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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
27,4 (1986)

WEAK UNIFORM ROTUNDITY IN ORLICZ SPACES
. A. KAMINSKA and W. KURC

Abstract: 1In the paper there are presented criteria- for weak
uniform rotundity in the sense of Smulian [13] and in the sense
of Cudia [2] of Orlicz spaces in the case of atomless measure.
They enable us to prove that a number of g eometric properties
(WUR, WLUR, WUR and WLUR in the sense of Cudia, URWC, URED, LUR,
HR, E, MLUR, R) coincide for Orlicz spaces whenever reflexivity
is assumed. Some results concerning these properties for general
Banach spaces are also proved. *

Key words: Banach spaces, Orlicz spaces, rotundity, relfe-
xivity.

Classification: 46B20, 46B25

Introduction. In many applications of Orlicz spaces, L? ,
some geometric conditions are usually imposed. They are, for ex-
ample, rotundity (R), uniform rotundity (UR), Radon-Riesz proper-
ty with the rotundity (HR), weak uniform rotundity in the sense
of Smulian (WUR) and in the sense of Cudia (CWUR). It is of great
importance to have expressed them in terms of the Yoqufs functi-
on ¢ . Regarding the uniform rotundity (UR) and the rotundity
we refer to [7] and [16] for results and further bibliography.
For the local uniform rotundity the basic step was done in [8)
in the case of atomless measure (cf. Theorem 0.1 below). Taking
into account the well known implications concerning,6 the &bove
mentioned properties as well as the weak local uniform rotundity
(WLUR), midpoint local uniform rotundity -(MLUR), uniform rotun-
dity in every direction (URED), we get all these properties, ex-
cept UR, WUR and CWUR, coincide for Orlicz spaces in the case of
atomless measure. Moreover, they also coincide with the weak lo-
cal uniform rotundity in the sense of Cudia and the SE property
because LUR implies CWLUR and the SE property lies between CWLUR
and R. Let us explain that the SE property means that the unit
sphere consists of only strongly exposed points (see [11]).
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In this paper it is further proved that the stronger proper-
ties CWUR and WUR coincide for Orlicz spacés under consideration
and that both of them imply the reflexivity of this spece.As a
consequence it follows that for Orlicz spaces, for atomless mea-
sure, all above mentioned properties, except UR, coincide when the
reflexivity is assumed. We can add the E-spaces to these equiva-
lences as well, since they are nothing but CWUR spaces.

We shall give definitions and notations that will be used in
the paper. For an arbitrary Banach space X (real) with a norm il .1
let Bx denote the unit ball and let SX denote its surface. A Ba-
nach space X is said to be WUR if for every O04x*, x*e X*, and
& >0 there exists Jd(x*,¢)>0 such that if X,y € Sy and
x*(x-y) z & then [5X11€1 - &(x*, ) (cf. [141,[12)). We say

that X is CWUR if for every x®xeSy,, ® > 0 there exists
RN )
J(x*, g )>0 such that if x,ye Sy and Ix-y iz & then |x,(x+z>|é

£1 - ¢g'(xx,e) ([21). In the above definitions, Sy can be equi-
valently replaced by BX‘ X is said to have the Radon-Riesz pro-
perty (H) if for‘each x eX and (x )¢ X such that i\xnl——r iox -
and Xn—>x weakly, we have X, == X in the norm. If moreover X is
rotund then it is called an HR space or a space with the HR-pro-
perty. Following [4], a Banach space X is called an E-space (we
will also say that X has the E-property) if for each x*e X and
each sequence (xn) in Sy, len-xml——->0 for n,m — + o0 , whenever
x#(xn) —> N x¥|l . For definitions of other geometric properties
we refer to £133,1141,12),0152,03].

Let (T,=, ) be a positive measure space with atomless mea-
sure @ . The Orlicz space L9 is the subspace of all measurable
functions x:T —> R (R - real line) such that I,(Ax)=
= qu(\?\lx(t)l)d‘u« < +00 for some A>0 depending on x. Here

@:R,—> [0,+©] is a Young's function, i.e. ¢(0)=0, g is con-

vex, left-continuous and not identical to infinity away from zero.

The space Ly equipped with the Luxemburg norm I x \ly=inf {iA>0:

:Ip(x/ A )41% is a Banach space. If Ae =, then L‘!(A) denotes the

set {x y,:xel,t. Let w(v)=sup(u-v- @(u)) for vz0. This so-
Pxrpixeted YIS e

called complementary function to ¢ is again a Young’s function
and its complementary function is ¢ . If ¢ and y take only fi-
nite values we have the following relations
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(0.1) (u - VIp(v) € g(u)£€u plu)
for all u,veR+, where u>v, and

u p(u) = @(u) + 3(pu)),
(0.2)

v g(v) =g (a(v)) + y(v)

for all u,veR_, where p and q are left derivatives of ¢ and vy,
respectively (we put p(0)=q(0)=0). In the above expressions we
can replace the left derivatives p and q by the right derivati-
ves P and §. Let us note that q(v)=inf {55R+:p(s)zv}. Recall
that a Young's function ¢ is said to satisfy a A2~condition for
all arguments (for large arguments) if ¢ takes only finite valu-
es and there is a constant K>0 (resp. there are constants K, .
ug>0) such that @(2u)£K @(u) for all ueR,_ (for all uzu,).

We will say sﬁmply in the following that ¢ satisfies a Az—con-
dition if (i) ¢ fulfils the Az-condition for large arguments
and (T)=+o00 or (ii) @ fulfils the Az—cundition for all argu-
ments and w(T)<+o0o0 . Let us also note that if w; is a conjuga-

te function to a Young’'s function $,, then Lg,cL implies L

! "<
c L"f .

Let us introduce the following definition. We will say that
the modular I? is weakly uniformly rotund (WUR) if for every
x¥e L*;, x¥£0, and & > 0 there exists J"(x*, ¢) > 0 such that if

Ig(x)=Iy(y)=1 and x*¥(x-y) 2 & then Iy(*¥)«1 - dlx*, &).

The following known result will be needed.

0.1. Theorem ([(81,L9)). The following conditions are equi-
valent: ’

(i) Lv is LUR.

(ii) Lq is URED.

(iii) L? is R.

(iv) The function @ is strictly convex and satisfies the
Az—condition.

0.2. Theorem. The Orlicz space Lq is reflexive if and only
if both ¢ and its complementary function y satisfy the Az-con-
dition.

0.3. Lemma. If ¢:R_—» R _is strictly convex on an interval
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{0,a), then for each ¢ >0, d;,d; €(0,a) (d;<d,) there is
p €(0,1) such that

g (1554 £ (1-p) 2UuDroCv])

whenever |u-v|> & (lulv|v]) and |ulv]|v]e Id,,d,).

1. Weak uniform rotundity in the sense of Cudia (CWUR). The.
following two theorems are known (cf. [2) pp.296 and 310) in a so-
mewhat implicit form. We complete them with direct proofs.

1.1. Theorem. A Banach space is CWUR if and only if it is
an E-space.
Proof. Let a Banach space X be CWUR and let us assume for a

moment that X is not an E-space. Then x*(xn) —> 1 and “xn -
i
X a>0 and a subse-

quence (ni). From the definition of CWUR we get a contradiction.
Conversely, let now X be an E-space which is not CWUR. Then there
exist x*e Sy , € >0 and sequences (xn), (yn) in Sy such that

—xn.\\Za for some x* Syx»a sequence (x )CS

x* (x"w" Y—>1 and hx -y Il Z & . Since x* (xn+yn)‘ max, £x*(x )
) ayphze . X* \ ——)% ) n»
x*(yh)}i-l, then by passing to a subsequence we get x*(xn_) —> 1
[ i
and x*(yn ) —> 1. Hence both these sequences tend to some x and vy,
i

respectively, in SX since X is complete. On the other hand

X +y X +y .
lx*(—-n—z——n) | < H-ﬂz-—nﬂ £1. Therefore -X-EX € Sy. We prove that
x=y by defining a sequence (zn) as follows. For n odd we put

1 1 - 1 1
zn=(1- VG ) x+ =y and for n even we put z =(1- Tﬁ)y'ﬂﬁ x. We

have lz_ {41 and x*(z )=1. Since X is an E-space we conclude that

.I\'zn-zm M — 0 when n,m—> + 00 . On the other hand, lzn—zmlll =
=(1- ?1\') Ux-yll - a contradiction if one assumes that x4y. Thus
x=y. Next, we have “xni-ynil\.e\\xni-xll + lx-yni“ and Ix -y Mz e.
This contradictibn ends the proof.

1.2. Theorem. If a Banach space is weakly uniformly rotund
in the sense of Cudia (CWUR) then X is reflexive.

‘Proof. We shall prove that each functional x*e X* achieves
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its norm on SX’ Recall that by James theorem this is equivalent

to the reflexivity of X. For anyx”esx, let (xn)c:SX be such that
1=”L£}Tcox*(xn). First, suppose (xn) is not a Cauchy sequence. v
Then “xni-xmiiz a for some subsequences (n,), (m;) and some a>0.

. Xn.+X .

Since X is CWUR there exists d >0 such that |x* (—-lT—l)iz.-'l-d‘
for all i. The left-hand side tends to 1, so we get a contradic-
tion. Thus (xn) must be a Cauchy sequence, so X  —> X for some

x €S5y. It follows that 1=x*¥(x), as desired.

. 1.3. Theorem. If X is CWUR (equivalently, X is an E-space),
then it is a HR-space. If X is reflexive, the converse is also true.

Proof. That CWUﬁ implies HR is an easy oonsequence of the
definitions. Let now X be an HR-space and assume for the contrary
that there exist x*e-SX,,-€'> 0 and sequences ﬂxn), (yn) in Sy

+y

. X
such that |lxn—yn I z¢ and 1- %-slx* ( n n)‘ <1, Since X is re-

flexive, BX is weakly sequentially compact. So, there is a sub=

sequence (nk) and x,ye.BX such that xn

ly. Therefore 1=|x* (_Yl)l‘ ||—71“¢ ] xﬂ 51 S 1, and hence x=y

since X is rotund. On the other hand, the Radon-Riesz property H

implies that lx -y Ul—> 0 while Ix_ - y Il 2 & . Jhis con-
M o Ty n

—> x and Yo, —> Y weak-
k

tradiction finishes the proof.

1.4. Theorem. The Orlicz space L9 is weakly uniformly ro-
tund in the sense of Cudia if and only if it is rotund and refle-
xive.

Proof. If Lq is CWUR then itis rotund. It is a simple con-
sequence of the definitions. From Theorem 1.2 it follows that L?
is reflexive. On the other hand if L? is rotund then it is LUR,
by Theorem 0.1. So it has the property HR ([13)). I*f L9 is also
reflexive, then it is CWUR, by Theorem 1.3.

2. Weak uniform rotundity (WUR). For the proof of the main
theorem in this section, a number of auxiliary facts is needed.

2.1.Lemma. If an arbitrary Banach space X contains an iso-
morphic copy of 1, then X is not WUR.
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Proof. Let Xoc X be isomorphic to 11. The space X0 with the
induced norm cannot be uniformly rotund because it is not refle-
xive. So there exist sequences (xn), (yn) in X, and ¢>0 such
that

*y
(2.0 dx W=y W=1, lx -y hze l a, Ll — 1.

In the space 11, weak and strong convergences are equivalent. So
X, has this property. Since “xn—yn I =2 €, there exists x*e X; such
that x*(x_ -y )—>0. We extend x* to the whole of X and find an
increasing sequence (nk) of natural numbers and a constant £1>0
such that x:(xnk-ynk)z €, taking the functional x* with the

opposite sign if necessary. Hence and by 2.1 it is seen that X is
not weakly uniformly rotund. :

2.2. Lemma. The ‘space Ll(T) contains an isometric copy of 1,.
We omit the simple proof. Let us note only that we can produce a
sequence of pairwise disjoint sets of finite and positive measure
since the measure is atomless.

The proof of the following lemma is similar to the proof of
Lemma 1 in L7) and is therefore also omitted.

v

2.3. Lemma. The space Lg, is WUR if and only if the modular
I, is WUR and ¢ satisfies the A p-condition.

2.4, Lesma. If the complementary function to @ satisfies
the Az-condition then L—) +o0 if Uu—» +00.

Proof. Since the function Qﬁ___ is nondecreasing for u>0,
we can replace in the thesis "lim" by "sup". Let sup, ﬂ-—l P
£a<+0 ., Then w(v)= su}o(u v - p(u))=+ - contradxctmn
B . AL =
with the Az—condition assumed for vy

)

2.5. Lemma.If @(T)<+oco and 1(%-—-»00 when u —» + o0 ,
for @:R_,—> R, , then for each &> 0 there exist constants a,b>0
such that if Jo |[x(t)-y(t)|du z ¢ and Iy,(x)=I?(y)=1, then
fAIX(t)-y(t)ldez £, 'where A= {teT:a&|x(t)|v |y(t)]| £b3.

Proof. We have @(u)zn.u for all uzu,, neN, and some se-
quence (un). Let m be a natueal number such that g - %z £ Let
us put A1={teT:|x(t)|sum}, A2={t¢sT:|y(t)|éum}, Ay={teT:
:-E—%—n-élx(t)lvly(t)l%. Then f AqIX(t)ldép‘ <
53'.' f:r\Acy(lx(t)} g € g and j:r\Aly(t)ld(.L e} Moreover, we

2



have

ly€t)|du = ly(t)id
Fa)yen e (T\A{Jn(T\Az) e "Azf\A,

Loa, Y0+ L, xwlan = 4,

by the definition of the sets A1 and Az_ Similarly,
Ir |X(t)|dpb— £. Hence

Tﬂ' I'\A)\x(t) y(t)'d(" A\A"lX(t)‘d@,#- .[;‘_\A"Iy(t)ld‘u'_‘;.
a5 O Lo, ly(Didu £ £ -

W ldaw =

Since we have fTIx(t)-y(t)lsza by assumptiom:~so

' 6
A!nAzlx(t)-y(t)|d(44,_>.e-m 7 . .
)

if 'c¢A3 then |x(t)|é-8—(_%m and |y(t)|< '5—('77 Then we get

13 € 17
t)-y(t) |du £ ™ \ £
(A.{[\AQB\AJX( Y-y ()] @ TalTy o Ag)+ Tty T A3) B
By putting A=A1h,l\2nA3 and a= 'BT%CT)" ‘,b=um, we get the desired
inequality fA [x(£)-y(t) |d w = % -f- 3

2.6. Lemma. Let @ satisfy a A,-condition and let Be =,
€>0 and pe (0,1) be such that °

Is‘,((x—y) 1g) z € and Ig,(%l)é 1- g- (Iy(x Ag)+Ip(y 1))
where x, y are arbitrary measurable functions with I?(x)=19,(y)=1.

Then there exists a constant qe (0,1) (more precisely g= %E )

such that I (—21)‘1 q -

Proof. By the AZ-CDndl‘tan there exist constants c,k>0
such that q>(2c)(u.(T)< % (we put Deoo = 0 if c=0 and w(T)=+c0)
and @(2u) £kg(u)+ ¢(2c) for each ueR_. Then

£ I ((x-y) 1) £ %(Iq(x Ag)+Igly 1))+ ¢(26) w(T1) <
k .
£ 3(Iyx" 7 g)+Ig(y 7))+ ¥

s X+ ~
Hence and by the assumption of our lemma we get I?(—zl)_él—

2.7. Lemma. If w takes only finite values and does not
- 657 -



fulfil a A,-condition, then there exist sequences (u ) c (0,+),
(bn) c(0,1) such that b ¥ 0 and .

(2.2) ' Y ((1+b Du) > 2" y(u )
for each neN and

¢(1a_)
(2.3) L croni

for each 1e€(0,1), where a -q((1+b )u ). If 4 does not satisfy
a A -conditmn for large arguments, then uy T +00 .,

Proof For arbitrary sequences (b ), (c )c (0,+90) such that
bmvlrﬂ,. c,t0 and c <b, there exists a sequence (um)q (0,+w)
such that

\r((1+bm)um)>2my((l+cm)um) because y does not
fulfil the Az-condition. It is evident that we may choose (u )
in such a_way that umT +co whenever y does not satisfy a Az-con-
dition for large arguments. By applying inequalities (0.1) we ob-
m ; -

tain q((1+bm)um)(1+bm)um> 2 q(um)cm up. Now, putting c =

_ 2
bm- & ve have

Eld

(2.4) . q((1+bn!)um)> d; alu)
oM
where d = m—-—»+oo as m—» +o0 . Let us note that even if
q(u )= 0, we always have q((1+b )u )> 0. Suppose, there exist
1, re((] 1) such that 1q((1+b )u )‘q(ru ) However, in virtue of
(2.4) we have ‘
1q((—1+bm)um) q(ru, )
ldm< o £
_ q(um) q(u )

if q(um)>0 or q((1+bm)um)=0 if q(um)=0. So we get a contradicti-
on, because d — +o0 and q((1+bm)um)>0‘. Then, for sequences
(r),(1)c (0,1) such that r 1, 1 40 there is a’ subsequence
(m ) of natural numbers such that

lnq((1+bmn)umn) > q(rnumn) .

By putting a =q((1+b )u ) and applying the inequalities

M
p(q(u)).&u p(q(u))z u we have
51 a ) Plalrpuy M r
(2.5) non > O 2z L -1,
pla)) (1+bmn)umn, ITbmn
as n—> +00 : Let 1€ (0,1) be arbitrary. We have
' - 658 -




q(lan) - (l—ln)anﬁ(lnan)
ela)) = apla))

by (2.5) and inequalities (0.1). Putting ("n)=(um ), we proved
the lemma. n

— 1,

2.8. Theorem. The Orlicz space L9 is weakly uniformly ro-
tund if and only if it is rotund and reflexive. ’

Proof. Let be rotund and reflexive. From [16) (cf.also
Theorem 0.1) it follows that ¢ is strictly convex and satisfies
the Az-condition. From Theorem 0.2 we have moreover that the con-
jugate function ¥ satisfies the Az-condition. Hence the dual
space ¥ is isometrically isomorphic to L, with the Orlicz norm
and therefore it is isomorphic to L, . More precisely, for each
x¥e Uy there exists z€ Ly such that x*(x)= f x(t) z(t)du for
all xely and the dual norm is equivalent to l\ I| ¢([10], [121).
Now, let x,ye L? be such that Ig,(x) Ig,(y) =1 and x‘(x y)z € for

some ¢ < (0,1) and x¥e L’:} . So, we have j_‘r(x(t)-y(t))z(t)d(aze

for some ch,'r We know that the set B of all bounded functi-
ons with supports being of finite measure is dense in L,‘,, becau-
se ¢ satisfies the A -condition (1103,[12]). Hence, and in vir-
tue of | x-y "! 2 one can choose z € B such that

| [f O(D-y(Nz ()du |z & it x*(x-y) 2 & . Let 2o()=2o (1) gy -
and |z°(t)|£M where T  is some set of finite measure and M>1.
Therefore we have f.rolx(t)-y(t)ld(.«. 2 {ﬁ. Applying Lemma 2.5

with To and ﬁ in place of T and & , there exist constants a, b
such that

(2.6) Ja Ix(t)—y(t)ldpz-a'-’n

where'A={ttT 2 £x(t)|v ly(t)]«b}.
For o = lle i, 8M/e we find constants K, c20 such that
: o

(2.7) L ¢(xu) 2K g(u) + ¢(cc)

and g(ec) M(T)<%, because ¢ fulfils the A,-condition (recall
that 0.+o0 =0 if c=0 and @(T)= +00).
Now let B= £t e A:[x()-y(t)|Z (Ix()|v Iy(+)|)+ gfg- Since

a%|x(t)|v|y(t)|£b for tcA and @ is strictly convex on R, so
- 659 -



g (X (D) 5 2 () ) 9(Ix(t)l);9’(ly(t)l)

for each teB, for some p=p( & ,a,b)=p(e,z)e(0,1) by Lemma 0.3.
Hence and by the assumption I?(x)=19,(y)=1 we have

(2.8) Iy (551-):’- 1 - %(I?(x 1g)+Ig(y 1))

It te ANB then G(|x(1)-y(t) 1< (@ (|x(t) )+ $Cly(£)}))- g5 S0

(2.9) T((x-y) A pnp)< 79K -
Now, apply the Holder’s inequality to (2.6). We obtain

H(x-y) ’CA“?' LK y 2 fA [x(t)-y(t) |du = 'BE’H Hence, immediately,
o

IpCoe (x-y) ,)=Ig((x-y) 4, My By Bz 1. But, by (2.7),

gloe Oxoy) A=l (Oey) Ay - M2y By

L& T, (e (xy) 43) £ K Tp((x-y) ) # which implies

1
(2.10) Iq((x—y) An)Z 7R -
By combining inequalities (2.9) and (2.10) we obtain

1 1 ..
19((x-y) Ag)Z9g - ?ﬁK = 3g(1 - ﬁ’ )>0. Hence and in virtue of
(2.8) and Lemma 2.6 we get

I, (3%) £1-q

where the constant g= —p—z(l— ﬁ)e(o,l) depends only on x* , € and
4K

@ . Thus Ly 1is WUR by Lemma 2.3.

In order to prove the necessity of the reflexivity and rotun-
dity in the theorem, let us first note that in virtue of Theorems
0.1 and 0.2 it is -enough to show that ¥ satisfies the Az-con-
dition. Assume that 4 takes only finite values and does not ful-
fil the A2-condition (the case when ¥ takes infinity will be
considered further). There exist .sequences (un), (bn) with the
same properties as in Lemma 2.7. Let An pe pairwise disjoint

_ 1
sets such that (u.(An)- Wm) where n e N. Such choice of
An is alwpys possible since  is atomless and un1‘+oo if

M(T) < +oo . Putting o
Z(t)=w§4 un xA (t)y
n

’ . o® 1'Y'(Un) @ "1
we the IV({)=’“§4 wr—]’ <M'§_4 2—n_= 1, by (2.2) in Lemma
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2.7. It means that ze Ly - Let ‘>?n(t)=an9(A (t), where a,=
=Q((1+bn)un). We have ' n

q((1+bn)un)(1+bn)un

LR (z(t)du =aju, wr) = (I+6,) y ((I+b_)u,,

@(a )+ y((1+b Du) (1 (%31
TI+B )y (Cl+b Ju ) ~ T+B, “he™n

by the equality in (0.2). On the other hand,l;?h(t)z(t)dﬁb <z
L1 )+ e 1,(% )+ L t ' 1it

£ X )+ < X )+ = , by the Young s inequality

_('('I_FT—T » Dy

9 DITI @ "n’" o

and (2.2). From the two inequalities above we get Iq,(')'(‘n) + ;_n >
Iq(Yn)+l _ 1 1 1

>-—-1—r , 19(x )z 'B—(l' —-——1-2-2- for n large (we can always

suppose that b,€ .50, we f1nd B c A, such that
(2.11) éq(a)ﬂﬂ)él.

Let By ., B, , be sets such that B =B, U8B,  and y&Bl n)—

= @(B, ). Let 1e(0,1) be arbitrary but fixed. Since @(ay) m(By n7+
+ g?(la ) (B, )£1 one can find a set C and a number c,_ such

that «,(C )<+oo y C,NB. = =@ and li
(2.12) cy(an)fc(Bl n)+<y(1an) (U—(Bz’n)#q(cn)_(u(cn):l.
Let us put - ’

X_=a_1% -la_¥% +€
n °n Bl,n n BZ,n nqr/Cn

Yp=la, X'Bl’n'an '{Bzynwn ‘e
Then I?(xn)=19,(yn)=1, by (2.12). Moreover
J1 G-y (2= Jp (1-1%a u du=
q((1+b Ju_)(1+b _Ju_) - 1-1 1-1
i 48 F 15 9 (a) w(B)z 7=

n

=(1-1)

for all né€N, by (2.11) and the fact that b_e (0,1). Since
Lleo, ),
1+1 1+1 :
@T n) = In T?(an)

for some -sequence (rn)c (0,1) satisfying r —> 1, by (2.4) in
Lemma 2.7. Hence
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(—2'y"' Zry 1+19’(a )(“'(Bl n)*Tq -Tq(a )l“(BZ n’
q(a )+ ¢(la)
q(c:\) w(C)Zr w8, ») -———2-——-— +
g(a )+ g(la)

+T 54.(92 n) "—_T_—"" +glc ) m(C)=r +@(c ) u(C)(1-r )—->1
as n—> +c . Hence and in virtue of Lemma 2.3 we have shown that
L? is not WUR. R

Now let y(v)=+e for v>v_ and ¥(v)< +eo for v< v, where
Vo is some positive number. (the assumption that @ is not identi-
cally equal to zero implies that Vo> 0). Then- LY(A‘c Lo (A) for
Ae = . Hence L,(A)c L(’(A) But L, (MeL 1(A) for each A e = of
finite measure. Thus L (A) is 1somorphic to L (Mc Ly, , where A is
some set of finite measure. Hence and‘ by Lemma 2.2 the space Lg,
contains an isomorphic copy of 11‘ So, in virtue. of Lemma 2.1, L_sa
cannot be WUR, which ends the proof of the theorem.

Remark. Let us note that' a much simpler (but indirect) proof
. of the necessity can be given using the fact that a Banach space
X whose dual X* contains an i'somorphic copy of Cq» contains an
isomorphic copy of 11 (L1l). The fact that if Lg is WUR then the
Youngﬁq function 9 satisfies the & p-condition follows from Theo-
rem 0.1, since each WUR- -space is rotund If y does not satisfy
the A,-condition, then L,(A) is equivalent to (Lg(A))* (see [161)
and hence contains an isomorphic copy of c,- Consequently Lg,(A)
contains an isomorphic copy of 11, where A € = is any set of fi-
nite and positive measure. Since L? contains an isomorphic copy
of 11, it c¢anmot be WUR by Theorem 2.1 - a contradiction.
Let us isolate the following properties: (>) ¢ satisfies

the Az-condition and is strictly convex, (*x) . and its conju-
gate function satisfy the Az—condition and @ is strictly convex.

2.9. Theorem. ' The following properties concerning the Orlicz
spaces L,’ are equivalent: (¥ ), WUR, CWUR, E-property.

Proof. It suffices to apply Theorem 2.8, Theorem 1.3 and
Theorem 0.2. ’

"For the sake of completeness we formulate in the sequel a the-
" orem which is an immediate ‘consequence' of Theorem 0.1 and some
well known implications (cf. L13) and the remarks-in the intro-
duction). s '

2.10. Theorem. The following properties concerning the Orlicz
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spaces g? are equivalent: (x* ),R, MLUR, HR, LUR, URED, CWLUR ,
WLUR. !
As a corollary we get

2.11. Theorem. If the Orlicz space L9 is reflexive then all
properties from the above theorems and the property URWC coincide.

Remark. Let us note that from the proofs given above it
follows that we can also deal with the measure space (7,3 ,m)
which is not purely atomic, by making evident modifications in
these proofs if necessary. So, Theorem 2.9, Theorem 2.10 and The-
orem 2.11 become unchanged for such measures.

Let us also mention that after preparing this paper we have
been learned on the paper [5) of N. Herrndorf concerning LUR *
Orlicz spaces for vector-valued functions with results similar to
Theorem 0.1. Recall that this theorem together with Theorem 1.2
and Theorem 1.3 play the crucial role in this paper in the proofs
of Theorems 2.9-2.11. .
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