Commentationes Mathematicae Universitatis Carolinae

Athanossios Tzouvaras
A notion of measure for classes in AST

Commentationes Mathematicae Universitatis Carolinae, Vol. 28 (1987), No. 3, 449--455

Persistent URL: http://dml.cz/dmlcz/106559

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1987

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/106559
http://project.dml.cz

COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
28,3 (1987)

A NOTION OF MEASURE FOR CLASSES IN AST
A. TZOUVARAS

Abstract: The idea of approximating semisets by sets from within and
from without 1s quite natural and analogous to that of the inner and outer
measure of measure theory, where in the place of real numbers we now have
cuts of natural numbers. However, not too a large part of the classical the-
ory is expected to be saved under this analogy, a fact due to the rather cru-
de structure of cuts. Finer results are obtained if we suppose that the cuts
satisfy certain closure properties.

Key words: Cut of natural numbers, inner and outer measure, alternative
set theory. ’ '

Classification: 03E70, 02K10

N, FN are the classes of natural numbers and finite natural numbers res-
pectively. We use a,b,c,... to denote elements of the first class and m,n,k,
... for elements of FN. Lower Greek letters o, f3,7,... are reserved for or-
dinals. I,J,... denote cuts. For any set u, |u| is the unigue ae N such that
u®a.

Given a class X let

o(X)= fae N;(Yu)(Xeu — a<|u|)¥ for X being a semiset,

= N for any proper class X;

iX)={aeN;(Ju)(ucXx&a=|u|)}
be the outer measure and inner measure of X respectively.

o(X), i(X) are, evidently, initial segments of N and o(X)=i(X)=aeN iff
X=u and |u|=a. In all other cases o(X), i(X) are cuts of N and, clearly,
i(X)s o(X).

To give some obvious examples:

a) For the universe V, o(V)=i(V)=N.

b) o(FN)=i(FN)=FN.

c) For any cut I, o(I)=i(I)=I.

d) o(R)=N, i(SL)=FN, where {1 is the class of ordinals.

Definition 1. The class X is said to be measurable if o(X)=i(X) and, in
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such a case, the common cut I=0(X)=i(X) is called the measure of X and is de-
noted by @(X).

Lemma 2. i) If X is not a semiset, then o(X)=N.

ii) Every proper set-definable class is measurable of measure N.

iii) Every I-class, i.e. every class f"I for some 1-1 function f, where
I is a cut, is measurable of measure I.

iv) XeY implies o(X)= o(Y) and i(X) =i(Y).

v) IfX= Y X, is a Z -class, then X is measurable and &(X)= %H(Xn).

vi) If X= [} X is a TT-class, then X is measurable and w(X)= ) @(X ).

Proof. i) - iv) are trivial. v) Let X= b X, with (Xn)n increasing.
\ If some X is a proper class then X is not a semiset and o(X)=N by i). On the
other hand, 1(X)2i(Xn)=N. Hence @ (X)=N= (J(Xn). Suppose X is a = -semiset,
that is X= Yu_ with (u ) increasing and let lu l=2,,. Since us Yu, iff
3 n)(usun) we get i(X):,L”Jan. It suffices to show that o(X)= ‘;'Jvan, that is,

a>Ua — (3u)( ,L'{unsu&luléa).

But this is an immediate conseguence of the prolongation axiom.
vi) Let X= Qun with (u ) decreasing and let Iun|=an. Clearly

iX)eo(X) e Na.

It suffices to show that M) ansi(x).
Let a eQ a. Since |un|=an, by the prolongation axiom we can find
veQu, such that a=|v|. Thus, ae i(X).
Now let X=0) X, and each X_ is proper. Let V = {x;|x|=a} for every asN.
Va are set-definable and given a,
VN P(Xn)¢ﬂ (where P(X)= $x;x&X%)

for every neFN. Then, V N (0} P(Xn))#ﬁ, hence VaﬂP(an)asﬂ, which means
that aei(Q) X). Therefore i(/) X )=N=@(X)= N u(X). O

Lemma 3. If (Xn)n is a decreasing sequence of fully revealed classes
which are measurable, then () X is measurable and @ (/)X )= (X ).

Proof. Let w(X))=I . Then i((YX )= I . Lletae( VI . Then if V =
= {x;|x|=al, Vg P(X)## for all neFN. Since 7 P(Xn)=P(Q Xn), by full
revealness we have Veﬂ PCOY Xn)*ﬂ. Hence a ei({'"\ Xn). Therefore an <
Ei(Q Xn)Eo(QXh) D

From now on we shall consider semisets only, that is, subclasses of a Qf.
ven fixed set w with |w|=d. This is analogous to the practice of studying
measures of subsets of a given interval of the real line, say [0,1].

We sometimes write -X for the class w\X.
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If I is a cut and I<d, let us put
d-I=d \{d-a;aeI}

(d-I is not to be confused with the set theoretic difference d\I).It is not
hard to see that d-1I is a cut.

Theorem 4. 1) d-I={d-x3x>I% and if I is closed under addition then
I<d-I.

2) 1£J— d-J4d-J

3) d-(d-I)=I

4) For Xeq, o(-X)=d-i(X) and i(-X)=d-o(X)

5) X is measurable iff -X is measurable and @ (-X)=d-m(X).

Proof. 1) and 2) are straightforward.

3) Let x¢d-(d-I). Then x=d-y for some yed-I, that is y< d-z for all
zel or d-y>z for all z4I. Thus d-y=x&1I. *

Conversely, let x&I. Then x=d-(d-x) and since d-x ¢{d-y;y eI}, d-xe
€ d-{d-y;y € I{=d-I. Therefore x=d-(d-x) e §d-z;zed-1}, consequently, x4 d-
-{d-z;zed-1} =d-(d-1).

4) We prove the first equality. The other follows from 1) and 2). Let
x4 d-i(X). Then x=d-a for some aci(X). Take vEX with |v|=a. Then -v2-X and
|-v|=d-a=x. Thus x4 o(-X). The converse is similar.

5) Immediate from 3). OJ

Given cuts I, J let us put

I+)=4{a+b;acI&bel}
I.J-4{x%4a.bjacIkbel?

I+J and I +J are obviously cuts, the sum and product respectively of I, J.

The semisets X, Y are called separable if there are sets Vir Yy such that
Xev,, Yev, and vlﬂv2=ﬂ.

Theorem 5. If X, Y are separable, then i(XUY)=i(X)+i(Y) and o(XUY)=
=0(X)+o(Y). If, moreover X, Y are measurable, then XUY is measurable, of me-
asure w(X)+ (Y).

Proof. We show that i(XUY)<i(X)+i(Y) (the converse is straightfor-
ward). Let ucXUY with X,Y. Then, clearly uNX=u ﬂvl, uNy=u nvz. If
luﬂv1l=al, [ufv,|=a,, then a=a;+a, hence aei(X)+i(Y).

Let aco(X), beo(Y). Then a<|v| Vu=2X, and b<|s| V¥Ys2Y. letr2
2XVUY. By separability there are disjoint sets rl;zx, r22Y such that rlu rzg
€r. Thus asb<|r,|+|ryl & |r}:

Therefore, a+b<|r| for all r2XUY. It means that a+beo(XVY) and one
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inclusion is proved.
Now suppose a>o(X)+o(Y). Then

(Vbeo(X))(Vceo(Y))(b+c<a).

By an overspill argument we can show that there are a, > o(X), bl7 o(Y)
such that a;+b;< a. Choose u;2X, u,2Y with |u1|=al, lupl=by. If vy, vy se-
parate X,Y and wy=u; N v, Wymu,Nv,, then XUYSw Uw, and |w;N Wpl & a;+b < a.
Thus a¢o(XUY).

The other claim follows immediately. O3

Theorem 6. For any cuts X, Y, i(X»Y)=i(X) « i(Y) and o(X=Y)S o(X)+ o(Y).
If X, Y are measurable, then X»<Y is measurable and w(X=Y)=@(X) -&(X).

Proof. a) i(X).i(Y)€i(XxY) is straightforward. Conversely, suppose
ueXxY and |u|=a. If uy=dom(u), up=rng(u), then u€u;=u, and lulélull . |U2|-
Since Iullei(X), luple i(Y), it follows fule i(X) «i(Y).

b) Let a>o(X) - o(Y). Then

(Ybeo(X))(Vceol(Y))(bc<a).

By the overspill argument used in Theorem 5, there are b,> o(X), ¢,> o(Y) such
that b)-c < a. Thus, there are u;2X, v;2Y with |u1|=b1, [v1|=cl. Hence
=b,*c,< a. This shows that ago(XxY). O

up* vy 2X>Y and |u1><v1| 1°C1

Theorem 7. If (Xn)n is a sequence of measurable classes and the cut
\,,J, (A(Xn) is closed with respect to addition, then % Xn is measurable and
(Y X )= Qwx).

Proof. Let @(X )=I . Since clearly UI <i(yY X )&o({) X ) it suffices
to show that o({) Xn) c %In.

Without loss of generality we may assume that the sequence (In)n is in-
creasing. Then we can find sequences (“n)n’ (an)n such that u ey, X €y,
lu,l=a, and ) a = I . Suppose Uy @, are defined such that I <a ¢ YT,
X Su, and |u |=a . Then take some u2X ., with |ul=a>I , and put u ;=
=u Uu, an+1=""n+l|' Then X_,,&u I ,1<8, @d e e YT by the closu-
re condition.

Let a ¢ Y I . By the prolongation axiom we can find u such that |u|<a,
and Y.,ungu' Then ';'.ans u, thus aéo(gxn). This proves the inclusion. OO

n+l’

Corollary 8. If (Xn)n is a sequence of classes such that y«(Xn)s FN
(that is, ('A»(Xn)=FN or (\L(Xn)-‘vﬂIGFN) then M(”U'Xn)éFN. ]

Classes of measure & FN are the analogues of sets of measure zero. Corol-

lary 8 as well as Theorem 10 below re‘n;12nd us of the well known facts of measure



theory.
The following is an easy consequence of the prolongation axiom.

Lemma 9. Let (un)n be a descending sequence of sets and let Y be coun-
table such that Y EQ”n' Then, for any infinite natural number a such that
a< ... ul< ... < lu I< lugl, there is a set u such that YSu €0 u, and
|lul=a. O

Theorem 10. Any infinite set includes an uncountable class of measure
FN.

Proof. Let w be a set with |w|=d>FN and let (a ) eqbe a decreasing
f.-sequence of natural numbers with ao=d and coinitial to N\ FN. We shall de-
fine by transfinite induction a class X=< x (03 X € 0% and a descending sequen-
ce of sets (u), ¢ such that u =w, |y |=a, and for every oc € x5 Beah
NAYE uy . Then, clearly, XEuy for every ov € £ and since ([u [) q is co-
initial to N\FN we have o(X)=FN= @(X).

Construction. Suppose u, and x, for B & o NS have been defined.
Then, -ixﬂ; f € NNDYEu, . By prolongation we can find a set U such tt?at
{xﬂ; pexNo}cuy ,cu, and |"°c+1|=%c+1' Choose some x€ .&d\sxg;nwn
nniand put x=x.

Suppose now that o is a limit ordinal and Ug s X have been defined for
Bex NK. Then, for each B ¢ cc NN ,(xr;fxe{s N23cug , ug descend and
Iu“l:ap < Thendx;rea N DicMNu; Beo NAY. Indeed, if B ,7€x N,
take some J” , such that f3,y<d'<o . Then-ixs;;ed'n.ﬂ.'&gu gug , hence
Xy& Uy - By Lemma 9 we can find u such that |u|=a , -(xr; yexNAOlcuc
g{un; BexNQl. Put y=u. The proof is complete. D

The following shows that there are no limits in the possible divergence
between inner and outer measures.

Theorem 11. For any cuts I<J there is a class X such that i(X)=I and
o(X)=3.

Proof. We assume for simplicity that I is not a = -class and J is not a
TT-class, so there is an increasing fl-sequence (%)‘6 q Of natural numbers,
cofinal in I and a decreasing fL-sequence (b,) . coinitial in N\J. (Else
consider w -sequences and make minor modifications in the construction).

Let (w ), be an enumeration of all the sets w such that I< |w|<J. We
shall write «« < 3 instead of c ¢ B3N A1,

We define sequences (u)_ ., (v) ., ()., (s.), such that:

u, is increasing and v, decreasing in inclusion,
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1) lul-a, and |y b, Ve e,
1) gV Up g0V Y e 1y
iii) {rﬂ; B < co}sﬁy“un and 1, éw,,

iv) SSF; B< oc}ﬁ(‘g‘ up)=ﬂ and S € Wg-

If this is done and if we put X= U{u,;ec € L3 then I€i(X), o(X)€J,{ ;e
€ QICX, L gw, , 45 ;€0INX=P, 5, ew,, that is, w§X¢w for every w
with I< |w|<J, hence I=i(X) and o(X)=3J.

Construction. Suppose Us» Vp s g, Sg have already been defined for

B<x.
Thenpy‘uﬁs deﬁ .
Clearly O, X w ¢ pZx Up since Ival >3, I<|w, |< 3 and luBI< I.

5.8 W N p\fa Up”

Therefore we can choose £ & (,0) vg)\w, and
Then take a set u, ;goxvﬂ such that r eu_, |y l=a, and {548 &l u =
=@. This is clearly possible since 45{5; B£c«ctis countable. Then, find by pro-

longation a set v EnQ‘v/; such that |v |=b, and Pké)ﬂ‘ Us EBQ‘V,S . Dbvi-

ously u_, V., L, S, are as required and the construction is complete. (m}
Next, we show that there is hardly any connection between measurability
and revealness (even in its strongest form).
Let us fix some endomorphism F such that the universe A=F"V has a stan-
dard extension and let us put for every class X, X* =Ex(F"X). Then the fol-
lowing holds:

Theorem 12. For any class X, i(X*)=i(X)* and o(X*)=0(X)* . Thus X* is
measurable iff X is measurable and wm(X*)= w(X)* .

Proof .

i(X)=I «> (Va)(ae I <> (3ueX)(Jul=a)) «> (YaeA)(aeF"I «>

<> (3ueA)(uSF"X &|u|=a)) <> (Va)(aec Ex(F'I) <> (3 u)(usEx(F"X) &

& |u|=a)) «> (Va)(ae I*¥ > (Fu)(UEX*&|u|=aeri(X*)=I* .

Similarly we see that o(X*)=o(X)* . O

We shall close this paper by showing that no non-trivial ultrafilter
(restricted on a set) is measurable.

We shall work again on w with |w|=d.

For any X&P(w) let us put

X={w\ x;xe X3.

The following is trivial:
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Lemma 13.

1) XeY— XeV

2) X=X

3) |ul=[u] for any u&P(w).

4) If M is an ultrafilter on w then 74 = - %t . O

Theorem 14. Let WL be non-trivial on w. Then

1) i()=i(- M) and o( W )=0(-0 ).

2) (@ )=2"-o(m).

3) ()< 2%k o(a). Thus %t is not measurable.

Proof. 1) By the previous lemma u € MESv e>TUc-NM <V and |T|=|u],
|V|=|v|, which shows the claim.

2) By Lemma 4, i(W)=1(- W)=2%o(m).

3) Suppose u & W1l such that |u|=2d'1. Then |--u|=2d-2d'1=2':"'1 and .,
Te-N&-u. Since |u|=|-u|, it follows that -u=T, hence -uS- M € -u, or
M =u, a contradiction. Similarly if 92 € u and |u|=2d'1, then -uc- 77.
But |-u|=2d'1 and i(-971)=i(27L) which contradicts the previous result. {J

Recall that given ultrafilter M1,
Y ()={aeN;(¥x e B)(a<|x|)} (see [S-V]). Let
297(a)= {a;(3y > v (W) (ag 293,

It is easy to see that

29 (Mg 5 ()< o( )k 2929 @ -

However, the following is open to me:

Problem: Is it true that 29" (¥V_i(W1)2 1 not, find i(W1).
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