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On the regularity up to the boundary
for higher order quasilinear elliptic systems

EUGEN Viszus

Abstract. The partial regularity up to the boundary of weak solutions to the Dirichlet prob-
lem for higher order quasilinear elliptic systems is proved. The proof of partial regularity
is direct.
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Classification: 35J60, 35B65

1. Introduction. Using the direct method from[3], [4], we shall prove partial
regularity of weak solutions up to the boundary.
We shall consider the following problem:

N
1) Y Y 0D 4f (2, 6(u))DPu) =0, z€Q, i=1,...,N,
Ji=1 |a|=m;
|1Bl=m;
(1.2) D' |r=0, i=1,...,N, |a|]<m;-1,
where n > 2, Q = Q(0,b) N {z € R* : z,, > 0},
Qy,a)={z€eR":|zi—yil|<a, ¢=1,...,N},a>0,
F=Q(0,0)Nn{zr eR*:z, =0}, m; > 1, m; isinteger fori =1,..., N,
§(u) = {D*u*:|la| <m; -1, i=1,...,N}.

Let us denote k = Zfil ("""n'."_:'l'l) We suppose that
(1.3) Af;-ﬂ are uniformly continuous on Q xR"
' |43’| < Lon @ xR*, L>0.
N
(14) SN N AP ol zvler,  v>0
i,j=1 |a|=m;
18|=m;

for all (z,6) e A xR*and € €R?, 9 = TN | ("+"""1) By a weak solution of the
problem (1.1), (1.2) we mean a function u € H—-(Q) (H—-(Q) H™ x.--xH™(Q),
H™i(Q) - Sobolev space fori=1,...,N,u=(ul,. u™N) - see [8]) such that

(1.5) E Z / A% (z,8(u))DPui D' dz =0
i,j=1|a|=m;

18l=m;
for all p € Hy*(2) and u satisfies (1.2) in the sense of traces.

The main result of this paper is
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Theorem 1.1. Let (1.3), (1.4) be satisfied and let u € H™(Q) be the weak solution
to the problem (1.1), (1.2). Then there ezists Qo C (QUT) (open in QUT) such
that u € C==2"*(), p € (0,1) and dimp((RUT)\ Q) <n—p, p> 2. (dimy -
Hausdorff dimension, n > 3).

This theorem generalizes the result of [1] and [4]. In [1] partial regularity up to
the boundary is proved by another indirect approach for systems of second order.
In [4], interior regularity is proved by direct approach for systems of higher order.
Our proof is interesting from the methodical point of view too.

2. The interior regularity. In this part we shall formulate some assertions,

which we do not prove. The proofs of the assertions are analogous to those in [4]
or [3].

Theorem 2.1 (L,-estimate in the interior). Let (1.3), (1.4) be satisfied and let
u € H—-(Q) be the weak solution to the (1.1). Then there ezists p > 2 such that
u '€ HiwP(Q). Moreover, there ezists a constant ¢; = ¢;(n, N,m, L, v) such that for
all g € Q and 0 < R < ] min{dist(zo,dN),2} the following mequah'ty holds:

2/p
(2.1) (][ | D2y P dz) <a ][ |D1"—.u|2 dz.
Q(z°%R) Q(z°2R)

By o, f dz we mean the integral mean value of f in Q@ and D™u = {D°u' : |a| =
mg, 1= 1 N}

By using the Sobolev’s lemma we get
Corollary 2. 1 Let the assumptions of Theorem 2.1 be satisfied and let n = 2.
Then u € Co (), p=1- 2.

Let for u*€ H™ (Q(zy, R)), ¢ = 1,..., N, the polynomials P(z)=P(z°, R, v}, z),
z € Q(z° R), be such that deg(P*) < m; — 1 and fQ(z",R) D*(u' — P)dz = 0 for
all multiindices a : |a| < m; — 1.

Let us denote [P0 g] =1+ 2?’:1 Llal<m |¢i,|, where ci, are coefficients of poly-
nomial P*, i =1,...,N.

The crucial point in the proof of regularity (for n > 3) is
Lemma 2.1. Let the assumptions of Theorem 2.1 be satisfied. Then there ezists
a constant c; = c2(n,N,m,L,v) such that for all zo € R and 0 < p < R.<
min{dist(zo,d0),1} the inequality

(2.2) / |D2u? dz < ¢ / |D2y[? dz - {(%)" + x(z",R)}
Q(z%e) Q(z°,R)

1-2
holds. Here x(z°,R) = {w(c:,[Rz + R?-n fQ(J R |D2uf? dz]} /’, where w is the
modulus of continuity of the functions Au , €3 = ¢c3([Pxo,r))-

Using Lemma 2.1 and the method of induction we could prove
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Theorem 2.2. Let the assumptions of Theorem 2.1 be satisfied. Then there eists
an open set Qo C Q such thatu € CI‘E;"—I’"(QO), 0< p<1anddimy(R\Qp) < n—p,
p>2.

3. Regularity up to the boundary. In this part we shall prove the regularity
of weak solutions to (1.1), (1.2) “near” the boundary I'. For points z° € T we shall
prove the assertions analogous to those in Part 2. The assertionsa in Parts 2 and 3
will imply Theorem 1.1.

In our proofs we shall use

Lemma 3.1(proved in [9]). Let M = {u € H'P(Q(z°,R)) : u = 0 on S with

meas(S) > c;[meas(Q(z% R))], 1 > 0} 1 < p < oo.
Then there ezists a constant ¢ = c(n,p,c;) > 0 such that

/ [ulPdz < cR’/ |Vul? dz, u € M.
Q(z°%R) Q(z°%R)

Lemma 3.2 (Cacciopoli’s inequality). Let (1.3), (1.4) be satisfied and let u €
H2(Q) be the weak solution to (1.1), (1.2). Then there exzists a constant ¢’ =
¢(n,N,m, L,v) such that for allz’ €T and 0 < R < %dist(mo, OO\T) the inequality

cl

(3.1) / |D2ul? dz < iz / |DZ=1y |2 dg
Q'(z°,R) Q'(z%2R)

holds. (Q'(z°,r) = Q(z°,r)N(QUT), z° € QUT, r > 0.)

PrOOF : Letz° €T, 0 < R < }dist(z°,dQ\T). If n € C5°(Q(«°,2R)),0< n <11,
7 = 1in Q(z°,R) and |D*n| < ¢4R71°, |e| < a, a = max{m;},, choosing
@' = u'f?® (i = 1,...,N, 7] is the restriction of  to Q'(z°,2R)) in (1.5), we get
easily, using the formula of Leibniz:

N
G 3 % / A%z, 8)DPUID dr =

i5=1|al=m; © ¥ (=%2R)

|1Bl=m;
N
- HE ay(M) D! 7)Du’ ) dz
‘,’Z=l };?::m‘ /'(20‘23) AIJ ( ;6(1‘))(;1: (ﬂ)D )(6(2; Mﬂg(r))D )d +
=m;

N

+2 X / A3 (z,6(u)) DU (E Mmﬁ)psuf) do—

i,j=1 =a||=m.' '(z%,2R) 5<p
Bl=m;

) ‘él Ialz;j"-' / '

18l=m;

A3 (z,6(u))DPU? (Z La,,(r‘])D"u‘) dz,

(=°.2R) by
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where U =7* - v, i = 1,...,n and La4(7), Ma+(7) are polynomials which involve
derivatives of order < |a| — |y| of 7 and being such that |Lqay(7)|,|May(7)] <
chRM=lel Using estimates of Loy, May and (1.3), (1.4), it follows from (3.2)
that

(3.3)

N N
DY / IDeuiPdz <y Y D RAhi-led /Q o \DV P da.

i=1 |a|=m; '(z° R) i=1 |a|=m; Y<a

The function u € H™(N) satisfies (1.2) and it may be extended by zero from
Q'(2°,2R) into Q(z°,2R). We denote this extension by #. It is clear that % €
H2(Q(z°2R)). Using Lemma 3.1 we obtain the estimate:

N
S Y Tme [ p@pacar [ peiitds,
i=1 |aj=m; 7<a Q(z°2R) Q(z°2R)

This inequality and (3.3) imply (3.1). [

Lemma 3.3. Let the assumptions of Lemma 3.2 be satisfied. Then there ez-
ists a constant ¢ = ci(n,N,m, L,v) such that for all 2° € T and 0 < R <
2 min{dist(z°,8Q \ ), 2}, the inequality

2/q
2n
(3.4) f |D"'—u|2 dz < c’5 { :/ |D-'-"—u|" dz} , q= nt2
Q'(z%,R) Q'(z°,2R)

holds.
PROOF : Dividing both sides of (3.1) by meas(Q'(z°, R)) we have

(3.5) ][ |D2u|* dz < yR™™2 / |D2=2u|? da.
Q(z°,R) Q(z°2R)

Let i be the extension of u by zero from Q'(z°, 2R) to @(2°, 2R). Using the Sobolev
lemma and Lemma 3.1 we obtain

/ DBy dz =
Q’(zo,ZR)

2/q
= D™=1§12 dz < ¢/ R2 R’/ |D™y| d:z}
/Q(:o,m)l ifdr<ak Q(z°2R)

From (3.5) and this estimate it follows that

2/q
f |D2u|?dz < cyR™™2 / |D®2u|? da:}
Q'(z°,R) Ql(zﬂ,zﬂ)

This estimate implies (3.4). n

.
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Lemma 3.4. Let (1.3), (1.4) be satisfied and let u € H™(Q) be a weak solution
to (1.1), (1.2). Then there ezists a constant c* = c*(n,N,m, L,v) such that for all
z° € QUT and 0 < R < } min{dist(z°, 02 \T), 6} the estimate

2/q
(3.6) ][ |Du? dz < c* ][ IDEujds |, g= 2
Q'(z%R) Q'(z%,6R) n+2

holds.

PROOF : 1Is is known (from proof of Theorem 2.1) that there exists a constant ¢}

such that for all z° € Q2 and R satisfying the inequality 6R < min{dist(z?,dQ),6}
the estimate

2/q 2/q
][ |Dmul? dz < d { ][ |Dmy|s d:c} < { ][ hENT da;}
Q(z°,R) Q(z°,2R) Q(z°6R)
holds.

Now, let z° € 2 and 0 < R < } min{dist(z°,8Q \ T'),6}. There are two possibil-
ities: '

a) 2R < §, where § = dist(z?,z!), 2! €T, z! - projection of z° on I
b) 2R > 6.

2 2/q .
a) If 2R < §, then fq'(:*’,R) |D2ul?dx < c} {fQ'(z".eR) |D®u|? d.r} . This

estimate follows from the interior estimate.
b) If 2R > 6 then

n 2/q
f |DZul? dz < c;(—’-*iﬁl—cg{f |Dmyo dz} <
Q'(z,R) R® Q'(=!,2(R+5))
n n /e 2/q
L(R+9) ( (6R) )’ {]1 }
<c csl e . D=y|%dx <
Tmo s\ SR O” wwoery Y

2/q
< c;{ f |Dmy|e dz} :
Q'(z°6R)

Putting ¢* = max{c}, ¢, c}, c; }we have (3.6). ]

Remark 3.1. We know that the weak solution u € H™(RQ) to (1.1), (1.2) may be
extended by zero from Q into Q(0, ).

The extension u belongs to H™(Q(0,))), and it is clear that one has for all
2% € Q(0,b) \ (QUT) and 0 < R < 1 dist(zo, 3Q(0, b))

2/q
][ |D2 dz < f D2l de < ¢ ][ IDRE|tds b <
Q(z°,R) Q(z',R) Q(z',2R)

2/q
< { f |Dﬂa|'dz}
Q(z°6R)

(z! - projection of z°, ! € T).

Now we may prove
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Theorem 3.1. Let (1.3), (1.4) be satisfied and let u € H™(Q) be the weak so-
lution to the problem (1.1), (1.2). Then there ezist p > 2 and a constant cf =
c3(n, N,m, L,v) such that u € H™P(Q'(z°, R)) for allz° € QUT and for 0 < R <
1 min{dist(z°,d9Q \ T), 6}.

Moreover, the estimate

2/p
(3.7) { ][ | Dyl dz} < c;][ |D=u? dz
Q'(z°,R) Q'(z°,6R)

holds.
PROOF : We shall use the following

Lemma 3.5 ({4, Proposition 5.1]). Let @ C R be a cube, g € L*(Q), s > 1,
g(z) 20 on Q. Let the inequality

s
][ g'dz<b ][ gdz) +6 g'dz
Q(z%R) Q(z°,6R) Q(z°,6R)

be satisfied for all z° € Q and R < min {} dist(z°,8Q), Ro} where b> 1, Ry > 0,
0 <60 <1 are constants. Then g € LY, (Q) for p € [s,8+¢€) and

1/p / 1/s
<f y”dz) Sc(f g‘dz) R
Q(z°R) Q(z°6R)

where Q(z°,6R) C Q, R < Ry. The constants c,c depend on b,6,s,n.

Let & € H2(Q(0, b)) be the extension of u € H™() by zero from Q to Q(0, b).

Let us put g = | D249, q--z_”-_‘-z-,s—3>1

It is clear that ¢ € L*(Q(0,b)). Lemma 3.4, Remark 3.1 and Lemma 3.5 im-
ply that there exists r > 2 such that g € L[(Q(0,b)). Putting p = g.r > 2,

it is clear that |[D™u| € LI _(Q(0,b)) and for all z° € Q(0,5) and 0 < R <
1 min{dist(z°,8Q(0, b)), 6} the inequality

Py 1

» 2

{ ][ |Daa|rdz} < { ][ |D=[? dz}
Q(z°,R) Q(z°6R)

holds. The assertion of the theorem follows. »

Corollary 3. l. Let the assumptions of Theorem 3.1 be satisfied and let n = 2.
Then u € Cr— LhQur), p=1- H

PROOF : Theorem 3.1 and Sobolev’s lemma imply the result. ]
For n > 3 we have
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Lemma 3.6. Let (1.3), (1.4) be satisfied and let u € H™(QQ) be the weak solution

to the problem (1.1), (1.2). Then for allz® € T and 0 < p < R < min{dist(z°, 89\
T),1} the estimate

3.8 / D=u?d Sc'/ p=uds {(2) + z°,R
@8 [ IDmPdesd | DmiPds{(F) +x6" R}

holds.
c,lo = C’m(", N1 m, L’ V);

x(z°,R) = {w (c'u [R2 + R*™ [ (z0,m) D™ ul? d-"’]) }1_2/,: ¢ = ciy(n, N,m),

P> 2, wis defined in Lemma 2.1.

PROOF : Let 2° € T, 0 < R < min{dist(z°,0Q \ T),1}. Put AJ§ = A7’ (2°,6),

6 - the zero-vector in R* and let v € HZ{(Q'(2°, %)) be the weak solution to the
Dirichlet problem

N
S Y (-)eDe(ADP) =0,  i=1,...,N inQ'(x",-?—),
(39) {7
(u=v) € BIQ@(, D))

Then the inequality

n R
i mo24. <. (L / m, 12 n
(3.10) /cr(:",,;) |D2v|* dz < ¢}, (R) ) |D2v|* dz, 0<p< 5’

holds. (This fact may be proved by the method in [10, Lemma 4.2.11].)
Putting w = (u — v) € H3(Q'(z°, £)), we have

N
G1) Y, Y / . ASADPwiD* ¥ dr =
i,j=1|a|=m; (29, )
18|=m;

N
=2 > /,( 05)[-43%—.43"(:, 8(u)))DPuiD* &' dz,
i,j=1 |or{=m; 5
|Bl=m;

€ HXQ'(2", %)).

The inequality (3.10) implies
(3.12)

P\" 2 m. |2
1Dl dz <y 4 (£ / IDmof? dg + / |D™| d.t}.
/o'm.o) 1 (R) Q'(:0,8)’ Q'(=0,8)

301



302 E.Viszus

If we put & = w in (3.11) using (1.4) and the Cauchy-Schwartz inequality, we have
(3.13)

N 2
/Q -0 ﬁlDﬂwl’dech /Q ( 04)(2 > |A;’,.‘3,—A§;"(z,.s(u))|) | DBy dz.
(=9, ' (2,

1,0=1 |a|=m;

18=m;

From (1.3) it is clear that there exists a function w = w(t), w is increasing, contin-
uous, concave, bounded, lim;_,¢+ w(t) = w(0) = 0, such that

N

Yo X 14 (=) - A W, )l S wllz -yl + P — o),

4,J=1 |aj=m;
18l=m;

z,y€Q, pgeR"

Using this fact, we have from (3.13)
(3.14) |D2w)? dz < w?|D2y|? dz,
15
Ql(zo’%) Q’(zo,%)

N
w=w(|x—z°|2+z Z |Deui[?).

=1 Ja|<m;~1

Now we shall obtain some estimates. The method of estimating is analogous to
that in [3, Lemma 2.2] or [4, Lemma 3.2].

We estimate the right-hand side of (3.14) using Holder inequality, Theorem 3.1,
and boundedness of w. For p > 2 we obtain

1-2/p
(3.15) W D2u|?dz < g / | D2u|? dz ][ wdz
Q'(=°,&) Q'(z°,R) Q'(z°R)

Jensen inequality and Lemma 3.1 imply
(3.16)

wdz < w(cy;[R? + R*~" /

Q'(z%,R) ID!L"P d.'t]), c’l'l = c;'l("" N’ '—n-)'

Q'(z%R)

Now (3.14), (3.15), (3.16) imply

(3.17) |D2w|? dz <
Q(:°,8)

<cy [ IDBufds {w(c'"uz’ +r [
Q'(z°R)

1-2/p
| DZyl? dx])}
Q'(z°,R)
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From (3.12), (3.17) we have (for 0 < p < &)

n
(3.18) IDmufde < / iD= dz { (2)" +x(z% B},
Q'(z%p) Q'(z°,R)
X(IO,R) = wl—Z/p’ p>2.
For % < p < R the inequality (3.8) is clear: ¢}y = max{6",c},}. ]

Now we can prove

Theorem 3.2. Let (1.3), (1.4) be satisfied and let u € H2(Q) be the weak solution
to the problem (1.1), (1.2). Let us put

I={z€el: lim Rz""/ |D2u|?dy =0} .
R—0% Q'(z,R)

Then for all T € T'; there exists § > 0 such that
u € C2=LH(Q/(7,6)), p€(0,1).

PROOF : For T €T and 0 < R < min{dist(%, 02 \T), 1} we put

¥(z,R) = R*" / | D™y dz.
Q'(z,R)

Let ¢}, = max{cz,c}q}. It follows from (3.8) that for 0 < 7 < 1
(3.19) ¥(z,7R) < ¢}y ¥(Z, R)r* {1 + x(z,R) - 7~ "}.

Now let 7 € T'; and g9 > 0, R' < 1 be chosen by such a way that ¥(Z, R) < &q for
0 < R < R'. 1t follows from the construction of [Pz r] on Q'(%, R) that [Ps ] <
¢, ¥(Z,R) + 2 for 0 < R < R' < 1. This fact implies that

sup [Ps,r] < 400 for all 7 € Ty.
0<R<dist(Z,80\I')

Let now 0 < u < 1 and choose 7 in such a way that
(3-20) 20;0 . 72_2” = 1.

For M > 8 denote c3(M) the constant of Lemma 2.1. Let ¢ > 0. Then there exists
R; > 0 such that R2+¥(7,R) < m for 0 < R < R,. This fact implies: there
exists R; such that for 0 < R < R;

(3.21) x(ZT,R) <™.
from (3.19), (3.20), (3.21) we have

(3.22) ¥(%,7R) < " ¥(3, R).
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By induction we get for every k:
¥(z,7*R) < T**¥(Z, R)

and hence for every 0 < p < R, (R < R;):
2p _
(3.23) U(F,p) < r2-"-2 (.ﬂR.) ¥(%, R).

It is clear (¥ is continuous in T) that there exists 0 < § < R such that for every
z° € Q'(Z,6), R%+¥(2% Ry0) < m, R,o = dist(z°, 0Q(Z, R)\TI'). Let § <&
We shall investigate the followmg cases:
() 2 € @'z, 6)NT,
(i) 2° € Q'(Z,6)N Q.
(i) For (2%, R,0) the inequality

2p
(3.24) ¥(z°,p) < 72 (T;_) ¥(z°, Rp), 0<p<Rpo
(]

z
holds. . \
(ii) Let zl be the projection of z° on I' and d,o = dist(z%,T) = dist(z%,z'). If

dyo < p < B2 then Q'(2°,p) C Q'(z!,2p) and ¥(2°,p) < 2"~2¥(z’,2p). Using
the case (i) (z E T, 2p < R,1), we get

2p
(3.25) (20, p) < 2" 2220 (Rz-”-) ¥(z', Ry1).

z!

In the case when 0 < p < d,o, we shall prove

2
(3.26) dzo® + ¥(2%,dy0) < — 63(M)
M
(3.27) [Pro,a 0] < >
Because d;o < § < ;&, (3.25) implies:
(3.28) W(z°,dy0) < 272420 .y 220y (2!, Rpa).

Let us choose R in such a way that

— — M

2 _ . - —24 € —2n( % \—1_n—2+2p

R v ,R < 22 " 2“1’" 2 2“-————-,2 C ) T —"}
+¥(Z,R) mm{ e (chh 4

Then (3.28) implies (3.26). From Q(z°,d.0) C Q'(z",2d;0) it follows that

[Peo,dzo] < 22"0;1 \I’(z‘l ,2dg0) + 2.
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Using the case (i) (2dz0 < R,1, z! € T) we get:

[Pyo,dgo] < 2273, 72"~ 20 (2! R,1) + 2 < %f— + % = -"2-4-

(3.26), (3.27) imply (by the arguments from the proof of interior regularity)
2p
(3.29) ¥(z°, p) < const (-L)
R.o
Now (3.24), (3.25), (3.29) imply

(3.30) ¥(z°, p) < constp?”, 0<p< E;—'s, z° € Q'(z,6).

Inequality (3.30) and the properties of Campanato spaces (see [8]) imply: u €

Cm=LH(Q'(Z,6)), u € (0,1).

Theorem 3.3. Let the assumptions of Theorem 3.2 be satisfied. Then there ezists
To CT (To - open in T') such that for every z € Ty there exists 6 > 0 such that

u € C2=L¥(Q'(z,6)), p € (0,1) and H,—p(T'\To) =0, p> 2.

PRrROOF : The existence of I'y C T, T'y — open, follows from Theorem 3.2. It is clear

that T'\ Ty C }_, where

Z: {z GI‘:limsupRz"'/ ID-'—"-u|2dy>0}.
Q'(z,R)

R—0+

Let now # be the extension of u from Q'(z, R) into Q(z, R) by zero. Then

R / |D™u|? dy = R?" / \Dm|? dy.
Q'(z,R) Q(z,R)

Using Holder inequality and the fact that u € Hi=*(R2), p > 2 we get: I'\ Ty C

3. C Y, where

z = {z er: limsupR""/ |D24IP dy > 0} .
1 Q(z,R)

R—0+

Then Theorem 1 from [6) implies that H,_,(I' \ T'g) = 0.

Remark 3.2. The proof of Theorem 1.1 follows directly from Theorem 2.2 and

Theorem 3.3.
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