Commentationes Mathematicae Universitatis
Carolinae

Jindfich Necas; Antonin Novotny; Miroslav Silhavy

Global solution to the ideal compressible heat conductive
multipolar fluid

Commentationes Mathematicae Universitatis Carolinae, Vol. 30 (1989), No. 3,
551--564

Persistent URL: http://dml.cz/dmlcz/106776

Terms of use:
© Charles University in Prague, Faculty of Mathematics and Physics, 1989
Institute of Mathematics of the Academy of Sciences of the Czech Republic

provides access to digitized documents strictly for personal use. Each copy
of any part of this document must contain these Terms of use.

This paper has been digitized, optimized for electronic
delivery and stamped with digital signature within the
\V project DML-CZ: The Czech Digital Mathematics Library
http://project.dml.cz



http://dml.cz/dmlcz/106776
http://project.dml.cz

Comment.Math.Univ.Carolinae 30,3(1989)551-564 551

Global solution to the ideal compressible
heat conductive multipolar fluid

JINDRICH NEGAS, ANTONIN NOVOTNY, MIROSLAV SILHAVY

Dedicated to the memory of Svatopluk Fuéfk

Abstraci. Global existence of solutions to the initial boundary value problem in two or

three dimensional bounded domains to the system of partial differential equations for ideal
viscous compressible heat conductive multlpoln fluid for the polarity k > 4 is proved.
Some other properties as cavitation of d: y and uniq are di

Keywords: viscous multipolar fluids, eompralble fluids, initial boundary value problem,
existence, uniqueness
Classification: 35Q20, 76N10

I. Introduction.

Presented paper is closely related to [4], [5] where we have investigated the global
solvability to the isothermal and barotropic multipolar gas. In this paper we will
deal with the ideal heat conductive viscous compressible multipolar flow. The phys-
ical backround to the multipolar fluids is studied in [6]; here we recall only some
1mporta.nt results. We suppose the poln.nty k > 4, a.i. besides the usual stress
tensor r we consider stress tensors 1',,, ,,‘ .ix). Navier-Stokes equations
will be of 2k-th order. We assume the fmeu rela.hon between stress tensors and
derivatives of the velocity field. The condition k > 4 enables us to prove the global
solvability to the evolution problem. We get some regularity properties of density
(noncavitation included) and regularity of velocity and temperature up to the strong
solution. We prove also uniqueness.

II. Formulation to the problem.
The state equation to ideal gas reads

(1) p = Rpb,

where p is the pressure, R universal gas constant, p density and 8 temperature. We
suppose the standard stress tensor

(2.2) ‘r"j = —ps.',' + 1"-‘,{
and higher order stress tensors

(23) Tia“:...i.p 1<sm<k k24,
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where
2k-1 al
v _______w.
Titrim (V) = Qi imraCra(v) + Z O i i it Oz, ...0z;,
=2

form=0,...,k—1,e;(v) = —(a + ~—J-), the stress tensor 7Y is equal to

[P 1%}
zero by definition. The coeﬁcxents oi lmea.r dependence are real constants such that
v Y
Tij» 3 Tiiyj
to the Clausma-—Duhmn inequality we suppose that

are symmetric and 7, are symmetricin ¢;,...,i,. Moreover, due

u: i j

O™v;

(24) 7 (v)eij(v) + mzﬂ a; (T.., ._,(")5;——5;:) >0.
We put
(2'5) (v! w) unu; Ciiy (")‘m (w)+
0"'v; a"‘wj
+ mz_zA"" b J1 e 6z 8:.-,_ azjl . .az,-,_ :
We suppose that the coefficients AT, . . . (m=1,...,k) ar symmetricin (%, )
ﬂ-ﬂdm(ll, 1’m) (Jl’ ,]m)&n
Ov; Ov;
A:J'l)l dz; a_zL > aeij(v)ei;(v),

(2:6) k

Z A:;'I i j1eeTm :l im Jl’l -Jm 2 Z feim ll im

m=2 m=2

for some & > 0 and for every set of real vectors (J}, ; ), m =2,...,k. For every
vweV = W"’(Q RN)YnW*2(Q, RN) we define ((v,w)) = f(v,v) dz

The tensors 7§, ¥ ; i T i ; are supposed to be such that for
v,wevVn W’”(Q RN), it holds

27) ((v,u)) =~ / 5o (0w s + v,
where [[v,w]] = Z / -h imi(V) . 8"'wé= v;dS.

Using Green formula, one gets from (2.5), (2.7)
8
(28) ¢ E(Ts‘;(v)) =
Pmy;
- —1\ym+1 £
E( D™ Afirimim oz;, ...0z;,0zj, ... 0z,

m=1
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P ive multipolar fluid
and
(29) [lv,w]]=
k m-—1
omtey;
++1 i
'Z;l ‘za;( 1) / Alfis imitoim 0z, ...0z;,0z;, ...0z;,

am-o—lw ,

02;,0,... 025, 4 ds,

which has to be satisfied for every w € V N W?%2(Q, RN). Further we put

k-1

(fo,0)) = @eis(w) + 3, 5= o (oins(v )b'z‘u'__)'

= dz;,,

1t follows form (2.4) that the form ((v,w)) contents the derivatives of v resp. w at
most of order k.

Let Q be a bounded domain in RN(N = 2,3) with smooth boundary 8Q. We
denote I = (0,T). We shall study in the time cylinder Q7 = I x Q the following

system of partial differential equations for density p, temperature 8 and velocity v
given by continuity equation

(i) /]
(2.10) 5" + 5arlpo) =0,
momentum equations

(2.11) 'gt"(m):) + g:’;(ﬂvivj + P(P’ 0)611' = Tij (”)) = PF!

and energy equation

(2.12) (c.p0 + plvl?) +3 .(c,pﬂvj + %plvl’v,-)—-
o™y,
a (Tu (v)"' + ngl .. t..‘y(v)-a—;:_'ia;:) =

2%
= Am + pFiv;

or
a 0 Ovj d%0
(213)  y(eas) + g(eupis) + ROTE ~dgn = ((0,0)

The coeffitients c, (specific heat at constant volume), ¢, (specific heat at constant
pressure), A (heat conductivity) are positive constants.
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Besides initial conditions
(2.14) p(0) = po, v(0)=rvo, 6(0) = by,
we consider boundary conditions
(2.15) v=0,%:-=0 onIx 30
(v denotes the outer normal to 99) and
(2.16) [fv,w]] =0 on I x 89 for every w € V N W2%3(Q, RV).
Due to the strong ellipticity of the form ((v,w)) (see (2.6)) we obtain
(2.17) ((w,w)) 2 Bllwlliys.sa,rey B >0

hence ((v, w)) is a V—coercive bilinear form on V. We can give the weak formulation
of (2.11), (2.13) as follows

T T .
18) [ [ Sowwidzae= [ [ ooy + plp,06i) 5% dr s

+/°T((u,w))d¢.—./:/np£'.-w.-dzd¢

for every w € L3(1,V);

(2.19) —Cy /:/npo%n-dzdt—c./npoﬂm(mdz+

+,\/:/n%%am-c./:/nm,§%am+
+R/0T/apeg—:§ndzdt=/:/n((o,v))rpdzdt

for every n € C*(Qr),n(T) = 0.
We recall one very useful lemma on regularity to the elliptic systems.

2.20 Lemma. The problem
((v,w)) = /nf,-w; dz  for everyw € V, f € L*(Q, RY)

has @ solution v € W3k3(Q, RN) such that

llellwasaca,rwy < cllflizan,rwy,c > 0.
For the proof see [4], [7].
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2.21 Example. We give one example of viscous multipolar fluid compatible with
thermodynamics, which satisfies (2.4), (2.7). We consider ideal gas, e.g. the state
equation (2.1) holds. We introduce internal energy and entropy per unit volume

(2.22) e(p,0) = cypb
(2.23) &(p,0) = cyind — Rinp

and stress tensors

(2.24) Tiirooimi = Tityim  Toroimgs M= 0pnsky
where
(2.25) 75(p,8) = ~Rpbbij, 78 i\ ;=0 for1<m<k
and
k-1 ™,
(2.26) T nini(®) = Z(-l)""‘A"mé—_fﬁ.’:
0<m<k-1, r;';%,....-. =0,

where ¢; = n,-g%:-ﬁ.-j +2pceij(v); Koy pa(s = 0,..., k — 1) are constants such that

2 2
Ke 2 —ghnribr >0(r=0,...,k—2) and rxg—1 > —Zpr-1, k-1 > 0.

1t is only a subject of standard computation to verify that the fluid described by
the constitution laws (2.1), (2.22)-(2.26) satisfies (2.4), (2.7) with

S _0aGE)  omeii(w)
((v,w)) = / "2 dz;, . .'.’Oz.',, Bz;, . ’ Bz.'m;

consequently Clausius-Duhem inequality is satisfied (see [8]).
III. Modified Galerkin method.

Let {w"}}.% be an orthonormal system in V given by solving the following eigen-
value problem

(3.1) ((v,w")) = A,/ viw[dz foreveryveV (M <X<...)
1]

From the regularity to the elliptic systems (see 2.20)

(3.2) w" € (%, RN)
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Let 7= (11,...,7a) € YD) (n = 1,2,...) and put v"(t) = 3° 7o(t)w". Let
r=1

(3.3) po €C'(R),p0 >0in Q.
Let p" € C}(Qr) be a solution to the equation

%" nyn
(3.4) 2 b (al) =0

with initial condition (3.3). It reads

¢
a

(35) P"(t,2) = ) expl~ [ 503" (r)dr),

o OT;
where y = z"(0), z = z"(t); the characteristics z"(t) are solutions to the problem
(3.6) 2"(#) = v"(t,"(1)), t € 0, T), 2"(0) = y € .
For every t € T,y — z"(t) is a diffeomorphism of © onto .

Let
(3.7 6o € L*(Q), 60 >0ae inQ
aep

and 67 € C2(), =% = 0 on 3R, 67 > 0 in 2,67 — 6, strongly in L*(Q). We
0 6!’ 0 0

look for 8 € C1(Q7) NC(T,C*(RN)) the classical solution to the following parabolic
problem

N

non n n n n____ — n n
(3 8) at(cl’p 0 ) + a (cv/’ oﬂv ) + Rp o azJ Aaz,al: ((v v ))’
(3.9) 6"(0) = 67, % =0 inlx0Q.

Due to Ladyzhenskaya [2] such solution exists.
Let 7" be the Galerkin solution to the problem

naﬁ? n nE 4 ngn LS ARV -
@0 [@FE ey b + R (0" = p"Fi)u] de =

=—((@w)) r=1...,n ()= T(t)"

We suppose
(3.11) . v € L*(Q, RY),
(3.12) F € L®(Qr, RY),

(3.13) /n TH(0)wf dz = /n voiw? dz
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L

If we start in the sphere

(3.14) mexly() %O <1, r=1....m
we get

(3.15) ?g;’]flfrr(t) -%(0) <1, r=1,...,n,
(3.16) max| 37,0 < K(0), K () > 0

provided ¢ > 0 is sufficiently small. The mapping T = (F;,...,7,) = I' =
= (71,..,7n) is continuous and compact in C°([0,0], R"); hence according to
Schauder fixed point theorem one gets I' = I'. For more detailed proof see (8].

Lemma 3.17. For0<t<o

1
(3.18) —/ " v dz - -l-/polvolz dz+
2 0, 2 Q

t
+ecy | p"0"dz —c, / pobg dz = / / p"F;v} dz dr,
Qe

(3.19) 3 / olo" e~ [ polol? ds + / (o™, v™) dr =
/ / "F'.v"da:d'r+/ /Rp"@" ’ - dz dr,
(3.20) / ptdz = / podz.
Qe Q

3.21 Consequence. The solution (p",v",6") is uniquely definedin T x ©? and 3.17
holds for every t € [0, T).

3.22 Lemma. 6" > 0 in Q.

ProoF : Put 5"(t,z) = (exp(—At))8"(t,z),A > 0. Let us suppose that 6" is
G G 0"

z0) 2 0, 7~ (t0,20) <

L = ao" o%o"
minimal in (to,zo) € Qr, hence 5{;(&),1‘0) =0, m(tu,

o~ O’
< 0. From (3.8) we get p"6"(Ac, + R#)(to,zo) > 0, hence 6"(tp,z0) > 0. .
j

3.23 Lemma. Let k > 4,p9 € C*3(8),p0 > 0 in Q. Then

(3.24) (minpo(z)) exp(—crtt) < p"(t,2) <
< (migpo(z))exp(ﬂlt*), 1 >0, (t,z) € Qr,
8‘
(3.25) "W"Lm(qr) <cc>0 for0<s<k-3,
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and any multiindez (s?,...,8V) such that s = 8! +.-- 4+ sV,
a..H pn
(3.26) “m"mu,bw(n» Se; for0<s<k-4.

PROOF : The assertions (3.24)-(3.26) follow from (3.5), 3.17. For details see the
paper by Necas, Novotny, Sithavy [4]. .

3.27 Remark. It is a consequence of 3.17 and 3.23 that

(3.28) o™ lo™ Pl Lran < K, K >0,
(3.29) e 6"l (1,L1¢a)) < K,
(3.30) o™ lla,wra(a,rry < K,
(3.31) o™ Lo (1,L2¢0,r7)) < K-

3.32 Lemma. Let vo € W*2(Q, RV) N W2*(Q, RN). Then

avn
3.33 —_ + sup((v™®,v")) <
(3.33) 157 L2 @r.rv) [o‘TP,](( )
< es(1+ 10|71, wr2qy)s €3 > 0,

(3.34) "v“ul,:([_wn.:(n,nu» <ec(l+ "9""%:(1’“;1,:(“))),64 > 0.

PROOF : We use in (3.10) the test function ?a%-; after some computation applying
3.23, (3.30), (3.31) we get (3.33) . Due to 2.20 one gets (3.34), too. "

3.35 Lemma.

“0""1,:([,"':‘:(0'3")) + "9""1,“(!,1.’(0)) <ecs, c5>0.

PROOF : We multiply (3.8) by 8" and integrate over
a l n/An\2
at(2°'_/ (o™ dz)+A/ e 8::, dr =
o e L
0 sz 1)
R.h.s. of this equation i8 bounded by

(3.36) a6 Olfkaca) +( /n (o™, 0™ de) 1™ (O 3oy

where a;(2) = R|p"||L (g, lv"(#)llwr.2(a,r¥)-
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Due to
(3.37) o™ lles @, rry < E1llv™llwasaca,rvy + Ki(er)llv™ || c2ea,r)

for every &; > 0, K;(&,) > 0 (see e.g. Lions [3])

( /ﬂ ((v™, v™)? dz)¥ < cserllo™()lwsaca,mmy (@)l wnaca,rmy+
+Ka(e1)llo" ()l w2 (a,r¥), cs, Ka(e1) > 0;

hence according to 3.32 and Young inequality

(338) ( /n (0", o)) d2) 8"l ey <
< erllo™Olyn o mm 1 Ol ay + 18" aay+
+ K3(e1), c7,K3(e1) >0.

Of course (a; + cr||v™(#)l3yr.3(a,rw)) € L'(I); thus 3.35 holds by Gronwall lemma.
]

3.39 Lemma.

[7)
(3.40) N5 (P" 6" Mzzcrw-r2ay) < cs,
(3.41) ||p"0""L:(wa.:(n)) <cs ¢s>0.
PROOF : (3.40) follows from (3.8). (3.41) is consequence of (3.25), 3.35. ]

IV. Limit process.

4.1 Lemma. Let the assumptions 3.23, 3.32, (5.7) be satisfied. Then one can
choose a subsequence of {(p",v",0™)}F% (denoted {(p",v",0™)}} 3 again) such
that

(i) p" — p strongly in LP(QT),1 < p < +00,
p>e>0 acinQr;

(i) v" = v strongly in L*(I, W2k-13(Q, RM)),
v® = v strongly in L?(I, W*13(Q,RV)),1 < p < +o0,
D'v™ = Div weakly in L*(Qr,RY) (i=1,...,2k)
(D'denotes any differentiation of i-th order with respect to the space variables);

(iii) D6" — D'6  weakly in L*(Qr) (i =0,1);
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(iv) O™ — p@  strongly in L*(QT),
0>0 a.e inQr;

) %—; — %‘e weakly in L*(QT);
(vi) %'-: - %tv- weakly in L*(Qr, RM);
(vii) p™0"™ = pv  strongly in L*(Qr,RY);
(vidi) P ]} — pviv; weakly in L*(QT);
(ix) p"ﬂ"ﬂ - pa-a-"i weakly in L*(QT);
Oz; bz; '

(x) /OT[,«""N")M drdt = /oT/n((v,v)Mdzdt for every ¢ € C=(Qr).

PROOF : First we recall one assertion called Lions lemma, see e.g. [3]. Let
By, B, B; be Banach spaces, By, B; reflexive such that By CC B C B, (CC is
compact imbedding). Let 1 < py,p; < +00. Then
Lro(I,B) CC {g;g € L*(I, By), ¢ € L**(1, B,)}.
i) First assertion follows directly from Lions lemma; we put By = Wk-32(Q),
B = L*(Q),B, = LP(N),1 < p < +00,pp = p,p1 = 2. Second assertion
follows from (3.24).
ii) First two assertions hold due to Lions lemma with By = W2%2(Q, RN), B =
= W“_l'z(nv RN)a B, = L*(Q, RN),po = p1 = 2 (vesp.By = Wk’z(n’ RM),
B = W*12(Q, RN), B, = L*Q,RN),py = p,1 < p < +00,p; = 2). Last
assertion ii) follows from the boundedness of {v"}}2} in
L*(I,W?t3(Q, RN)).
iii) holds due to 3.35.
iv) Strong convergence p"6" — a in L?(Qr) is consequence of Lions lemma with
By = W'3(Q), B = L*}(Q),B; = W™ 14(Q),pp = p1 = 2;a = pf due to i),
iii). 8 >0 a.e. in Qr due to 3.22.
v) resp. vi) follow directly from (3.26) resp. (3.33) and 3.35. vii), viii) are conse-
quence of i), ii); ix) is consequence of iv), ii) and x) follows from ii). ]
Due to lemma 4.1 we can pass to the limit in (3.4), (3.8), (3.10). We get the
following theorem

4.2 Theorem. Let k > 4,p9 € C*~3(2), 00 > 0 in Q,8, € L*(),60 > 0 a.e. in Q,
vo € Wh2(Q, RV) N Wa(Q, RN). Then there ezists (p,v,0)

(4.3) &p o € L®(Qr) for any multiindez (s',...,sV),

ozf!...8z
s=s'4...43sN, 0<s<k-3,
p>e¢ ac. in Qr for some e >0,
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Ly

an+!
(4.4) W € L*(I,L®(Q)) for0<s<k-—4,
(45)  ve L=, WH(Q,RY)n W3 (Q,RV) n LA (I, W2, RV)),
(4.6) %t”- € L*(Qr,R"),
(4.7) 8 € L>(I,L*(Q)) N L*(I,W"?(2)),0 > 0 a.c. in Qr

_such that (£.10), (2.11) hold a.e. in Qr and (£.19) is fullfiled.

V. Strong solutions.
First we improve the estimates of p”. Due to 3.32, 3.35, 3.23 we get from (3.4),
(3.5)

Lemma 5.1. Let the assumptions of .23, 3.32 be satisfied. Then

80+lpn
IIWHL"(QT) <cpfor0<s<k-—4, c>0.

Moreover, let py € C2*-3(). Then

a‘ ”
a:"‘—.x Gavli=@n S for0<s<2k-3,

60+1Pn
I Bt9z31 .. 0z lz2g,L=@)) Scs for0<s<2k-—4.

n
Multiplying (3.8) by a—gt— and integrating over Q we get

o6" 9 [ o6~ o6
5.2 [ (B dz 4 a2 [ 99T 06"
€2 c/np( ) +’\8t 6:,6::,“

60"80 8v

+ /n (" ,v"»-g,;a.

But r.h.s. of (5.2) is bounded by c,o||—-|| L*(n)- Applying Young and Gronwall
inequality we verify

5.3 Lemma. Let6, ¢ W!3(Q), 62 € C’(Q), -- ) on 09, 03 >0in Q,60 — 6,
strongly in W'3(Q). Then

o
“W“L’(Qr) + ||9"||L°°(I,wt-=(n)) < c10,610 > 0.
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We can rewrite (3.8)

o

(5-4) 0z;0z; i0z;

(c.p"ﬂ") - —(cvl’nou i)-
—Rp"o"g:—jv,- {0 0").

R.hs. of (5.4) is bounded in L?(Qr); hence, due to the regularity to the elliptic
systems (Neuman boundary conditions are considered)

(5.8) 10" lLacawarqay S enns e >0

Thus , following theorem holds

5.6. Theorem.

a) Let the assumptions of {.2 be satisfied and let 6o € W'3(R). Then there
ezists (p,v,0) satisfying (4.3)-(4.7) and

(5.7) O e Lo(Qr) for0<s<k-4
: otozyl ... 03 T =2=ET5
(5.8) B 1@, 0 € LI, WHM (@) N L=, W)

such that the equations (£.10), (2.11), (2.13) are fullfiled a.c. in Qr
b) If moreover po € C?*-3(Q) then

o o _
(5.9) R € L®(Qr) for0 <8 <2k -3,
*tp 2 o0
) — L , <2%-4.
(5.10) 02t Ot € L*(I,L>°(Q)) for0<s<2k

VI. Uniqueness.
Our aim in this section is to prove the following theorem.

6.1 Theorem. Let the assumptions os theorem 5.6 a) be satisfied. Then in the
class (4.3)- (4.7), (5.7), (5.8) there ezists at most one solution (p,v,0) satisfying
initial and boundary conditions (2.14)-(2.16) and equations (2.10), (2.11), (2.13)
a.e. in Qp.

PROOF : Let (p,v,0), (5,7,0) be two solutions with the same initial condition.
Then (£,w,7) = (p — ,v — 7,0 — §) satisfies

36

(6.2) T o (Ev,)+ as; (pw,) 0 a.e. in Qr,
C _Bw; 8u
(6.3) P—' +€":Zv "’l"”:az +P°)gl: 3z, ( (“’))‘*‘

E(fo) + R'a?'('ﬁ'l) + EW =¢F, ae. inQp,
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PR R . L AW .
(6.4) P, + cobv; 3z, + Copv; 8z; +Cvﬁazi wj '\az_,-az,-+

Ov; Ov; —Ow; 00
21 L — _— =
+RIGEE+ Rog o+ Rpip L + ety

= ((v,v)) - {(v,9)).
From (6.2) one obtains the estimates
(6.5) N w20y < Kele)NENTs(o,0,wr 2+

+erllwll iz o,0.w2a,m7))»
which bolds for every &1 > 0 (K4(€1) > 0). From (6.3) we get

(©6) /n plul® dz + llwllfao,0,wra(a,rry) <

< Ky(er) j (OYE sy + 1002 ace mmy+

+Hin(Mzs@)) dr +

+€l(“w||i=((o,«),w*»=(n.uﬂ)) + "'llﬂi((o,o.wm(n)))
for a.e. t € I and every &; >0 (Ks(e1) > 0), where

% - o~ 9P 2
b=caa(1 + |55l (@) + IPllLeoca) + 3 ||a—m|h,~(n))

=1
- v 00
(1 + lIBllwasaqa,rry + lvllwas2(a,rvy + ||’a-t||L’(QT.RN) + Ilgt'llz.:(n))2

1+ [Bllwr2ca) + 1Bllwr.a)?,
¢12 > 0, hence b € LI(I).
We multiply (6.4) by 5 and integrate over Q. Due to (2.4) ({v,v)) = LvLv, where
Lv is some linear combination of
e:s (v) a’ vy 8*0.‘ .
WP 8z, 0z, Bz, ... Bz,
hence r.h.s. of (6.4) is equal to Lw(Lv + L7).
After some laborious computation we get the estimate

67 ./n P’ dz + Inllzao,0,wr3ay <
1]

t
< Ke(el)/n {)ET Ny + lw(r)lILaa, vy +

+HIn(PI L aay) dr + ex(lwliLao,0,wra(a,my) + IliE2(0,0,wr2ay)
for a.e. t € I and every e; >0 (Ke(€1) > 0).
We take into consideration that [ lw|? dz resp. [, pn? dz are equivalent norms
in L*(Q, RN) resp. L?(); hence due to (6.5), (6.6), (6.7) and Gronwall lemma
§=0,w=0,7=0ae. in I. The proof is finished. [ ]
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