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Landesman—-Lazer conditions for strongly nonlinear
boundary value problems

Lucio BoCCARDO, PAVEL DRABEK, MILAN KUCERA

Dedicated to the memory of Svatopluk Fu&ik

Abstract. The solvability of the equations of the type

div(|VulP~29u) + M |ulP~%u + f(z,u) = ¢

with Dirichlet or N bound ditions is proved for right-hand sides utlsfymg
Landesman-Lazer type conditions. Here A1 is the llest eig: lue of the corr g
b dary value problem for the equati

div(|VulP~2Vu) + M julP~2u =0,

P > 1, the growth of £ is not greater then |u|?~1. Further, the solvability of the boundary
value problem for the equation

div(IVulP~2Vu) + M fulP~2u - Jult=u + f(z,u) = g

for any right-hand side is proved under the assumption ¢ > p. In both cases, a general-
ization to the equation with (p — 1)-quasihomogeneous term with the second derivative is
given.

Keywords: Solvability of strongly nonli boundary value problems, p~Laplacian, Lande-
sman-Lazer condition, degree of the mapping

Classification: 35J65, 35J25, 35D05

Introduction
We shall consider the equation

(0.1) div (|Vu(2)P"*Vu(2)) + M [u(@)Pu(2) + f(z,u(z)) =
g(z) in Q,

with the boundary condition

(0.2) [Vuf~2Vu-n =0 ondQ

or

(0.3) u=0 ondQ,



412

L.Boccardo, P.Dribek, M. Kuéera

where (2 is a bounded domain in R® with a smooth boundary 092, Vu = grad u, p >
1,f: 92 xR — R is a Caratheodory’s function, A; is the smallest eigenvalue of the
problem

(0.4) div(|VulP~2Vu) + AJuP~2u = 0

with the boundary conditions (0.2) or (0.3), respectively, 1 is the outer normal.
Under certain general assumptions laid on f (see (1.1), (1.2) and (2.1) or (2.5)) we
shall show that our problem is solvable for right-hand sides g € Ly(2) satisfying
conditions of the Landesman-Lazer type (see Theorems 2.1, 2.3, 2.5). We give also
a generalization to the case when the main term is only asymptotically close to
div(]Vu|P~2Vu) (see Theorem 2.2, 2.4, 2.6). The term \; + I{I(lzl:‘)i
eigenvalue \;. That means we can speak about the problem at resonance. Note that
also unbounded nonlinearities f satisfy our assumptions (see Remark 2.1). These
results represent a modification of those received in a semilinear case (p = 2) by
Landesman, Lazer [7], Ahmad [2], Dribek (5] and others. They are also related to
our previous paper [4] where the corresponding nonresonance case was considered.
Moreover, we shall consider the equations of the type

can meet the

(05) . div(|Vu(z)P~*Vu(z)) + Mlu(z)P"*u(z) - Ju(@)|**u(z)+
\ + f(z,u(2)) = g(=)

with ¢ > p and f having the growth not stronger then the (p — 1)-th power. The
existence of a solution for any right-hand side will be proved (see Theorems 2.7,
2.8).

Note that the solutions of our problems are considered in the weak sense. The reg-
ularity of solutions of the equation of type considered is discussed e.g. in Tolksdorf
[11].

The equations with the principal part div(|Vu|P~2Vu) arrise in the theory of
quasiregular and quasiconformal mappings or in physics (see e.g. (9], [10], [11]).

1. Notation, general remarks

Throughout the whole paper, we suppose that § is a bounded domain in R® with
its boundary 89 of the class C** (with some a € (0,1)) and that 1 < p < +o0.

We denote X = Wy(Q) or X = V?’;(Q) if the problem (0.1), (0.2) or (0.1), (0.3)
is considered, respectively. W, (f2) and IX’},(Q) is the usual Sobolev space and its
subspace of functions having zero traces on 8, with the norm

llall = (lellf. + lul)/

where |lully,, = (J IVul? dz)'/?, Jlull, = ([ |ul? dz)*/?. In the case of the equation
(0.5), the space X = W}(R) N Ly(Q) or X = VQV;(Q) N Ly(R) with the norm
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lull = (lullf , + llul2)!/? will be considered. Further, we denote by X*, || - ||« and
(-,+) the dual space to X, the norm in X* and the pairing between X and X*. The
symbols Br(0) and deg[T', Br(0),0] are used for the ball in X with the radius R
centered at the origin and for the Leray-Schauder degree of the mapping T : X — X
at 0 with respect to Br(0). (For the basic properties of this degree see e.g. [6]).
The strong and the weak convergence will be denoted by — and —, respectively.

It will be always supposed that f : @ x R — R is a function satisfying the
Caratheodory condition

11) f(z,") is continuous on R for a.a. z € Q,
’ f(-8) is measurable for all s € R

and the growth condition

(1.2) [f(z,8)| < m(z) + c|s|*~* with some m € Ly(R), ¢>0,
where p'~! +p~! = 1.

Let us introduce the operators J,S,F : X — X* and an element g* € X*
associated with a given g € L,/(Q) by

(1.3) ‘ (J(u),v) = /n |VulP~?VuVo dz
(1.4) (S(u),v) = /n ufP~?uv dz
(15) (F.0) = [ f(a,u(e))o(e) do
(16) (") = [ sap(e)de

for all u,v € X. Further, denote J; = J + dS for any d € R.
A function u € X is said to be a weak solution of (0.1), (0.2) or (0.1), (0.3) if

X = W}(®) or X = W}(@), respectively, and
1.7 J(u) = A1 S(u) — F(u) +¢* =0.

Remark 1.1. The operators J, S are (p — 1)-homogeneous, i.e. J(tu) = t*~1J(u)
for any ¢ > 0,u € X (and analogously for S). The operators S, F' are compact with
respect to the compact imbedding W;(2) C Ly(Q). Further, J4 for any d > 0 is
a homeomorphism of X onto X*. Let us prove it. It follows from (1.3), (1.4) and
Hoélder inequality that

(1.8) (Ja(u),u) > Clluf|? for all u € X(with some C > 0),
(1.9) (Ja(w) = Ja(v)u —v 2 (lulf5" = lolE5" )l — lollp)+
+d(lullz™* = |lol3 ™ )(llullp = llvll;) > 0 for all u,v € X, u # v.

413
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Hence, Jq is monotone and coercive and it follows from the thepry of monotone
operators that J; maps X onto X* (see e.g. [8]). The last inequality ensures also
the existence of J; !, Suppose that Jr ! is not continuous, i.e. there are u,,uo € X
such that J4(un) — Ja(uo), |un — to|| = 6 > 0. Then {un} is bounded by (1.8) and
we can suppose u, — U in X for some & € X. Hence,

(Jua(un) = Ja(@D),un — &) =
= (Ja(un) = Ja(uo), upn — %) + (Ja(to) — Ja(%), up — &) — 0.

It follows from (1.9) that Hu,.ll — ||@)| and therefore u, — . Further, Jy(un) —
Ja(W) = J4(uo). That means @& = up which contradicts the assumption.

Remark 1.2. There exists the smallest eigenvalue A; of the problem
(1.10) J(u) = AS(u) =0,

i.e. the smallest real A such that (1.10) has a nontrivial solution. This eigenvalue
is isolated and simple (i.e. there is ¢ € X such that (1.10) with A = A, holds if
and only if u = £p,& € R). Moreover, ¢ € C1A() with B € (0,1) and ¢ does
not change its sign in 2, i.e. we can suppose ¢ > 0 on Q. It follows that ), is
simultaneously the smallest eigenvalue of (0.4), (0.2) or (0.4), (0.3) if W;(R) or

X= V;’;(Q), respectively. Further,

A = (J(u),u)
1T 'EX(S(“) u)

and this minimum is attained only in the points {p, £ € R, € # 0. Particularly,
(J(u),u) = A1 (S(u),u) 2 0 for all u € X,

and the equality holds only for u = £y, £ € R. All these assertions for the case of
the boundary conditions (0.3) can by found in [3]. It is easy to see that they are
true also for the boundary conditions (0.2) because then clearly A\; =0, ¢ = 1. Let
us show that A, is isolated in this case. This is, perhaps, the only property which
is not clear at the first sight in the case considered. Suppose by contradiction that
there are eigenvalues )\, of (1.10) with the corresponding normed eigenfunctions
UnyAn # 0,A\n — 0. We can suppose un — u in X. Then (1.10) (which can be
written as Ja(tn) — (An + d)S(un) = 0), the compactness of S and the fact that Ja
is & homeomorphism (see Remark 1.1) yield u, — u, J(1) = 0. That means either
u =g or u = —p,p = 1. Simultaneously, it should be

0= (J(uah#) = Ha(SCuah#) = A [ junl?~?undz

because (J(w),¢) =0 for ¢ =1 and any w € X. This is the contradiction.
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2. Main results

Let us denote

focol®) = lim_inf f(z,8), £*(z) = lim_sup f(z,s)

and assume that

there exist r > 0 and functions h_e, k¥ € L,(R) such that
(2.1) f(2,8) 2 h_go(z) for s< —r, a.a. € Q,
f(z,s) < ht®(z)for s> r, a.a. € Q.

Theorem 2.1. Suppose (1.1), (1.2) and (2.1). Then the problem (0.1), (0.2) and
(0.1), (0.3) has at least one weak solution for any g € Ly(S) satisfying the condition '

e [ e < [ e < [ fol)ds
where ¢ is the positive eigenfunction corresponding to the smallest eigenvalue of the

problem (0.4), (0.2) and (0.4), (0.8), respectively.

Definition 2.1. Let Ag : X — X* be an a-homogeneous operator, i.e. Ag(tu) =
t®Ag(u) for any t > 0,u € X. Then A: X — X* is said to be a—quasihemegeneous

with respect to Ay if

tp = 0,tp > 0 u, — u,t;A(?ti'l) —g¢*in X* = ¢* = Ay(u).
n

Further, we shall replace J by an operator 4 which is (p — 1)-quasihemogenesus
with respect to J, i.e. we shall consider the equation

(2.3) A(u) = A\ S(u) — F(u) + ¢* =0.

Of course, we could also replace S by an operator which is only asymptotically
homogeneous in some sense, but this nonhomogeneity can be contained in F.

Theorem 2.2. Suppose (1.1), (1.2) and (2.1). Let A: X — X* be an odd mapping
which is (p — 1)-quasihomogeneous with respect to J, such that Ag = A+dS is a
homeomorphism for any d > 0 and (A(u),u) > (J(u),u) for allu € X. Then (2.3)
has at least one solution for any g* € X* defined by (1.6) with g € Ly(R) satisfying
(2.2).

Example 2.1. Consider the boundary value problem

divi(a(z) + |Vu(2)P"*)Vu(z)] + f(z, u(z)) = o(z)
(a+|VulPf~?)Vu -7 =0 on R,
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where a is a smooth function on 2, 0 < a(z) < C. The weak solution of this
problem is a solution of (2.3) with A defined by

(A(u),v) = /n(a +|VulP~?)VuVvdz for all u,v € X = W,(Q).

It is easy to see that for p > 2, the operator A is (p — 1)—quasihomogeneous with
respect to J. Further, A4 is a homeomorphism of X onto X*. This can be proved
by the same considerations as in Remark 1.1 observing that (A(u) — A(v),u —
v) 2 (J(u) — J(v),u — v). Hence, if f fulfils (1.1), (1.2) and (2.1) then there
is a weak solution for any g € Ly(R) satisfying (2.2) with ¢ = 1 (see Remark
1.2). Analogously we can consider the boundary conditions (0.3). (In that case
X = W}(), is not constant and A, > 0, that means the term A; |u[*~2u must be
added

Remark 2.1. Note that we can deal also with nonlinearities f for which f+*(z) =
—00 or f_oo(z) = +00. Consider, for instance, the equation
(24) div(|Vu|P"?Vu) + A JufP~%u — Ju|T?u=9g inQ
with the Dirichlet boundary conditions (0.3), 1 < ¢ < p. Then f(z,u) = —|u|?~2u
fulfils (1.1), (1.2) and (2.1). Moreover, f+°(z) = —00, f-c0o = +00. Hence, the
problem (2.4), (0.3) has at least one weak solution for any g € Ly(R). If the
nonlinearity in (0.1) has the form
_ —|ul""2u  for z € R,u >0,
)"'(z,u)-{ 0 forze Qu<0,

1 < ¢ < p, then (0.1), (0.3) has at least one weak solution for any ¢ € L(R2)
satisfying

/ g(z)p(z)dz < 0.
o

Further, denote )

§7=(z) = lim_sup f(z,2), froo(e) = lim_inf f(z,)
and suppose that

there exist r > 0 and functions A=, k4o, € Ly(2) such that
(2.5) f(z,8) < h~(z) for s < —r, a.a. T € Q,

f(2,8) 2 hyoo(z) for s > r, a.a. z € Q.
Moreover, assume that

 fays) _

(2.6) Inll‘-?eo P 0 foraa z€N.

Now, we can formulate in a certain sense dual version of Theorems 2.1, 2.2 for the
case of Neumann boundary conditions.
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Theorem 2.3. Let us suppose (1.1), (1.2) and (2.5), (2.6), P > n. Then the
problem (0.1), (0.2) has at least one weak solution for any g € Ly (D) satisfying the
condition

@2) /n f(z)dz < /n o(z)dz < /n Froolz) dz

Theorem 2.4. Suppose (1.1), (1.2), (2.5), (2.6), p > n,X = W;(Q). Let A :
X — X* be an odd mapping which is (p — 1)-quasihomogeneous with respect to
J, such that Ay = A + dS is ¢ homeomorphism for any d > 0 and A(u),u) >
(J(u),u),(A(u), ) =0 for allu € X. Then (2.3) has at least one solution for any
g* € X* defined by (1.6) with g € Ly() satisfying (2.2°).

Note that ¢ = 1 in the situation of Theorems 2.3, 2.4, 2.5, 2.6 (see Remark 1.2).
Hence, the assumption (Au,p) = 0 for all u € X is fulfilled for A = J from (1.3) as
well as for A from Example 2.1. Of course, this is not true in the case of Dirichlet
boundary conditions when ¢ # 1. Unfortunately, we cannot solve the case (2.2’)
without the assumption (Au,y) = 0 and that is why we consider only Neumann
boundary conditions in Theorems 2.3 - 2.6.

Let us remark that Theorem 2.3 is a consequence of Theorem 2.4 according to
Remark 1.1.

The assumption p > n in Theorems 2.3, 2.4 ensures the compact imbedding
W:(Q) C C(R2). In the case 1 < p < n we need some additional assumptions on f.
Precisely, suppose that

2.7 |f(z,8)] < h(z) for all s € R,z € Q with some h € L,(R).

Theorem 2.5. Suppose (1.1) and (2.7). Then the problem (0.1), (0.2) has at least
one weak solution for any g € Ly() satisfying (2.2°).

Theorem 2.8. Suppose (1.1), (2.7), X = W,‘(Q). Let A: X — X* be an odd map-
ping which is (p—1)-quasihomogeneous with respect to J such that Ay = A+dS iz a
homeomorphism of X onto X* for any d > 0 and (A(u),u) > (J(u),u),(A(u),¢) =
0 for all u € X. Then (2.5) has at least one solution for any g* € X* defined by
(1.6) with g € Lp(S) satisfying (2.2°).

Analogously as in the case of Theorems 2.1, 2.2 and 2.3, 2.4, Theorem 2.6 is a
generalization of Theorem 2.5.

provided 1 < ¢ < p (and in fact also if 1 < ¢ < p* - se Remark 2.3 below). In case
of a general ¢ > p, it is necessary to work in the spaces

(2.8) X =WHQ)NL(Q) or X = WA N L(®)

417
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if (0.2) or (0.3) is considered, respectively. This is a locally uniformly convex Banach
space with the norm

(29) llull = Clullf p + Nelf)*/?.

We shall consider equations of the more general type (0.5) for which the term of
the order g(q > p) plays a substantial role.
The mappings J,S,F : X — X* and an element g* € X* are a%ainlwell—deﬂned

by (1.3), (1.4), (1.5), (1.6) (for all u,v € X from (2.8), g € L4(), ;1-+? = 1) under

the assumptions (1.1), (1.2). Moreover, introduce the mappings T, Jr : X — X*
by

(2.10) (T(u),v) = / [u[*?uvdz for all u,v € X,
=+

The weak solution of (0.5), (0.2) or (0.5), (0.3) is defined as u € X satisfying

(@2.11) J(u) = \S(u) + T(u) — F(u) +¢" =0.

Remark 2.2. The mapping Jr is a homeomorphism of X onto X*. This can be
shown analogously as for J4 in Remark 1.1 but by using the estimates

(r(u),w) _ _ llullg, + il max(flullf 5. lulif)
fluall (il p + llull)*/? = [2max(flulll ,, lluli§))/?
(for  |lull = +o0),
(Ir(w) = Ir(v),u = 0) 2 (Iullf;" = IelF 5 )llls,p = llollp) +
+(llull§™ = ol ™) (llully = llvllg) >0 forallu,ve X,u#v

— 400

instead of (1.8), (1.9). Note that the mappings S, F are compact again under the
assumptions (1.1), (1.2), but T is not compact for ¢ so large that W,(Q) is not
compactly imbedded into Ly (Q2).

Theorem 2.7. Suppose (1.1), (1.2), ¢ > p. Then each of the problems (0.5), (0.2)
and (0.5), (0.3) has at least one weak solution for any g € Lo/ (D).

Further, we shall replace the terms div(|Vu|P~2Vu) and |u|9-2u by a quasihomo-
geneous operator and by function f; : € x R — R satisfying (1.1) and

(1.2¢) fo(z,8) Smy(z) + Cls|*™"  with some m, € Ly (Q),C 20,
(2.12) ' fao(z,8) -8 > Cols|! with some Co > 0.

More precisely, introduce the operator B : X — X* by

(219) (B = [ fuleu@)@)ds forsll v e X
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and consider the equation
(2.14) A(u) — A\ S(u) + B(u)— F(u)+ ¢* =0

Theorem 2.8. Suppose (1.1), (1.2), ¢ > p, (2.12), (1.8;). Let A : X — X*
be (p — 1)-quasihomogeneous with respect to J and such that Ap = A+ B isa
homeomorphism of X onto X* and (A(u),u) > (J(u),u) for all u € X. Then
(2.14) has at least one solution for any g* defined by (1.6) with g € Ly ().

Note that Theorem 2.7 is a special case of Theorem 2.8 according to Remark 2.2.
Example 2.2. Consider the boundary value problem

divl(a(z) + |[Vu(z)P~?) Vu(z)] + A u(z)lPu(z)-
- (&z) + lu(2)|* *)u(z) + f(z,u(z)) = g(z) on N
with the boundary conditions (0.3), where a,b are smooth functions on 2,0 <

a(z) < C,0 < iz) < C,q > p, f satisfies (1.1), (1.2). The weak solution of this
problem is a solution of (2.14) with A, B defined by

(A(u),v) = /(a + [Vu[P~2)VuVudz for all u,v € X,
a

(B(u),v) = / (b + |u|"?)uv dz for all u,v € X,
14

X = V;’;(ﬂ) N Ly(Q). Suppose that p > 2. Then it is easy to see that A is
(p ~ 1)-quasihomogeneous with respect to J. Further,

(Ap(u) — Ap(v),u — v) 2 (Jr(u) = Jr(v),u — v)

and therefore we can show by considerations analogous to those from Remark 1.1
that Ap is a homeomorphism of X onto X* (cf. Example 1.1, Remark 2.2). Hence,
our problem has for any g € Ly (f2) at least one weak solution by Theorem 2.8.
Analogous considerations can be made for the boundary conditions from Example
2.1. (Then Ay = 0,X = W, (2) N Ly(92).)

Remark 2.3. Let us note that the assumption (1.2) could be replaced by a slightly
weaker growth restriction

1f(z,3)| € m(z) + C|s|*~?

1 1
; bt ;. The space W,l(ﬂ)

is compactly imbedded into L,(f?) for such a and the proofs of our results can be
easily modified using this fact.

with an arbitrary fixed a < p*,m € Ly/(2), where l_ =



420

L.Boccardo, P.Dribek, M. Kuéera

3. Proof of main results

PROOF of Theorem 2.2: Let us choose a fixed d > 0 and define the mapping
H:(0,1) x X = X by

H(r,u) = u— A7 (A1 + 7d)S(u) + 7(F(u) - g°)).
The equation H(1,u) = 0 is equivalent to (2.3). Suppose that
(3.1) H(r,u)#0 forallT€ (0,1),u € X, |lull=R

with some R > 0. The mapping A7'((\; + 7d)S + 7(F — g*)) is compact (see
Remark 1.1). The operator H(0,u) = u — A7*(A15(u)) is odd. Hence,

deg[H(0, -), Br(0),0] # 0

by the Borsuk theorem. Further, (3.1) ensures

deS[H(l’ ) BR(O)a 0] = deg[H(Oa ')) BR(O)v 0] #0
by the homotopy invariance property of the degree. It follows that there exists a
solution u € Br(0) of H(1,u) =0, i.e. of (2.3). (For the properties of the degree
see e.g. [6].) Hence, it is sufficient to show that (3.1) holds for R > 0 large enough.
Suppose by contradiction that there exist v, € (0,1),u, € X(n = 1,2,...) such
that Jju,|| = +00 and H(7s,us) =0, i.e.
3.2) A(up) = MS(up) + (1 — 7,)dS(uy) — Ta(F(un) — g*) =0.
We can suppose that 7, — 7 € (0,1),v, = —sl- —vin X, v, = vin L,(R)

(according to the compactness of the imbedding X C L,y(£2)) and vu(z) — v(z) a.e.
on . Dividing (3.2) by ||ua]|P~? we receive

(3:3) Jlunll'"?A(un) = 21 S(va) + (1 = 7)dS(vn) = Tallunll' (F(un) - g*) = 0.

It follows from (1.2) that the sequence {|[un]|'~? f(:,un(+))} is bounded in L,(),
i.e. we can suppose that

(3.4) lunll 2 £(: un(-)) = F in Ly ()
for some f € Ly/(2). The compactness of the imbedding L,/(2) C X* implies
35)  fuall"F(un) — f* in X*,(f*,0) = / Fwdz for all w € X.

1]

This together with the compactness of S and the equation (3.3) ensures that
{llunll*~? A(un)} is convergent, that means

(3.6) lunll*? A(un) = J(v) in X*
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because A is (p — 1)-quasihomogeneous with respect to J. Simultaneously |[|u,||*~”
[l4a(ua)ll 2 C > 0 according to (1.8) and the assumption (A(u),u) 2 (J(u),u).
Therefore

lual' ™ Aa(un) = Ja(v) #0

because of the compactness of S. That means
(3.7) v#0.

It follows easily from (1.2), (3.4) and the fact v, — v in Ly(2) that f=0ae on
M, = {z € Q;v(z) = 0}. Hence, we can write

3.8) f(z) = x(@)lv(2)P~?(z).

The function x is uniquely defined a.e. on 2\ My and we set x = 0 on Mp. Further,
the conditions (1.2), (2.1) yield

(3.9) x(z) <0 ae onQ
(precisely see Remark 3.1 below). Define the mapping S : X — X* by
(3.10) (5(u),w) = /n xlulP~?uwdz for all u,w € X.
Now, (3.3) together with (3.5), (3.6), (3.8), (3.10) imply

J(v) = MS(v) + (1 — 7)dS(v) — 5(v) = 0.
Particularly
(3.11) (J(®) = MS(v),v) = —(1 = 7)d(S(v),v) + 7(5(v),v).

The left-hand side is nonnegative and it can equal zero only for v = £y (see Remark
1.2), the right-hand side is nonpositive by (1.4), (3.9), (3.10). Hence, both sides in
(3.11) must equal zero, that means 7 = 1,v = {y with some £ # 0 because of (3.7).
It follows from (3.2) that

(A(ttn) = 215(un), va) + (1 = 72)d(S(in)s va) =
= / [£(2, un(2)) — 9(2)vn(z) dz.
Q

The left-hand side is nonnegative (see Remark 1.2 and the assumption (A(u),u) >
(J(u),u)) and therefore

nli_.ngcinf/nf(z,u,.)(z))v,.(z)dz2 /‘;g(z)v(z)dz.

Now, it is sufficient to use Lemma 3.1 below and we receive

/n Fro@)p(z)dz > /n o(2)p(z)dz or /n fooalz)p(z) dz < [, o(2)p(z) dz

if £ > 0 or £ < 0, respectively, which contradicts the assumption (2.2). .
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Lemma 3.1. Let (1.1), (1.2), (2.1) be fulfilled and let u, € X be such that |lu,|| —

+00,Up = ﬁ — £ both in Ly(Q) and a.c. on Q,€ #0. Then
(3.12) "l_i_.n:oinf/f(z,u,.(z))v,.(:c)dz < Lf"""’(z)fqp(z)dz
or ©

(3.13) lim inf / £, un(2))va(z) dz < L Fooo(@)ep(z) dz

if £ > 0 or £ <0, respectively.

PROOF : Introduce functions v, by
Un(z) = va(z) for z € Q,va(z) € (—lp(2), lp(2)),
Un(z) = €lp(z)  for z € Qua(z) > [Ele(z),
Un(z) = ~lélp(z) for z € Qua(z) < —[€lp(2).

Clearly ¥, — §p in Ly(R2) and a.e. on Q. It follows from (1.2) and (2.1) (where we
can suppose At > 0, h_o, < 0 without loss of generality ) that

[ 1@ un(@)on() ~ @D dz < [ (m(a) + P lon(a) = )l do+
a M.
/ h*%°(z)(va(z) — Un(z)) dz + / —h_oo(Z)|vn(z) — Un(z)ldz <
M} M7

/n (m(z) + er”™! + h*°°(2) = h—co(2))lva(z) — Fa(z)|dz — 0,

where M, = {z € Qilua(@)| < r}, M} = {z € Qua(z) > r}, M7 = {z €
Q; un(z) < —r}. Hence,

lim mf/ f(z,un(z))vn(z)dz < lim sup/ f(z,un(x))Vn(z) dz.

n—+00 1] n—oo [1]
If we knew that
(3.14) f(z,un(z))on(z) < h(z) ae on 2 for some h € L;()
then Fatou’s lemma would imply that

”li.n:asup/“f(z,u,.(z))ﬁ',,(z) dz < /nnli.ugosupf(:, Un(z))0n(z) dz.

The assertion would follow because u,(z) — +00 or u,(z) — —oo for a.a. z €
and therefore the last integral equals the right-hand side in (3.12) or in (3.13) if
£ > 0 or £ < 0, respectively. Hence, it is sufficient to show (3.14). The definition of
¥y and (1.2), (2.1) imply
f(z,un)(2))0n(2) < h*(2)|€lp(2) on M,

< —h-oo(2)le(z) on M.,

< (m(z) +er)lElp(z) on M,
and (3.14) follows. ]
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Remark 3.1. For the completness, let us show precisely that (3.9) holds. Suppose
by contradiction that there is M C 2 \ Mp such that meas M > 0,x > 0 on M.
We can suppose v > 0 on M. (The case v < 0 can be treated analogously.) If x
is the characteristic function of M then (3.4), (3.8) imply

15)  tim [ HESEDy6ydo - [ xalelretelemta) e >0,
It follows from (1.2) and (2.1) that
f(z,un(z))  m(z) + CllualP~?

if Jun(z)] < Jlun|| then

[ N N S

fu f(z,ua(2)) _ h*>(z)

if un(z) > ||unl| then TR < TR
if un(e) < =] then L2  JCD () o+
f(z,ua(z)) m(z) + Clun(z)|P? h_oo(z)

+"T||"2_u,.—(:z-)v(z) < "un",_‘ IU"(I') - 'D(:l‘)l - "un"p_l v(z)
for n large such that ||ua|| > r. Hence,

Lo talD) () < PO TLAN 2 — ofalcm () + i)

with h = ;—;_—l(h"’“ —h-oov+m)+C € Li(Q). It follows from Fatou’s lemma and
(2.1) that

Un m nl -1
tim wup [ [L2s0) L O, (o) — o(o)ear(e) e <
/ﬂnlirr;osup f}, ";l""(_zl)) xm(z)dz =0.

(We use the fact that the second term on the left is nonpositive and that u,(z) —
+o0 a.e. on M.) Thus,

m(z) + Clua(z)/P~!
luall>=2
lva(2) = v(z)lxM(z) dz.

But the integral on the right-hand side tends to zero because v, — v in L,(2) and
this contradicts (3.15).

Remark 3.2. Let us observe that the proof of Theorem 2.2. above becomes very
simple and short for the special case of Theorem 2.1 (i.e. if we replace A by J) and
a bounded nonlinearity f. Indeed, we get f = 0 and it follows directly from 3.3)
by using the compactness argument and the properties of J that v, — v in X and
that (3.11) holds with § = 0. (The last part of the proof remains without changes. )

i iaf [ £(28n(2)

nee'™ Jo luallr"?

xm(z)dz < lim sup
n—+00 n
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Remark 3.3. Consider the problem (0.1), (0.3) with f bounded (cf. Remark 3.2).
Let us explain very briefly on this particular situation an other approach which can
be used for the proof of results of the type of Theorem 2.1. Consider the equation

Iu,(z)l"zu,(z)

(01)  div(|Vue(@)P*Vue(e)) + M {5t gt

+ f(=,u(2)) = 9(z)

with the boundary conditions (0.3). It follows from the theory of monotone opera-
tors (see e.g. [8]) that for any ¢ > 0 there exists a weak solution of this problem,

ie. ue € X = W3(Q) satisfying
(2.3.) J(ue) — A1Sc(ue) — F(ue) + ¢* =0,
where S; : X — X* is defined by

|u|P~2uv

(Se(ll),v)=/nﬁ.—€-;:i'l';lp—_i‘dl‘.

Multiplying (2.3,) by ePu,, we can derive that ||eu,|| is bounded. Hence, we can sup-
pose eptie, — v in X for some v € X and some sequence {€,},&, — 0. Multiplying
(2.3;) by €2~! and using the compactness argument, we receive qu,, — v,

J(v) - A,Sl(v) = 01
i.e. v is a weak solution of

[vlP~%v

. p—2
div(|Vv|P~*Vv) + A, TP

=0
with (0.3). This implies v = 0 because ); is the smallest eigenvalue. Hence,
€nt,, — 0. If we were able to exclude the case ||ue, || = +oo then we would obtain
t,, — u for some u € X from (2.3,) by using the compactness argument again, and
u would be a solution of our problem. But if ||, ]| = +oco then we can suppose
Up = ill‘:&Tl — v for some v. Dividing (2.3;) by |[te,||P~?, we get v, — v,

En

J(v) = M S(v) =0,

i.e. v = ¢p. This leads to the contradiction with (2.2) similarly as in the last part
of the proof of Theorem 2.2.

PROOF of Theorem 2.4.: First, choose d > 0 such that there is no eigenvalue of
(0.4), (0.2) (i.e. of (1.10)) in the interval (0,d) (see Remark 1.2). Note that A; =0
in the case under consideration. Define the homotopy H : (0,1) x X — X by

H(r,u)=u— A7) ((2 - 7)dS(u) + T(F(u) - g*)).
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We can follow the proof of Theorem 2.2 until

(3.2) A(ug) — (1 = 1,)dS(up) — Ta(F(un) — ¢*) =0,
(33)  luall' " A(un) = (1 ~ 70)dS(vn) — Tallunll' P(F(ua) - ¢°) =0,

where v, = |[tg]|™? 4p = v, T, — . It follows again from (1.2) that we can suppose
luall 2 £( ua(s)) = f in Ly (Q).

But (2.5), (2.6) ensure that f = 0, i.e. x = 0 in the procedure of the proof
of Theorem 2.2. (Precisely, considerations analogous to those from Remark 3.1
can be made.) Then using the facts that Ag4 is a homeomorphism, A is (p —
1)-quasihomogeneous with respect to J, (1.8) and the assumption (A(u),u) >
(J(u),u), we respect to J, (1.8) and the assumption (A(u),u) > (J(u),u), we
derive v # 0 and

J(v) - (1 -7)dS(v)=0

by the same way as in the proof of Theorem 2.2. But (1 — r)d is not an eigenvalue
for 7 € (0,1) according to the choice of d. Therefore 7 = 1,v = £ p = £ for some
£ # 0 (because ¢ = 1, see Remark 1.2). Suppose £ > 0 (the case £ < 0 can be
treated similarly). It follows from (3.2’) that

(3.16) uwa0~u-mMﬂ%»0=mAma%u»—wmwa

Since (A(un),£) = 0 by the assumption and d > 0, the left-hand side of (3.16) is
nonpositive for n large enough. Hence,

(3.17) lim inf[)f(z,u,.(z))dxﬁl)g(z)dz.

n—00

With respect to the compact imbedding W}(R) into C(R) it is up(z) > r for all
z € Q if n is large enough. Then (3.17), (2.5) and Fatou’s lemma imply

[ frate)tz < [ o(a)ds

Q Q

which is the contradiction with (2.2°). ]
PROOF of Theorem 2.6: is a simple modification of that of Theorem 2.4. ]

PROOF of Theorem 2.8: Let us define the mapping H : (0,1) x X — X by
H(r,u) = u - Ag'(r(M5(u) + F(u) - ¢*))-

Similarly as in the proof of Theorem 2.2, it is sufficient to show that (3.1) holds
with R large enough. (Note that H(1,u) = 0 is equivalent to (2.14) and deg[H(0, -),

425
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Bg(0),0] = deg[I, Br(0),0] = 1.) Suppose by contradiction that there exist T, €
(0,1),u, € X(n =1,2,...) such that [|ua|| - +oo and
(3.18) A(un) + B(un) = Ta(A15(un) + F(un) — g*) = 0.
Particularly,
(B(un), un) = —(A(un) — Tn M1 S(us), un) = Tn(F(un) — g°, un).

The first term on the right-hand side is nonpositive by the assumption (A(u),u) >
(J(u),u) and Remark 1.2. Hence, (1.2) and the imbedding Ly(Q) C Ly(S) imply
that

Collunll§ < limlipllunlle + Clluallf + llgllg - llunll,-

This yields that
(3.19) {llunll¢} is bounded.
Hence, (12) gives |
fg(‘”"‘n(z)) Sde < [/ my(z) + Clun(z)|?™? & ]’;_l
(-/0 | "“n“"—l | ) = ﬂ( "unu,_l ) dz <
< Nuall*? (Imglle + Jlualli™) — 0,

that means

B(un . e
(3.20) "ufﬁ,_)l -0 inX

according to the imbedding Ly (2) C X*. Analogously we receive (by using (1.2)
and the imbedding L,(2) C L,(R))

F(u N
(3.21) —_||u,f||:31 —0 in X*.
We can suppose T, — T, v, = "%'T — v in X. Dividing (3.18) by ||u,,|]P‘1 and
n

using (3.20), (3.21) and the compactness of S we see that {M} is convergent.

J llunll=
Hence, WJ%'_)—I — J(v) by the assumption that A is (p — 1)-quasihomogeneous
n

with respect to J. The limiting process in (3.18) yields

(3.22) J(v) =X S(v) =0.
Further, .
. (A(un) ta) . (J(un) un) . ffuall?
J(v),v) = lim ~——2-22 > lim ~——22 "2 = 1, -
( ( ) ) n—oo "u""P n—+00 "un"P ”qw"u""{.r'*'"un": 1.

Hence, v # 0 and it follows from (3.22) that 7 = 1,v = £y with £ # 0. The
compactness of the imbedding X C Ly(f) ensures ||lvall, — £|lp|l, and we have
Jlunll = oco.' Simultaneously,

lluall - llonlly = lluall, < Cillually _
which contradicts (3.19). -
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Remark 3.4. Analogously as in the case of Theorem 2.1, also a different approach
to the proof of Theorem 2.7 can be used (cf. Remark 3.3). We can consider the
equation

ulP~?u
14 eP—1jujp-1
with (0.2) or (0.3). It follows from the theory of monotone operators that for any
€ > 0 there exists a weak solution. It is possible to show (by using suitable test

functions again) that €,u., — 0 and that the assumption |lu,,|| — 4oco implies
U,

llue. I
prc:of of Theorem 2.8 above. It follows u., — u, where u is a solution of our
problem. This approach does not use the degree theory but the precise proof is
technically more complicated than the procedure from the proof of Theorem 2.8
above. )

div(|Vul[P~2Vu) + Ay —ul"u 4+ flz,u) =g

— ¢, which leads to the contradiction similarly as in the last part of the

Additional remark. When the manuscript of this paper was finished, the au-
thors received a preprint by A.Anane, J.P. Gossez [12] where results similar to our
Theorem 2.1 are proved by using a variational method.
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