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A NON ERGODIC VERSION OF GORDIN'S CLT
FOR INTEGRABLE STATIONARY PROCESSES

Dalibor VOLNY

Abstract: The non ergodic version of Gordin's central limit theorem
for strictly statmnary sequences of 1ntegrable sequences of integrable
random variables is proved. The result is obtained by using the fact that
the ergodic decomposition of an invariant measure preserves some important
properties of the stationary process.
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1. Introduction and results. Let (f,A,u) be a probability space
where A is a & -algebra of subsets of () and . is a probability measure
on (L, A). T is a 1-1 measurable and measure preserving transformation of

O onto itself. It is well known that for any measurable function f on 2,
(foT!) is a strictly stationary process and, for any strictly s?ationary
process (Xi)’ (£2,A,w), T and £ exist such that (Xi) and (fo T}) have the
same distribution. We shall deal with the central limit problem for the
process (fo Ti) here. From now on, f will be a fixed integrable’ function
on -0- .

Let us recall that the measure (o is ergodic iff each invariant set
A e A (i.e. such that A=TA) has measure 1 or 0. A &-algebra 7 ¢ A will be
said to be invariant if M c T'l’m . From now on, M will te a fixed inva-
riant & -algebra. We shall define Sn(f)=§=§,1 £oT1J) and sn(f)=Sn(f)//ﬁ.

One of the strongest central limit theorems for stationary processes is the
following one (see [51).
Theorem 1. (M.I. Gordin.) If the measure w is ergodic and
oo - s
W =, ECIECGE|TIM) |+ £-ECEITIM) ) < o0,
(ii) 11m sup. Els (£)| < oo,

then there exists 6= lim Els (£f)| and the measures ¢s, 1(f) weakly conver-
ge to a distribution w1th a charactemstm function ¢ (t)=exp(- ?5' )
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The theorem was communicated by M.I. Gordin at the Vilnius Conference
on Probability Theory in 1973. The original proof remained almost unknown
and a new one appeared in the monography [51; the proof from [ 51 was correc-
ted in [2] (see also [6]).

Our main aim is to prove a non ergodic version of Theorem 1. Let J be
the 6-algebra of sll invariant sets from A .

Theorem 2. If
1) 530 E(IE(fITj’M)I+If—E(fIT'j7n)||3)<oo almost everywhere L] and
(11) lvin.m-ﬁ:‘f E(ls (£)]13) < o almost everywhere [ @),

then there exists h= lim E(lsn(f)l | ¥) and the measures (u.s;‘l(f) converge
weakly to the distribution with a characteristic function
@(t)=E exp(- 72" n2t2).

2. An ergodic decomposition of ¢4 and conditional expectations. We
shall reduce our problem to the case when a family (mD; w e)) of regular
conditional probabilities with respect to ¢ induced by J exists. It will
turn out that m,, are invariant and ergodic probability measures and the as-
sumptions of Theorem 2 are preserved in each probability space (22, A,m,).
The J-measurable functions become constants in these spaces and the assump-
tions of Theorem 2 will thus be reduced to those of Theorem 1.

First, let us give some definitions. For a collection q of measurab-
le sets, G will denote the smallest &-algebra containing G ; if a 6-al-
gebra €€ contains a countable collection G such that ¢ = 6'G , we shall say
that € is separable (compare [7)). For a measurable function g, let us de-
note 61{gi= G{Q'I(A): A is an interval}. Given measurable functions g~ and
g", g'=g" mod w means that w{g'=g"}=1. For @-algebras ¥¢,D, €cD mod u
means that for any A c ¢ there exists a set A¢ D such that w(AaA")=0
where & denotes the symmetrical difference.

Let BZ be the Borel & -algebra on RZ and S be the shift transforma-
tion on RE (i.e. (Sw)i= ""i+1)' We shall show that if A is separable, we
can restrict ourselves to the case L =R¥ , A = BE and T1=5.

Let A be separable. Then there exists a mapping v : .02 —»Rl such that
yeT=Sey and ¥y 2(BL)- 4.

Proof: There exists a function g on fL such that A=6{g¢. The mapping
y: fL — R¥ detined by (qrw)fg(Tjw) is the one we need.

Lemma 1. For any A -measurable function g there exists a:Bz -measur-
able function § such that g=J o y . If J is the & -algebra of S-invariant
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sets trom BZ , we have 1('13'= J and E,.,(f|:7)=5q,1“(f|5)*"¥ mod & .

Thus, our claim that (in the case of separable .A) we can restrict our-
selves to {1 = IRI is justified. Recall that in that case there exists a fa-
mily (mw; weN) of regular conditional probabilities w.r.t. @ which is in-
duced by J (see [7)).

Proof of Lemma 1: For any neN (where N is the set of all positive in-
= H al . B = b .
tegers) and i e Z let A(n,i)=fw:i 274 0(@)<(1+1)-2"} 0= X, X p(y )

.1/2". There exist sets A(n,i) e B such that A(n,i)= v'l('A'(n,i). Let
T=U4LA(n,i)nA(n,3):neN, i,5 € Z, i+3} and D=ULA(n,i)A (A(n+1,2i) v
uR(n+1,2i+1)):neN,i ¢ 2. It holds v C= y~10=8. Let A(n,1)=A(n,1)\ (EuD)
and G = %?l xﬂ(n,i)'i/zn’ We have gnTg, 9,0, ¥ and J £ Oy %--- - For
g= Lim T, it isgFe ¥
The proof of the other two statements of Lemma 1 is obvious and we shall omit
it.

Now, we shall give three auxiliary statements belonging to measure the-
ory. The first one can be found in [7]. It might be easier to prove the other
ones than to seek a reference.

(1) Let g be an integrable function. Then E(g|J) (w)= [ g dm,, for
almost all (] we 2.

(2) For any 7J-measurable function g it holds g=g(w) mod m_, for al-
most all [ «] wef). Hence, for an arbitrary integrable g we have E(g|J )=
= [gom, mod m,, for almost all [u] w e 0.

Proof. It is 6igicJ . Let (5 be a countable collection of sets from
&4g% such that & G =61{g}. For any A e G , w(A|J)= 4, mod « and (follow-
ing (1)) @(A|T) (w)=m(A) a.s.[@]. For almost all[w] w e £ we thus ha-
ve mw(A)=1 for & A and m(A)=0 for <> ¢ A. This holds for any other set As
e 8{g}, too, so m{w"g(w’)=g(w)}=1.

(3) Let & be a separable 6-algebra such that Jc ¥ mod w and g be
an integrable function. Then E(g| %) =€, (| F) mod m,, for almost all
fu]l we 2. g

Remark. The &'-algebra R = .'Bz is separable so there exists a separab-
le 6-algebra J’'c Y such that J c J' mod w ; the assumption J ¢ F mod w
can be thus fulfilled. However, the &-algebra J is not separable itself. Let
the contrary hold and let G be a countable collection such that 69= J . For
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any w = ., let A, be the intersection of all A € G such that o = A.
Hence, A, has no nonempty proper J -measurable subset. The orbit

§Tiw:i ¢ Z1 is J -measurable hence it is equal to A, . In the same way in
which we proved (2) we can prove that m.(A )=1 for almost all [x] we 0.
So, the sets A,, must be finite, i.e. there exist natural numbers n(cv) such

that Tn(w)w = w . Hence any aperiodic measure w will make a contradiction.

On the other hand, let us put 3’ = G{Lhin_\’iargf Sp(%p):A € G”¢ where G
is a countable algebra generating A . Following the remark after Lemma 2 we
can prove that J‘=J mod v for each invariant probability measure » (and
of course, J’'c J is a separable 6-algebra).

Proof of (3). Let G be a countable algebra of sets from ¥ such that
6G="7F . For any A ¢ G we have E(y,E(g|F)|J)=E(7,-g| T) mod w , sO
(following (1)) fA E(g|J) dm = [, g dm_, for almost all [w] wel). The
system of sets for which the last equality holds, forms a monotone class con-
taining G -

Remark. The condition E( %,-E(g]% )| J)=E( {A-QI J) mod u is for
E(g] 7 )=E, (g]3) modm, for almost all [u] @& £l necessary and sufficient
(as R. Yoktaﬁ/ama pointed out, seel(i2]).

Following the Kryloff-Bogoliouboff theory (see [8]) there exist ergodic
probability measures with disjoint supports which form a decomposition of
any invariant probability measure. Here we shall use the fact that these me-
asures can be obtained as regular conditional prababilities induced by the
€ -algebra J.

Lemma 2. For almost all [ m1 w e, m, is an invariant and ergodic
probability measure.

Proof. Let G be a countable algebra such that A=e&G. For A€ G we
have ,u(T'lA\fJ )= (A7) mod w , hence mw(A)=mw(T'1A) for almost all
[w]l we & . The collection of sets A e A for which the previous equali-
ty holds, forms a monotone class containing G- , so m,, are invariant mea-
sures.

For any A € G, we have Sn( ’.LA)—-—> @(A] T ) pointwise (by Birkhoff’s er-
godic theorem). Following (1) and (2) we thus have Sn( %X A)——)rrb(A) almost
surely [me . According to [1], Theorem 1.4, p. 17, the measure m, is ergo-
dic.

Remark. For each w € f) let B, ={w’:5 (7,) (') —+m (M)} for each
AcG . Then B, e J and it is a support of the ergodic probability measure
m,, . For different measures m,, the sets B,, are disjoint. Using regular
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conditional probabilities we can thus partially mimick the theory given in
[sl.

The following lemma is basic for the proof of Theorem 2.

Lemma 3. Let M be an invariant and separable G-algebra and let tr)e
integrable function g be measurable with respect to .Y/, ™m=6 (192 ™m)).

Then E(g| T2 m)=E,, (g|TiM) modm, for almost all [e] we L
[A)

Corollary. If (g oT) is a martingale in Lp((.a), 1<p £ oo , then it is
also a martingale in LP(m ) for almost all [w) w e Q.

Proof of Lemma 3. Following [10] and I11) we have
(4) E@|T*m)=ECg|I v TIM) mod w -

Let J’c J be a separable 6&'-algebra such that J c J’ mod w and 17:7)2\/,7.
Following (4),(3) and (4) it holds E(g|T'M)=E(g| T M)=E (g]T*M)=
w

=Emw(g|Ti11l) mod m,, for almost all [w] we .

Remarks.

1) Without the assumption that g is measurable w.r.t. L\:/I Ti m )
need not hold.

2) R. Yokoyama (see 1121} proved Lemma 3 using the equation E(g|J v M o)
=E(g| M. ) mod @, M .=, elem, instead of (4).

Our aims are almost fulfilled now: Using the results given up to now it
can be shown that the assumptions of Theorem 2 are preserved in (fL, A,m )
and m m’s are invariant and ergodic probability measures. The last lemma will
eventually assure us that we can pick the limit theorems which hold in pro-
bability spaces (Q,A,m,,) together and we obtain a result in (02, A, w).

Lemma 4. Let g be a measurable function and let for almost each [ ]
@ ¢ f1 the measures mws;;l(g) weakly converge to a probability measure with
a characteristic function ¢, . Then the measures (u.s;l(g) weakly converge
to a measure with a characteristic function ¢ (t)= fqam (t) du (w).

The proof is an easy application of the Lebesgue dominated convergence
theorem.

3. Proof of Theorem 2. Llet @ = &{ £,E(2|TiM):ie Z¢ and "’:;}/171‘?'

‘¢ is a separable & -algebra (we consider E(flTi’m,) as a function here) and
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T'l‘ff € =T¢. The 6-algebra M A€ is invariant and for each i € Z ,
ECE]T'MI=E(E| €A T*M) mod w . Following the Birkhoff ergodic theorem we ha-
ve E(g|J )=E(g| € ~ T ) mod w for each integrable and ‘¢-measurable g. We can
thus suppose that A =< and that M is separable. Following Lemma 1 we can
suppose that f = RZ and A= BZ . Let us put o= b ECECE]TIM) |+
S E-ECETIM| 7).

a) Let us suppose that g is integrable. Then we have E(fIT_im) — f in
Ll(g.) so we can suppose that f is««\e/z 71m _measurabie. According to (71

0

there exists a family (m ; we ) of regular conditional probabilities indu-

ced by J . By Lemma 2, m,, are invariant and ergodic probability measures, by
o

Lemna 3, 5 €, (IE, (flTj'm)|+|f-E (flT'j'm)|)=E 0 and
lim sup E Is (f)i<O° for almost all [wl we _Q. . From Theorem 1 we get
that there ex1sts h(w)= 11m En Is (£)] and the measures m s, ¢)) weakly con-~

verge to a probability measure wlth a characteristic function ¢, (t)=
=exp(- '-“'2' hz(w)tz). From this and from Lemma 4 we obtain the statement of The-
orem 2.

b) Let g be not integrable. The sets A = {w:k-12g(w)<ki, k=1,2,...
form an J -measurable partition of £ and if (u-(Ak)>0 then the measure
& ()= (e |A) is invariant. From a) it follows that there exist h =
—E“k(!s (£)]17) mod ¢ and the measures fu.ks (f) weakly converge to a mea-

sure with a characteristic function qk(t)= exp(— L) th ). There exists a

function h such that h=h, mod &, for each k such that @ (A )>0 and the sta-
tement of Theorem 2 follows.

4. Concluding remarks. The method used for the proof of Theorem 2 was
developed in the Ph.D. Thesis [10]. In [10] it was used for a proof of a non-
ergodic version of Gordin’s CLT for square integrable stationary processes
from [4]. In {12), this approach was used for deriving a log log law for
strictly stationary matingales starting from Stout’s solution [9) of the ergo-

dic case (R. Yokoyama made some technical changes; the result can, however,
be obtained by the technique developed in Section 2 as well). On the other
hand, from the weak convergence of measures 4s_ 1(f) the convergence of
measures m,s_ 1(f) for almost all [l we 2 does not follow.
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