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A central limit theorem for non stationary mixing processes

DALIBOR VOLNY

Abstract. For a non stationary a—mixing sequence of random variables it is given a neces-
sary and sufficient condition for the central limit theorem. The condition is expressed by
uniform integrability of squares of certain normalized partial sums of the process.

Keywords: Central limit theorem for weakly dependent random variables, a-mixing
(strong mixing) sequence of random variables

Classification: 60F05

Let (X;){2, be an a—mixing (strong mixing) sequence of square integrable random
variables, EX; = 0 for all ;. We denote S, = E;‘___l j,02 = ES2. In the whole of
the paper conditions A and B are supposed to be fulfilled.

A. op > 00 as n — oo.

B. max EX?/o% — 0asn — oo.
1<j<n

In [2], [3] and [4] it has been shown that if (X;) is strictly stationary, then
Sn/0n weakly converge to the normal distribution N(0, 1) if and only if the random
variables S2/02 are uniformly integrable. Here we give a necessary and sufficient
condition for the CLT for processes which are not stationary. In proving the result
we shall use ideas from [4]. )

We say that J C {1 .,n} is an interval if together with any ¢ < k, J contmns all
j € N for whichi < j < k. By mnk,k <, wedenoteapaxtxtxon {Tnp ks 5 In ek}
of {1,...,n} into intervals; S, jx denotes Zuel,. X, and o2 k= ES,, ik

Proposition. Let K be a set of positive integers and let for each k € K there ezists
n(k) € N so that

Sﬁ,j,k/”?u,j,k, keK,j=1,....kn= "'(k)1n(k) +1,...,
are uniformly integrable,
03,“_.00 asn — oo foreach k€ K,1<j <k

Then for each n > n(k) there exist mutually independent random variables Zp 1 k-
Zn k& Such that

Z?l,j,k/a?t,j,k’ k € K:,] = 1, ey k, n= n(k), n(k) + 1, ey
are uniformly integrable and

" S”:J. Z"-_J_y

Onik  Omik lz—0asn— oo foreachkeK,j=1,...,k.
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Hence, ||-—" -1 }: Znjkllz2 — 0 as n — oo for each k € K.

j=1
PrOOF : The proof is based on the same idea as the proof of Theorem 1 in [4] so
we shall give a sketch only.

Let ¢ be a positive integer whose value will be specified later. By removing
(k — 1) - ¢ numbers we replace each block I, j x by a smaller block I, njk C I,k so
that random variables S}, gk = E‘E,:”_ . Xi,j =1,...,k, are mixing with coefficient

a(g). When considering n large enough only, random variables S:;‘:j,k /ai,j,k are
uniformly integrable and close to S;‘:,J-,,,/ai,j,k in L; norm. Given K < oo and
H € N sufficiently large we can find random variables S, ; &+ which attain only H
values, so that E§",5,k = 0,|§,.,,-,k|/a,.,j,k < K, and gn,j,k/an,j,k are sufficiently
close to S}, ; +/0n,j,k in L norm (hence to Sy, ;,k/0n,j k, t0o). Given K and H fixed
we can find ¢ sufficiently large so that there exist random variables Zy, j i, ..., Zn i,k
which are mutually independent and for each j,1 < j < k, Z, jx/on,jk is close to
§n, 5.k/0n 5k in Ly norm and has the same distribution. From this the Proposition
follows. u

C. For each k¥ € N and n greater or equal than a positive integer n(k) there
exists a partition 7y x of {1,...,n} such that it holds
(1) lim D Opn,jk = 00 88 N — 00, foreachk € N,j =1,...,k,
@) Jim oo~ T, max one/on =0,
(iii) S2;4/0% ;0 k € Nyj = 1,...,k, = n(k),n(k) + 1,... are uniformly
integrable.
It should be noted that according to the Proposition, from C follows
(iv)forea»chkeN,E.'::lo /o2 = 1asn— co.

Theorem. Let (X;) be an a-mizing sequence and conditions A,B are fulfilled.
Then Sy /0, - N(0,1) if and only if C holds.

n,jk

PROOF :
1. Let condition C hold (a.nd A,B as well).
According to the Proposition, for each n € N there exist a positive integer k(n)

and mutually independent random variables Zy, 1, ..., Zy k(n) such that k(n) — oo
asn — 0o, |38 ~ - i) Znjll — 0 asn — o0, 22 /EZ} ;i = 1,..., k(n),n =
1,2,... are umformly integrable, and —TE(E"(") Zn ,)’ — 1asn — oo,

1<m<a:§ X —,—EZ2 — 0 asn — oo. For the triangular array of random variables Z,, ;
¢ n

the Feller-Lindeberg condition is fulfilled, hence - Z:("l) Z,,; = N(0,1), therefore
n &= D
Sn/on r N(0,1).
2. Let Sp/on - N(0,1).
From conditions A,B it follows that <xJnax (624, —0%)/0%k — 0 as n — oco. Hence

we can find numbers 0 = 0(r) < 1(r) < --- < k(n) =n,n = k,k+1,... such that
o}ny/on = j/k asn — 00,0 < j <k We put Inji = {(G - 1)(n) +1,...,j(n)},
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and Spjx = Eiel..,;,. X;,0 < j <k Let k € N be fixed. From (1], Theorem 5.4
it follows that S2 /o2 are uniformly intergrable, therefore S2 (”)/ o 2(,.) are uniformly
integrable, too. From this we get that S ; ,/ (02 /k) are uniformly integrable. From
the Proposition it follows that there exist random variables Z, j,1 < j < k, such
that Zn 1k, ..., Zn,kk are mutually independent for each n, [|§“"L ZL"‘5"2 -0
as n — 0o, and k-22. ik /ol are umformly integrable. From this it follows that
EZ% /0% = 1/kasn — 00,50 0% ; /o — 1/k asn — 00,1 < j < k. In this
way,condmons (i) and (ii) of C are fulﬁlled

The uniform integrability of 52 ikl o2 ;x is guaranted for each k fixed only, how-
ever. We shall show that there exist positive integers n(k) such that condition (i)
of C holds.

From the assumptions it follows that Sj(n)/oj(n) -y N(0,1) as n — oo, hence

LS Zain P N(0,+/j/k) as n — oo, therefore Sn,jk/On,jk 2 N(O, 1)

n — oo. Let X be a random vamable with distribution N(0,1), for m=1, 2
let Ky <Ky << Kp <+ <00, Elx(IX] > Km) - X?] < 1/m. For k =

1,2,... we can thus choose k(n) such that for n > k(n), E[x(|Sn,jkl/0n,jk > Km)-
S2iklok i) <2/mym=1,...,kj=1,..k Now, we can show that for each
€ > 0 there exists K < oo such that E[x(|Sn,jkl/0n,jk > Km) - ,,J,k/ 2kl <e
for each k = 1,2,...,5 = 1,2,...,n = n(k),n(k) + 1,...: For ¢ > 0 given there
exists m € N,2/m < e. For k > m and n > k(n) it is E[x(|Sn;kl/onx >
Kum)-S% i k0 i) < 2/m,j =1,...k. Thereare only finitely many positive integers
k smaller than m and for each k fixed, S'?,’ ik / a;‘:, ;& are uniformly integrable; from
this the existence of suitable K follows. L

Remarks. From the Theorem, the result for strictly stationary processes easily
follows.

The divisions of {1,...,n} into intervals I, ; x need not be equidistant; it can be
seen on an example of a sequence of random variables which are mutually indepen-
dent and have distributions N(0,1//n)

The Author thanks Professor Dr.K.Yoshihara for his kind encouragement and
many helpful comments.
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