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Topological multidimensional van der Waerden theorem
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Abstract. We give a topological proof of the multidimensional van der Waeren theorem.
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Responding to Furstenberg [4] we describe a direct proof of the topological version
of multidimensional van der Waerden theorem. This theorem says that if X is a
compact space and (X, G) is a minimal dynamical system, where G is a commutative
group of homeomorphisms, then for each non-empty openset U C X and Ty,... T} €
G there exists a natural number n > 1 such that TP(U)N---NTEU) # 0.

Furstenberg and Weiss [6] gave a direct proof of this theorem in the metric case
(cf. also [5] and [7] ) and derived the multidimensional van der Waerden theorem
from it. We give a proof valid for all compact spaces and describe another way
for obtaining the multidimensional van der Waerden theorem from its topological
version.

If X is a topological space and G a group of its homeomorphisms, then the pair
(X,G) is called a minimal dymamical system if there is no proper closed subset
F C X such that T(F) = F for each T € G. If X is compact, then (X,G) is
minimal iff for each non-empty open set U C X there exist Si,...,S, € G such
that X = Sy (U)U---U S, (V).

Theorem 1. (Topological Multidimensional van der Waerden Theorem)

Let X be a compact topological space and G a commutative group of its homeomor-
phisms such that the dynamical system (X, G) is minimal. Then for each non-empty
open set V C X and each finite set {T,...Ti} C G there ezists a natural number
n>1 such that VNTHV)---NTE(V) # 0

PROOF : We proceed by the induction on k.

1. Assume k = 1. Fix T € G and let V C X be a non-empty open set. Since
(X, G) is minimal, there exists S1,...,S, € G such that S)(V)U--- US,(V) = X.
We construct a sequence Wy, W, ... of non-empty open sets such that:

(a) Wo = V’

(b) T7Y(W,)C W,y forn>1,

(c) for every n there exists t, 1 < t < p, such that W, C S¢(V).

For the definition of Ws41 we choose a natural number ¢ such that 1 <t < p and
Wat1 =T(W,)NS(V) #0.

If the sequence Wy, Wi, ... is defined, then we choose natural numbers i, j and
t such that i < j and W; UW; C Si(V). We set U = S;(W;) and n = j — i. By
(b) we get
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T-"U) = T™(57'(W;)) = S7'(T™"(W;)) € S;{(T " (W;-1)) C - C
Sy} (W;) C V. Therefore U C T*(V), U C V and VNT™(V) # 0. '

2. Assume the theorem is true for every collection of k elements of G. Fix a non-
empty open set V C X and Ti,...,Ti4+1 € G. Since the choice of transformations
is free ( we can set T; ! instead T; ) it suffices to show that there exists an open
non-empty set W C X such that WU T (W)U---UTP, (W) C V holds for some
n>1 ’

By the minimality of (X, G) there exists Sy,..., S, € G such that $;(V)U---U

Sp(V)=X.
Inductively we construct a sequence Wy, Wi, ... of non-empty open sets and a
sequence pg, P, - .. of natural numbers such that :

(A) Wo=V and pp =0,

(B) TP (Wo)U---UTE: (Wy) C (Wy—y) for every n,

(C) for every n there exists t, 1 < t < p, such that W, C Si(V).

If W,_, and p,_; are defined, then we apply induction assumption for W,,_; and

homeomorphisms T4; o Tl'l, voisTigr 0T !, There exists a natural number p,
such that

Wooa 0 (Teqre T (W) N 0 (Tegre Ty )P (Woor) # 9
For some t,1 <t < p, we get
W =T (Wac ) NIy (Wost) N NT P (Wasi) N S(V) #£ 0.

It is easy to see that conditions (B) and (C) hold for W, and py,.

If the sequence Wy, Wy, ... is defined, then we choose natural numbers z, j and
tsuchthat i < j, 1<t <pand W,UW,; C S(V). Weset n =pijy1+---+p,.
For 1 < r < k+1 we get T?(W;) C W;. Indeed, T?(W;) = TP+ i(w;) c
T’?n’+l+"‘+h’-—l(Wj—l) C T!‘+‘(Wi+l) C ‘4/'

Let W = §;'(W;). We have W; C Sy(V) and W C V. For 1 < r < k41, by the
commutativity of G, we get

TI(W) =T} (S7 (W) = S.H(TR(W)) € §7 (W) C ,

which finishes the proof. ]

Corollary 1. LetTh,...,Ti be a commuting family of one-to-one continuous func-
tions of a compact space X into itself and P be an open cover of X. Then there
ezists a natural number n > 1 such that T, " (U)N---NT " (U) # 0 for some U € P.

PRrOOF : Consider minimal closed set Y C X such that T;(Z) C Z for every i < k;
one has to use Zorn Lemma to obtain such a set. The minimality of Z follows that
Ti(Z) = Z for any I < k. Indeed, suppose T;(Z) =Y ¢ Z for some i < k. Then
for every j < k,

Ty(Y) =T;(Ti(2)) = T(T;(2)) c T(2) = Y
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Since Y # Z, we get a contradiction.

Set G; = T;/Z for all i < k. Then the family {G1,...,Gk} is a commuting family
of homeomorphisms of Z into itself. The choice of the set Z follows that the system
(Z, H), where H is the group of homeomorphisms of Z induced by {G1,...,Gk} is
a minimal dynamical system. Now it suffices to choose U € P such that UNZ # 0
and apply the Theorem 1.

Let S denotes the Cech-Stone compactification of a (Tychonoff) space S. If §
is a discreet space, AS is just the set of all ultrafilters over the set S; see [2] for
details. In this case the topology on (S is generated by the family {Ux: U C S},
where U* = {v € 8S : U € v}. Clearly (UNV)*=U*NV* and if {U;,...,Un} is
a partition of S, then {U},...,Ux} is an open partition of 3S. For every mapping
f from S into S, the formula f(v) = {U C S : f~}(U) € v} defines the unique
continuous extension of f over #S. One can easily check that f~(U*) = (f~*(U))*
for every U C S. Also, if g : § — S is another function, then fo§ = fog. In
particular, if f and g commutes, then f and § commutes as well. Clearly, f is
one-to-one whenever f is one-to-one. -

Let N denotes the set of natural numbers and N™ = {(ki1,...,k)}: ki € N for
1<igr Ifa=(a,...,ar)and b = (b1,...,b;) and n € N, then b+ na =
(by + nay,...,br + na,). ]

Theorem 2. (Multidimensional van der Waerden Theorem) If {Uy,...,U,} is

a partition of N" then one the sets U; has the property, that for every finite set
F C N7 there ezists n € N and b € N" such that b+ na € U; for alla € F.

PRrOOF : Clearly, every finite set F C N7 is contained in a cube {1,...,k}" =
{a1,...,a¢},t = k", for some k € N. Since the partition is finite, it suffices to show
that there exists b € N" and ¢ < p such that for somen € N, {b+na,,...,b+na¢} C
U,. To do this let us consider functions f; : N™ — N" defined by f;(z) = z +a; for
j < t. Clearly, {f1,..., fi} is a commuting family of one-to-one continuous functions
of ANT into itself. By the Corollary there exist ¢ < p and a natural number n > 1
such that

U NN fUg) # 0
Then, by the remarks preceding the theorem, we get
MUY NN f7(U) # 0
Take a point b belonging to this set. Then for every j <t we have
b+na; = f7(b) € Ugs

which completes the proof. L]

Theorem 1 and Theorem 2 are in fact equivalent. The lacking implication can be
obtained by use of the trick from Balcar, Kalasek and Williams [1].
The next Proposition unable us to formulate Theorem 1 in a slight stronger from.
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Proposition. If X is a compact space and G is a commutative semigroup of contin-
uous mappings of X onto itself, then there ezist a compact space X and a continuous
mapping 7 : X — X such that w(X) < w(X) + |G| + w and for every g € G there
ezists a unique homeomorphism § : X - X satisfying condition mog = gom. More-
over, if (X, G) is @ minimal dynamical system, then (X, {g : g € G}) is a minimal
system as well.

PROOF : We define a partial ordering on G : we say that fi < f, whenever there
exists h € G such that f; o h = f,, By commutativity of G, h is unique. Indeed,if
fioh= f and frog = f,, then go f; = ho f;. Hence h = g, because f; is
“onto”. Observe that the ordering is directed, e.i. for any f, g € G there exists
h € G satisfying f < h and ¢ < h. To do this it suffices to set h = f o g and use
the commutativity of G.

Now consider the inversive system ( = {X!,r{ ,G}, where Xy = X for every
f € G and 1r{ = h, where h is the unique element of G such that go h = f; see

Engelking (3] for the notions not explaincd here. Let X = lim—(, ei. X = {2z €
[1{X;:f€G}:forevery f,g € G, g < f implies z;, = n{(z,)}. For every f € G,
LI X - Xy is the canonical projection, e.i. m¢(z) = zy. Clearly, the weight of X
is not greater than the weight of the product [][{Xy : f € G} and so it is not than
the greatest cardinal among w(X), |G| and w.

Every mapping ¢ € G appoints a morphism of the system ( into itself. This
morphism is the identity in the set of indexes and for every f € G the mapping of Xy
onto Xy equals g. This is indeed a morphism of inverse system since gor; = r,{ og
whenever b < f and f, g € G. Thus we get a unique continuous mapping § : X — X
such that 77 0 g = g o 7y holds true for every f € G. We set # = ¢, where f is an
arbitrary element of G. Since X is compact and g is "onto” (all bonding mappings
are “onto”), it suffices to show that g is one-to-one. To do this fix different elements
z,y € X. There exists f € G such that zy # ys. Weset h = go f. Since
f<h = 1r{ om,. But 7r"; = g. Thus g(m(z)) # g(ma(y)), which means that
(=) # 9(v)-

It remains to show that the minimality of the systems (X, G) 1mplxes the mini-
mahty of (X,{g:9€G}). Fixz e X and open non-empty set U C X. Since X
is an inverse limit over a directed set, there exist f € G and a non-empty open set
W C X such that 7} (W) c U. By the minimality of (X, G), there exists g € G
such that g(rp(z)) € W Thus 7f(g(z)) € W and therefore g(z) € w‘l(W), whxch
completes the proof.

Corollary 2. If(X,G) is a minimal dynamical system, where X is a compact space
and G is a commutative semigroup of continuous functions mapping X into itself,
then for every non-empty open set U C X and every Ti,...,Tx € G, there ezists
n €N such that UNT"(U)N---NT " (U) #0.

PROOF : First observe that, by the minimality of (X,G), a.ll mappings from G
have to be "onto”. Then we use the Proposition. The family {T : T € G} generate
a group of homeomorphisms of X into itself. By Theorem 1, there exist n € N such
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that

X O)NT N U)N - NI (N (U)) #0.
Since for every T € G there is T-"(x~1(U)) = = }(U)) = n(T~"(V)), we get

T UNTTU)N---NT7(U)) # 6,
which completes the proof. .
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