <

j Gf(z) dAn (n+ nl—%;) - / ® (U,."”(x) +e1 - a)z) dA(z)

s +

jG:(l‘) dA, (n+ n“%z) - j@ (U,.(ﬂ)(-'t) + 01— a)z) d4, (n+ nl—%z)

+

] @ (UP(z) + €1 - )z) dAn (n+n1"2) -

c

- / 2 (U (2) + 1 - a)z) dA(z)

¢

Since the convergence in relation (3.8) is uniform over the finite interval ¢’ < z < c.
Therefore, for arbitrary € > 0 and sufficiently large n, we have

c

/ (G;(:t) -@ (Ui(ﬂ)(x) +£(1 - a)z)) dA, b(n +n'"%z)

C’

<

(3.12)

<(An(n+ nl‘%c) —An(n+ nl’%c'))e <e.

In order to estimate the second difference on the right hand side of (3.11), we

consider Riemann sums which are close to the integral there. Let N be a fixed

number and ¢’ = ¢p < ¢; < :-- < ¢y = ¢ be continuity points of A(z).
Furthermore, let N and the ¢j, j = 1,2,..., N be such that

/c(b (Ui(ﬂ)(x) +£(1- a)z) dAn (n+ nl"gz’) -

- i}@ (U'.(ﬂ)(x) +e(1- Q)CJ‘) (An (n + nl-—“;‘c).) — A, (n + nl—g-cj_l)) <e,
j=
and
j & (UP(2) + 41 - a):) a4(z)-
c
-3 (UP(2) + €1 - a)e;) (Ales) - Ales-1)| < e.

=1
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By virtue of the assumption, 4, (n +n!~%¢;) = A(cj),0<j < N,asn — oo,
the difference between two Riemann sums is less than ¢ for all sufficiently large n.
Thus, once again by the triangle inequality, the absolute value of the difference of
the integrals is smaller than 3¢. Combining this fact with (3.1), the left hand side
of (3.11) becomes smaller than 4¢ for all large n. Therefore, in view of (3.9) and
(3.10) we get

(3.13) |¥5(z) - ¥(2)| <

c

/C Gi(z)dA, (n+n'"%z) — / 3 (U,.“”(x)+e(1 -—a)z) dA(z)| +

c!

<

’
c

+ / G3(z)dA, (n+n'"%2) + / @(U}”’(z)ua—a)z) dA(z)+

—00

+ 7@;@) dA, (n+n'"%2) + 7«1» (U.-(p)(z) +e1- a)z) dA(z) < Te

Finally, from (3.13), (3.8)), (3.2) and (3.1) we obtain

oo

Wi (z) / & (U (2) + 1 - a)z) dA(2).

—00

]
PROOF of (A) N (C) C (B): We assume that, as n — oo, conditions (A) and
(C) hold. We select a subsequence {n'} of the sequence {n} for which P (#n < 2)
converges weakly to an extended d.f. A'(z), i.e., A'(c0) — A'(—00) <1 and such a
subsequence exists by the compactness of the d.f.’s. Then, by repeating the proof
of the first part of Theorem 2.1 for the subsequence {n'}, with the exception that
we choose ¢ and ¢’ (¢ > ¢') so that (A'(c0) — A'(—00)) — (4'(c) — A'(")) < €, we get

¥(z) = 7@ (U,.‘")(z) + 01— a)z) dA'(z), i€{1,2,3)

(the limits & (U,-(p )(z) +£(1 - a)z) and ¥(z) do not depend on the subsequence

{n'} because the conditions (A) and (C) hold).
Since ¥(z) is a d.f. we get

Y(oo)=1= / dA'(z) = A'(00) - A'(~o00),
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that is, A'(z) is a d.f.
Now, if P (P, < z) does not converge weakly, then we can select two subsequence
{n'} and {n"} such that
w w
P (0 < 2) — A'(z) and P (U0 < 2) — A"(2),

and in this case, due to condition (C), we have

(3.14) ¥(z)= / @ (U,.‘”’(x)+e(1 —a)z) dA'(z) =
= /q»(y+e(1-a)z) dA"(z), i€{1,2,3}.
Let Gy(y) = / & (y + £(1 — a)z) dA'(2),
and Gs(y) = / @ (Uf"’(z) +2Q1 —a)z) dA"(z).

If the functions G1(y) and G2(y) are determined for some interval y; < y < 2,
then in this interval both functions G1(y) and G2(y) will be analytic functions. By
differentiating G,(y) and G2(y) with respect to y and from (3.14) we get

oo
/ e—l(l—-a)y: (e‘-glz(l—m)zx2 dA'(z)) =
)
=)
= -/e—l(l—a)yz (e-§12(l-—a)2" dA"(Z)) .
—00

Let (1 — a)y = p. Then

[ ) ' 00
/ e e* (e'glz(l"")zzz dA'(z)) = / e (e‘gla(“"‘)"2 dA"(z)) .
—oo )

Since the Laplace transformations with respect to the measures
{e’ }e0-a)s? dA’(z)} and {fz"}‘z(‘""’)"2 dA"(z)} coincide to each other, we de-
duce that A'(z) = A"(2).

This completes the proof of the second part of Theorem 2.1. ]
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PROOF of (B)N(C) C (A): We first prove that the sequence {V,:,,} is stochastically
bounded (see [13] p. 247). Assuming the converse, i.e., we assume that the sequence
{V,{",,} is stochastically unbounded, then we can find €9 > 0 such that for each z

we have lim P (lV,{‘nl > x) > €9, which is equivalent to the following assertion:
n—oo ’
There exists £; > 0 such that for all z > 0 we have

(a) ”lirroloP (V,;‘,,I > :z:) > %El,
or

—— 1
(b) “lmgoP (V,:"n <-z)> 6

The assertions (a) and (b) are equivalent to the stochastically unboundedness, of
the sequence {V,,'",,} at oo (from the right) and —oo (from the left) respectively.

Now, assuming the condition that there exists a negative growth point of A(z)
(i.e., there exists a finite point 2o < 0 such that A (2o +¢) — A(z0 — €) > 0, for all
€ > 0) we can find two finite numbers a;, a; such that a; < a; <0, a; < aaz and
a positive finite number § > 0 such that

(3.15) Pla; <mm<a)26>0.

By using the total probability rule, we can write
P(Vir.22)=Y Pva=j)P (V,{,, > z) >
i=1

> Y Pu=dP(Vi.2e),

n+2n,a,<j<n+ 20,4,

where zp 0; = [na;/\/K,.l , t=12.

In view of the well known relation

010 ViEVERVLRVLaVi. feralpzizi
we get
P(Vina2a) 2 P(Vapint, > 2) 3 P(v, = ).

n+zn,a, SJ'S"'H,,,.;
Turning to the relation (3.15) we have

(3.17) . nlingoP (V,:"'" > _.,:) > 5"1_1{‘;1;13 (Vn+zn,., > :L‘) '

ntZnegn 2
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On the other hand, we have

n+z a
n+z: .:,n(z)

n+ 2na, _ K, (U,f:'n(z) + (n + zn,al) K, - nI{n+z,,.,.,2 ) —
n A"+’m°z (n+2n,a1) VKn

n+2n,a, K, (n + zn,0,) Kn = nKnys, ., ) +
n Kﬂ+=n,., (n + Zn,a1) \% Kn

Cn Knyz,, n4zn.a -
=— (\/ oy [T ) (oo~ V) -
= (VEntsnes - VED)).

(v2ato+

Using the following relations

n+ 2pq, K,
n Kﬂ+zn,¢2

’Kn n+z,...1 + Kn-f-zu,., -2,
Kntzy,, K, K,

(n+ Zn,a YKo — nKn+z'.,n1
(n+ zn,e,) VKn

aa; .
and,/K,,.,.,“ ', t1=1,2, as n — 00,

— 1,

—a;(1-a)

we get
lxm U"I:::‘ az) < hm U,','n(:t) + (a1 — aag) < hm U,‘ a(z), Vz>0.
Combining the last inequality with relations (3.17) and (3.3), we get
— e €1
[Jim P (Vira21z) 2 é im P (Via>1z) > 6—2- >0,

which contradicts the stochastic boundedness of the sequence {V,,"“ ':,,} (the stochas-
tic boundedness of the sequence {V;»} follows from the condition (C)).

Now, considering the case (b) and satisfying the condition that A(z) has a positive
finite growth point (i.e., there exists a finite point z5 > 0 such that A(zf +¢) —
A(zg — €) > 0 for all ¢ > 0), we can find two positive finite numbers af, a} such
that 0 < a), < @i, aa) < @) and a positive finite value §' > 0 such that

(3.18) P(dy < <dy)>6>0.
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By similar discussion as the case (a), we can prove that

—_— — n+zn o
im P(V», < -z)>¢é lim P (V,,_,_, a < —Z) )
n-—o00 n,a’

n-—+00

and
pR— L S - - n
"l}_{xoloUn+z",.;2,n(-$) 2 nl_l_I’IgOUn,n(_x) + (al2 - aa’l) 2 "lLI%oUn,n(—z)'
Hence, combining the last inequality with (3.18) and (3.3), we get

Tm P(Vina < —2) 28 Tm P (Vi < —2) 282 >0,

n—-o00

which again contradicts the stochastic boundedness of the sequence {V,,‘:.", n}
Therefore, the sequence {V,:‘y,_} is stochastically bounded.
Now, if the d.f. of V7', (G.(z) = Gn (@a2 + by)) did not converge weakly, then we
could select two subsequences {n'} and {n"} of n such that Gp' (an' + bn/) would

converge weakly to ® (U ,w)(x)) and G (apnz + bpw) to another d.f. & (Ul-(,ﬂl )(x)) ,
i,i' € {1,2,3}. Appealing to the condition (C), we get

o0

(3.19) ¥(z)= / 2 (UP(2) + 41 - a):) dA(z) =

-0

= 7@ (Uf,ﬁ’)(z)+£(1 —a)z) dA(z), i,i'€{1,2,3}.

If there exists o such that U..(ﬂ)(zo) # U'.(,p' )(zo), then ,without loss of generality,
we can assume that U§ﬂ )(zo) > U,-(.ﬁ' )(zo). Consider the difference

oo

R(z) = / (<I> (U'.(ﬂ)(:c) +£(1- a)z) -& (U,-(,ﬁ')(:c) +£(1- a)z)) dA(z).

—o0
And, in particular,
oo UL (2)+t(1-a)z
R(zo) = / / et/2 gt dA(z) > 0,
—o Ui(f')(z)-f-t(l—a)z

which contradicts (3.19) ((3.19) means that R(z) = 0 for all z). ]

PROOF of Theorem 2.2: The proof follows from Theorem 2.1 and the following
theorem of [1):

333
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The necessary condition for the limit relation G} (z) = &(U(z)), as n — oo,
where U(z) = U,-(’)(z), 1 € {1,2, 3} is the existence of coefficients a(y) and b(y) for
which
lim an+[n1/K,,l = a(7) and lim bu+[n1/K,,! - bn = b(7),

Qn n—oo Gpn

n—o00

where 0 < a() < 00, —00 < B(¥) < 0o and the functions U(z) satisfies the following
condition
Ula(v)z + 7)) + (1 — a)y = U(=), for all z.

4. DISCUSSION ABOUT A GENERAL INTERMEDIATE TERM

We consider in this section the general intermediate term £} with nondecreasing
rank sequence {K,} in n, such that K,, — oo and K,/n — 0, as n — co. And we
shall show that the d.f. ¥}(z) does not converge weakly to any nondegenerate d.f.
under conditions (I) and (II) of Theorem 1.1 (i.e., when G%(z) converges weakly to

a nondegenerate limit d.f. and P (% < z) = Au(nz) 2 A(z), A(z) is a d.£).
In view of the results of (2], condition (I), for any general nondecreasing interme-
diate rank sequence, can be written in the form

@) Gi(z) = GU() =& (U,.")(z)) , i€{1,2,3}, asn-— oo.
Also the condition (II) can be deduced from the general condition
$19)] P(vn/n® < ) = A(z), p=>1, asn—oo.

It can be shown that d.f. ¥}(z) does not converge weakly to any nondegenerate
df. under the two conditions (I’) and (II'). In fact, by using the total probability
rule and by virtue of the results of [2], we can write

¥i(2) = [ Gule) dAn(s),

where lim G;(z) = Jim @ (U2 ().
Let s = 2n®?. We get, for large n

o0
P
\I,;(z) ~ /§ (znp—l Ifn’ U,’,‘,n(z) + zZn (ﬁ _ Kzn’)) dA”(znP)’
0

znt n znp

where Up .(z) = Uf" )(z), A, (2n®) = A(z), as n = oo (due té the conditions (I’)
and (II')).
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Now, let us consider ¥}, (z), where {n,} is a subsequence of the sequence {n},
for which "—;"fi — R >1asr — oo and R is any integer number. It is easy to show
that

nf (K,.,-Km:)> Nyt (_Iﬁ-_r__fm), for all z > R.

‘/K",: 4 - ‘/K"r+l Ny Nyl

n, zn?
H Nrit Kn - K"rtl
Turning to the result of Wu [2], we see that the sequence 71-(-':'#:: (—;‘- )

Neya
has an infinite limit point. Therefore, ;lgn; '":n' (-’%""— - Ii—',"':;-) =00, z> R.
Since R is arbitrarily chosen, then ¥}, (z) does not converge weakly to any non-
degenerate d.f. Hence, the result.
It is well known that the asymptotic behaviour of the intermediate terms is in-
dependent of that of the extreme or of the central terms, for fixed sample size. The
following remark provides some alternatives, for random sample size.

Remark 4.1. If we have a sample of random size and an intermediate term with
rank sequence satisfying Chibisov condition (1.1) such that the conditions (A) and
(B) hold with nondegenerate d.f.’s ® (U,-(ﬂ)(z)), i € {1,2,3} and A(z), then the
condition (C) is also satisfied with nondegenerate d.f. ¥(z). Moreover, the d.f.’s of
all extreme or central terms can only converge weakly to the d.f.’s ¥(z) = G(U(z)),
where G(z) and U(z) are defined for both extreme and central terms in Theorem
1.1. On the other hand, the convergence of the d.f.’s of extreme or central terms
to nondegenerate d.f.’s such that the conditions (I) and (II) are satisfied in Theo-
rem 1.1 with nondegenerate d.f.’s leads to the nonconvergence of the d.f.’s of the
intermediate terms.

PrOOF : Assume that we have a random sample size v, for which
P (:1:" < z) = A(z), A(z) is nondegenerate df. and 0 < @ < 1. Since

n/n!=% — oo, then by using Lemma 4.1.1 of [14] we get

0, z <1,

4.1 p <

It is easy to show that the condition (4.1) is the necessary and sufficient condition
to get the equality ¥(z) = G(U(z)) in Theorem 1.1. The second part of Remark
4.1 follows from Theorems 1.1, 2.1 and the above example. n
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