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COMMENTATIONES MATHEMATICAE UNIVERSITATIS. CAROLINAE
27.4 (1986)

ON A FIXED POINT THEOREM AND APPLICATIONS TO A TWO
POINT BOUNDARY VALUE PROBLEM
Mario ZULUAGA

Abstract: In this paper we present a fixed point theorem
which™1Is an extension of a well known theorem due to Krasnosel -
skii. As & consequence, we give an application to a two point
boundary value problem.
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D
. 1. Introduction and Notations. We are going to study the two
point B.V.P.

u”(£)+g(u(t))=0
u(a)=u(b)=0

(D

We will prove the following

Theorem 1. Let g: IR —> R be such that:
a) g is increasing, -
b) |g(uw)-g(v)| £ ﬁliu—vl where 2, is the first eigenvalue for
the problem
u’ (1)+ Au(t)=0
u(a)=u(b)=0.

c) There exists c',c">"c0 (where c is going to be defined be-

low) such that ' (")
N v -c_t
g(c )—tl}glcg_—f—

d) At least one of the following equalities holds:

| € D)
g(..c )_{, Eg)ﬂ—.—t___

coy. 14 9Lc7t)
g(-c )= {B%LT_—

Hence, problem (I) has at least a solution.

The theorem 1 will be a consequence of tne following fixed point
theorem. 131

(1D

or



Theorem 2. Let f:H—> H be a compact mapping defined on a
Hilbert space H. Let o (@ ) be ‘the real valued function o: R*—
—» IR* such that x(@)=z1 and 1lim oc( )=1 and suppose that

— ©

a) for each ueH, Wul= © >0, <f(u),u}£oc(§o)ﬂu"2
b)  £(w- lull tGgp=eliul) if full — co . .

Then f has a fixed point in H.

" Remarks. Theorem 2 is an extension of the well known theo-
rem due to Krasnosel ‘skii, for example see (2] p. 271. Ifot (@)=
=1 for some @ > 0, condition b) in Theorem 2 is superfluous.

In Theorem 1 we consider the case g (0) £ Ay- This case has at-
tracted much attention recently; for example see [31 for referen-
ces and for the interesting case ?\kgg'(0)< ak+1‘ Our results
are based on simpler arguments and thus our publication seems to

be worthwhile.

Preliminary results. Let H=Ht;[a,bJ be the Sobolev space of
square integrable functions on Lla,bl vanishing on fa,b} with gene-
raralized first derivative in L2[a,b]. The inner product and norm

in H are given by
{u,vd, = j”u’(t).v’(t) dt
’ 1 a ’

l‘u\%: (u,u)l.

We indicate with < y 7o and ] lI0 the inner product and norm in
L2[a,b]. According to the Sobolev’s lemma (see [1] p.95) H can

be imbedded in the space of continuous functions defined on [a,b].
Thus there exists a real number c°>0 such that

(1,1) Max 23 Ju(t) ]« co“”“l'

tela
for all ueH.

By Poincaré’s inequality we have

2 2
(1,2) Alllul\o P ﬂuhl
for all ueH.

2. Proof of the theorems

Proof of Theorem 2. Suppose that for all e > 0, £ has no
- 732 - :



fixed points in ~B'(0,go )= {x e H/lx © sp?. Then for all @ > 0 the
Leray-Schauder degree

d[I-£,8(0,0),01= 0.

We consider the homotopy, H(x,t)=x-tf(x), Ix Il =« @ and 0<t=1.
There exists te(0,1) and x&e H, Ixll =@ such that x=tf(x). Let
At ¥ € (0,13 and Ax } ¢ H, IIx li=@  such that @ngw and

(2,1) Xp= tf(x ).

By (2.1) and condition a) in Theorem 2 we have

(2,2) 12t 2

From (2,1) and condition b) in Theorem 2 we have

: 1 *n *n _
B0 wr ) o x
X n
. n . . ) kK 1 .
Now, since {“—X—h-} is bounded, then there exists }l\xnk“ i<

Xn . ny
c {T——\Xn“} and x € H such that e —~x (here, —~ denotes the
k

weak convergence). From (2,2) and considering that e« (&) —1
1 "y .
if @ —>w we have that ﬁ:w —= x. Since f is qompact,
X

n
TNy .
f (ixnk\i ) —£(x). By (2,3) we have f(x)=x. This fact, however,

contradicts the assumption that f has no fixed points, and so
the proof is completed.

Proof of Theorem 1. The function u(t)eHé[a,b] is a gene-
ralized solution of (I) if for all v(t)eHé[a,b]

(2,8) ffu'(t)v'(t)dt = ff g(u(t)).v(t)dt.

First we will find generalized solutions, u(t), of (I). By the
standard regularity theory it follows that u(t) is a solution
of (I). .
By condition b) of Theorem 1, by the fact that i:Hgta,bJ e
e L%[a,b] is a compact inclusion, by (1.2) and the Riesz's
theorem we can consider the function f:Hé[a,bJ ——>H[1’Ia,b]
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defined by
(2,5) {E(u),vy =<glu), vy
for all v(t)s_Hé[a,b].

This function f is compact and from (2,4), u&Hlla,bl is a gene-
ralized solution of (I) if and only if f(u)=u. By condition b) of
Theorem 1 if lluﬂgé (—1“-)2 , then 1‘9(U)'Q(0)“g 1, hence, by (1,2),
we have (see [4] p, 26)% ’

<f(U),u)1él!g(u)I\0 Du]\o <

(2,6) lig co
. 1 v\ 1/2 2
& 1 ___:__Q____ “ " .
[ o) \/Alnuil] ’
llgcor
We denote ot(;o )= (1+ 3-1-—1;2> /2, —:/9'—7(-—1-%)0— . It is clear that

«(@)z1 and Li_)mmoc(ga)z'l. Thus <f(u),u)1£d(§>)w\lu“§ , hul =@-

Finally, to prove that condition b) of Theorem 2 is fulfilled, it

is sufficient to see that MNg(u)-g (-“—::—r) “u“l ly=oCllull)) if
1 .

I\u$\1~——) co . In fact: From (1,1) and the condition that c’,c”’
Zco we have

'

. . ’u ‘; -
2,7 -c ‘2 Tum; c’.

Since g is increasing
(2,8) = gC-c”Muk) ¢g(u) ¢glc” Nulp).

Also, from (2.7) we have
(2,9 g-¢”") lull 2 g (WL:TI) hullyge™) Nuly -

From (2,8) and (2,9) we have
g(-c"\\ul\l)—g(c')\\u\‘leg(u)-g (“%Tl-) \iull1 <
(2,10)
cglc” Wull)-gC-c" ")« full .
Also "
g(-c” ") Wuly-g(-c \lulll)l_-g (m) l\ulil-g(u) P

(2,11) £9(c) Nul-g-c”" Hull))-
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From (2,10),(2,11) and condition d) of.Theorem 1 we have

u
|g (mi-) lluul—g(u)|
Lim = 0.
law >0 ully -

Thus the proof of Theorem 1 is complete.
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